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! "
1.ίϯύΫτରশۭؒͷରᪧू߹# $
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରশۭؒ

ఆٛ 2.1

ϦʔϚϯଟ༷ମM ʹ͍ͭͯɼ֤ x ∈ M ʹରͯ࣍͠Λຬͨ͢ม sx ͕ଘࡏ
͢Δͱ͖ɼM Λରশۭؒͱ͍͏ɽ

(1) x  sx ͷݻཱݽఆͰ͋Δɽ

(2) sx ର߹తͰ͋Δ (s2x = idM)ɽ

sx Λ x ʹ͓͚ΔରশͱݺͿɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରᪧू߹

ఆٛ 2.2 (Chen-Nagano, 1988)

M Λ࿈݁ͳରশۭؒͱ͢Δɽ

p, q ∈ M ͕ରᪧత
def⇐⇒ sp(q) = q(⇐⇒ sq(p) = p)ɽ

M ͷ෦ू߹ S ͕ରᪧू߹
def⇐⇒ S ͷҙͷ 2͕ରᪧతɽ

ೱ͕࠷େͷରᪧू߹Λେରᪧू߹ͱݺͿɽ

େରᪧू߹ͷೱΛM ͷ 2-number ͱ͍͍ɼ#2M ͱ͔͘ɽ

ରᪧू߹ؒͷแؚؔۃͯؔ͠ʹେͳͷΛɼۃେରᪧू߹ͱ͍͏ɽ

ҎԼɼରশۭؒίϯύΫτͰ͋ΔͱԾఆ͢Δɽ

ରᪧू߹ৗʹ༗ूݶ߹ʹͳΓɼ2-number༗ݶͰ͋Δɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ྫɿٿ໘ S2

 

 

 

 

 

 

 

 

 

 

 

 

O 

p 
L(p) 

p - 

p ∈ S2 ͱ͠ɼL(p)Λத৺ o ͱ p Λ௨Δઢͱ͢Δɽ

p ʹ͓͚Δରশ sp  L(p)Λճస࣠ͱͨ͠ 180ճసͱͳΔɽ

{x ∈ S2 ; sp(x) = x} = {p,−p}Ͱ͋Γɼsp = s−p ͳͷͰ s−p(p) = pɽ
Αͬͯɼ{p,−p} S2 ͷେରᪧू߹ͱͳΓɼ#2S2 = 2ɽ
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ྫɿίϯύΫτϦʔ܈

G ΛίϯύΫτϦʔ܈ͱ͢Δɽ

ίϯύΫτϦʔ܈ G ɼ྆ଆෆมྔܭʹΑΓίϯύΫτରশۭؒʹͳΔɽ

͜ͷͱ͖ɼg ∈ G ʹ͓͚Δରশ

sg : G → G ; h &→ gh−1g .

୯ҐݩΛؚΉۃେରᪧू߹ɼ֤ݩͷҐ͕ 2Ͱ͋ΔΞʔϕϧ܈Ͱۃେͳͷ
(maximal elementary abelian 2-subgroup)ʹͳΔɽ

ɼmaximalʹٯ elementary abelian 2-subgroupۃେରᪧू߹ʹͳΔɽ

ྫ͑ɼϢχλϦ܈ U(n)ʹ͓͍ͯ

∆n =









±1

. . .
±1



 ∈ U(n)






͕େରᪧू߹ͱͳ͍ͬͯΔɽͱ͘ʹɼ#2U(n) = 2n ͱͳΔɽ

ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 7 / 45



1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରᪧू߹ͷੑ࣭ 1

ఆཧ 2.3 (Chen-Nagano, 1988)

#2M M ͷෆมྔͰ͋Δɽ

2-number͕ҟͳΔରশۭؒɼ͍ޓʹಉܕʹͳΒͳ͍ɽ

#2S1 = #2S2 = 2͕ͩɼS1 ͱ S2 ಉܕʹͳΒͳ͍ɽ

ఆཧ 2.4 (Chen-Nagano, 1988)

M ΛίϯύΫτରশۭؒͱ͠ɼχ(M)ΛM ͷΦΠϥʔͱ͢Δɽ͜ͷͱ͖ɼ

χ(M) ≤ #2M
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1.ίϯύΫτରশۭؒͷۃେରᪧू߹

ରᪧू߹ͷੑ࣭ 2

ఆཧ 2.5 (Takeuchi, 1989)

M Λରশ R ۭؒͱ͢Δɽ͜ͷͱ͖ɼେରᪧू߹Λྟքू߹ͱ͢Δ Z2-perfect
Morse͕ؔଘ͠ࡏɼ

#2M = dimH∗(M ; Z2).

ఆཧ 2.6 (Amman, 2021)

ҙͷίϯύΫτରশۭؒʹ͍ͭͯ

#2M ≤ dimH∗(M ; Z2)

<ͱ =ͷҧ͍·ͩΑ͘Θ͔͍ͬͯͳ͍ʜ
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2.ରᪧू߹ͷྨ

! "
2.ରᪧू߹ͷྨ# $
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2.ରᪧू߹ͷྨ

େରᪧू߹ͷྨۃ

શͯͷίϯύΫτରশۭؒͰɼ

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
͍ͯ͠ΔΘ͚Ͱͳ͍ʂ͕ߏେରᪧू߹ͷྨɾۃ

ͱ͘ʹɼม܈ͷ୯Ґ࿈݁ͰҠΓ߹͏ͷΛಉ͡ͱΈͳͯ͠ (߹ಉ
ྨ)ɼۃେରᪧू߹Λྨ͢Δɽ
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2.ରᪧू߹ͷྨ

ͷΑ͏ʹྨ͞Ε͍ͯΔɽ࣍ରশۭؒܕίϯύΫτط

͕ͳ͞Ε͍ͯΔɽߏେରᪧू߹ͷ߹ಉྨͷྨ͓Αͼۃɼ͍ͯͭʹܕ֤

ରশ R ۭؒʹ͓͍ͯɼۃେରᪧू߹ͷྨɾߏ͍ͯ͠Δɽ
ʢҙͷۃେରᪧू߹͍ޓʹ߹ಉʹͳΔʣ

ܕయݹ

Iܕ ୯࿈݁ ॴྨہ II ܕ ୯࿈݁ ॴྨہ

AI ܕ SU(n)/SO(n) ͍͔ͭ͘ Aܕ SU(n) ͍͔ͭ͘

AII ܕ SU(2n)/Sp(n) ͍͔ͭ͘

AIII ܕ ෳૉάϥεϚϯଟ༷ମ 1 or 2

BDI ܕ ༗࣮άϥεϚϯଟ༷ମ 2 or 4 BDܕ Spin(n) 2 or 4

DIII ܕ SO(2n)/U(n) 1 or 2

CI ܕ Sp(n)/U(n) 2 Cܕ Sp(n) 2

CII ܕ άϥεϚϯଟ༷ମݩ࢛ 1 or 2
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2.ରᪧू߹ͷྨ

ܕ֎ྫ

I ܕ ୯࿈݁ ॴྨہ II ܕ ୯࿈݁ ॴྨہ

G ܕ G2/SO(4) 1 G2ܕ G2 1

FI ܕ F4/(Sp(1) · Sp(3)) 1 F4ܕ F4 1

FII ܕ F4/Spin(9) 1

EI ܕ E6/(Sp(4)/Z2) 2 E6ܕ E6 2

EII ܕ E6/(U(1)× Spin(10))/Z4 1

EIII ܕ E6/(Sp(1) · SU(6)) 1

EIV ܕ E6/F4 2

EV ܕ E7/(SU(8)/Z2) 2 E7ܕ E7 2
EVI ܕ E7/(SU(2) · Spin(12)) 1

EVII ܕ E7/((U(1)× E6)/Z3) 2

EVIII ܕ E8/Ss(16) 1 E8ܕ E8 1
EIX ܕ E8/SU(2) · E7 1
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2.ରᪧू߹ͷྨ

ߏେରᪧू߹ͷۃ

ΔͷͰͳ͘ɼݟճɼͦΕͧΕͷίϯύΫτରশۭؒͰྨ݁ՌΛࠓ

શଌత෦ଟ༷ମͷ؍͔Βۃେରᪧू߹Λ͑ߟΔɽ

ରশۭؒͷશଌత෦ଟ༷ମɼ
!!!!!!!!!!!!!
ʮ෦ରশۭؒʯʹ ͳ͍ͬͯΔɽ! "

શଌత෦ଟ༷ମͷରᪧू߹ɼݩͷରশۭؒͷରᪧू߹ʹͳΔɽ# $
શଌత෦ଟ༷ମ ίϯύΫτରশۭؒ

f : N → M

N ͷۃେରᪧू߹∆ M ͷۃେରᪧू߹ f (∆)
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3. F4, E6 ͷۃେରᪧू߹

! "
3. F4,E6ͷۃେରᪧू߹# $

Δɽ͑ߟͷแؚྻΛ࣍

G2 ⊂ Spin(8) ⊂ F4 ⊂ E6
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3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

܈ίϯύΫτϦʔܕ֎ྫ G2

ఆٛ 4.1

ҎԼͷΑ͏ʹͯ͠ੵΛఆΊͨ ϕΫτϧۭؒݩ࣍8
∑7

1=0 Rei Λീݩ Oͱ͍͏ɽ

(1) e0 ੵͷ୯Ґݩͱ͢Δɽ୯ʹ 1ͱॻ͘ɽ

(2) ֤ 1 ≤ i "= j ≤ 7ʹ͍ͭͯɼ

e2i = −1, ei ej = −ej ei

(3) ੵ๏ଇΛຬ͍ͨͯ͠Δɽ

(4) ӈͷਤʹΑΓੵΛఆΊΔɽ

ʢྫɿe1e2 = e3, e1e4 = e5ʣ

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

ImO =
∑7

i=1 Rei ͱ͓͘ɽ

x =
∑7

i=0 xiei ʹ͍ͭͯɼx ͷڞ x̄ Λɼx̄ = x0 −
∑7

i=1 xiei ʹΑΓఆΊΔɽ

Oͷඪ४ੵ ( , )ΛҎԼͰఆΊΔɽ

(x , y) =
1

2
(xȳ + y x̄) =

7∑

i=0

xiyi , (x =
7∑

i=0

xiei , y =
7∑

i=0

yiei )

ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 16 / 45



3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

ఆٛ 4.2

Oͷઢܗม f Ͱ f (xy) = f (x)f (y)Λຬͨ͢ͷΛɼOͷࣗݾಉܕͱ͍͏ɽ
OͷࣗݾಉܕશମʹΑΔ܈Λྫ֎ܕίϯύΫτϦʔ܈ G2 ͱ͍͏ɽ

֤ g ∈ G2 ʹ͍ͭͯɼ(g(x), g(y)) = (x , y) (x , y ∈ O)

֤ g ∈ G2 ʹ͍ͭͯɼg(e0) = e0ɽͱ͘ʹɼg(ImO) ⊂ ImOͱͳΓɼ

G2 ⊂ SO(ImO) = SO(7).
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3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

g1, · · · , g7 ∈ G2 Λ࣍ͰఆΊΔɽ

g1 = IRe1+Re2+Re3 − IRe4+Re5+Re6+Re7
g2 = IRe1+Re4+Re5 − IRe2+Re3+Re6+Re7
g3 = IRe1+Re6+Re7 − IRe2+Re3+Re4+Re5
g4 = IRe2+Re4+Re6 − IRe1+Re3+Re5+Re7
g5 = IRe2+Re5+Re7 − IRe1+Re3+Re4+Re6
g6 = IRe3+Re4+Re7 − IRe1+Re2+Re5+Re6
g7 = IRe3+Re5+Re6 − IRe1+Re2+Re3+Re4

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

g0 Λ୯Ґݩͱ͠ɼ
∆G2 = {gi ; 0 ≤ i ≤ 7}.

ఆཧ 4.3 (Tanaka-Tasaki-Yasukura,2022)

∆G2  G2 ͷۃେରᪧू߹Ͱ͋Δɽ
·ͨɼG2 ͷҙͷۃେରᪧू߹∆G2 ͱ߹ಉͰɼ#2G2 = 8ɽ
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3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

SO(8)-̏ରݪཧ

ҎԼɼSO(O)Λ SO(8)ͱ͢هɽ

ఆཧ 4.4 (SO(8)-ࡾରݪཧ)

ҙͷ g1 ∈ SO(8)ʹରͯ͠ɼg2, g3 ∈ SO(8)Ͱ࣍Λຬͨ͢ͷ͕ූ߸Λআ͍ͯҰ
ҙʹଘ͢ࡏΔɽ

gi (xy) = gi+1(x)gi+2(y) (x , y ∈ O, ఴ͑ࣈ mod3)

D Λ࣍ͰఆΊΔɽ

D :=
{
(g1, g2, g3) ∈ SO(8)3 ; gi (x)gi+1(y) = gi+2(xy)

x, y ∈ O, ఴ͑ࣈmod3

}
.

D ίϯύΫτϦʔ܈ʹͳΓɼ࣍̎ॏඃ෴ɽ

π : D → SO(8) ; (g1, g2, g3) &→ g1

π−1(g1) = {(g1, g2, g3), (g1,−g2,−g3)}

ͱ͘ʹɼD ∼= Spin(8)ͱͳΔɽҎԼɼD Λ Spin(8)ͱ͢هɽ
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3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

G2 ⊂ Spin(8)ʹ͍ͭͯ

G2 ͔Β Spin(8)ɼ4छྨͷશଌతຒΊࠐΈ f0, f1, f2, f3 ͕ଘ͢ࡏΔɽ

f0 : G2 → Spin(8) ; g %→ ( g , g , g),

f1 : G2 → Spin(8) ; g %→ ( g ,−g ,−g),

f2 : G2 → Spin(8) ; g %→ (−g , g ,−g),

f3 : G2 → Spin(8) ; g %→ (−g ,−g , g).

⋃3
i=0 fi (G2) Spin(8)ͷ෦܈ͰɼG2 × (Z2 × Z2)ͱಉܕɽ
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3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

Spin(8)ͷۃେରᪧू߹

∆Spin(8) =
⋃3

i=0 fi (∆G2)ͱఆΊΔɽ

ิ 4.5 (Wood, 1989)

∆Spin(8) =
⋃3

i=0 f (∆G2) Spin(8)ͷۃେରᪧू߹ɽ

Spin(8)ͷҙͷۃେରᪧू߹ ∆Spin(8) ͱ߹ಉɽͱ͘ʹɼ#2Spin(8) = 32ɽ
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3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

F4 ʹ͍ͭͯ

JΛ࣍ͰఆΊΔ

J = {X ∈ M(3,O) ; ∗X = X} =









ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 ; ξi ∈ R, xi ∈ O






X ,Y ∈ Jʹ͍ͭͯɼX ◦ Y = 1
2 (XY + YX )ʹΑΓδϣϧμϯੵΛఆΊΔɽ

(J, ◦)Λྫ֎δϣϧμϯͱ͍͏ɽ
X ,Y ∈ Jʹରͯ͠ɼ(X ,Y ) := tr(X ◦ Y )ʹΑΓੵ͕ఆ·Δɽ

ఆٛ 4.6

Jͷઢݾࣗܗಉ૾ࣸܕ f Ͱɼf (X ◦ Y ) = f (X ) ◦ f (Y )Λຬͨ͢ͷશମʹΑΔ܈
Λɼྫ֎ܕίϯύΫτϦʔ܈ F4 ͱͯ͠ఆΊΔɽ
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3. F4, E6 ͷۃେରᪧू߹ F4 ͷۃେରᪧू߹

F4 ͷۃେରᪧू߹

Spin(8)࣍ͷ φʹΑΓɼF4ͷ෦܈ͱΈͳͤΔɽ

φ : Spin(8) → F4 , φ(g1, g2, g3)




ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 =




ξ1 g3(x3) g2(x2)

g3(x3) ξ2 g1(x1)
g2(x2) g1(x1) ξ3



 .

ఆཧ 4.7 (S)

∆F4 = φ(∆Spin(8))ͱ͢Εɼ∆F4  F4 ͷۃେରᪧू߹ͱͳΔɽ

·ͨɼҙͷۃେରᪧू߹ ∆F4 ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2F4 = 32ɽ

F4 Ͱɼશଌ෦ଟ༷ମͷྻ

G2 × (Z2 × Z2) ⊂ Spin(8) ⊂ F4

ʹ͓͍ͯɼۃେରᪧू߹͕ۃେରᪧू߹ͱؚͯ͠·Ε͍ͯΔɽ
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3. F4, E6 ͷۃେରᪧू߹ E6 ͷۃେରᪧू߹

E6 ʹ͍ͭͯ

δϣϧμϯ JͷෳૉԽ JC = J⊕
√
−1JΛ͑ߟΔɽ

τ ΛରԠ͢Δڞͱ͢Δɽ

X ,Y ∈ JC ʹରͯ͠ɼϑϩΠσϯλʔϧੵ ×Λ࣍ͰఆΊΔɽ

X × Y :=
1

2

(
XY + YX − tr(X )Y − tr(Y )X +

(
tr(X )tr(Y )− tr(X ◦ Y )

)
I3
)

ϑϩΠσϯλʔϧੵ ×ʹର͕ͯ࣍͠Γཱͭɽ

τ(X × Y ) = τ(X )× τ(Y ) X ,Y ∈ JC

ҎԼɼX ,Y ∈ JC ʹ͍ͭͯ

X ∗ Y := τ(X × Y ) = τ(X )× τ(Y )
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3. F4, E6 ͷۃେରᪧू߹ E6 ͷۃେରᪧू߹

E6 ʹ͍ͭͯ

JC ͷΤϧϛʔτੵ 〈 , 〉Λ࣍ͰఆΊΔɽ

〈X ,Y 〉 := (X , τ(Y )) = tr(X ◦ τ(Y )) (X ,Y ∈ JC)

ఆٛ 4.8

JC ͷෳૉઢܗม f Ͱɼ֤ X ,Y ∈ JC ʹରͯ͠

(1) 〈f (X ), f (Y )〉 = 〈X ,Y 〉
(2) f (X ∗ Y ) = f (X ) ∗ f (Y )

Λຬͨ͢ݩશମʹΑΔ܈Λ E6 ͱఆΊΔɽ
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3. F4, E6 ͷۃେରᪧू߹ E6 ͷۃେରᪧू߹

E6 ͷۃେରᪧू߹

֤ f ∈ F4 ʹରͯ͠ɼ

f (X +
√
−1Y ) = f (X ) +

√
−1f (Y ) (X ,Y ∈ J)

ͱ͢Δ͜ͱͰɼࣗવʹ F4 ⊂ E6 ͱͳΔɽͦ͜Ͱɼ∆1
E6

:= ∆F4 ͱ͓͘ɽ

E6 ͷۃେτʔϥε T Λ 1ͭఆΊɼT ͷۃେରᪧू߹Λ ∆2
E6
ͱ͓͘ɽ

(dimT = 6ΑΓɼ#∆2
E6

= 26 = 64Ͱ͋Δɽ)

ఆཧ 4.9 (S)

E6 ͷۃେରᪧू߹ɼ∆1
E6
,∆2

E6
ͷ͍ͣΕ͔ͱ߹ಉɽͱ͘ʹɼ#E6 = 64ɽ

E6 ʹ͓͍ͯɼ̎ͭͷશଌత෦ଟ༷ମͷྻ

G2 × (Z2 × Z2) ⊂ Spin(8) ⊂ F4 ⊂ E6

େτʔϥεۃ ⊂ E6

ʹ͓͍ͯɼۃେରᪧू߹͕ۃେରᪧू߹ͱؚͯ͠·Ε͍ͯΔɽ
ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 26 / 45
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

! "
4. FI ,EI ,EII #߹େରᪧूۃͷܕ $

Δɽ͑ߟͷแؚྻΛ࣍

GH(O) ⊂ G̃4(R8) ⊂ FI
(݁߹తάϥεϚϯଟ༷ମ) (༗࣮άϥεϚϯଟ༷ମ)

ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 27 / 45
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

݁߹తάϥεϚϯଟ༷ମ GH(O)

OͰ݁߹ଇ͕Γཱͨͳ͍ɽ
ɾ(e1e2)e4 = e3e4 = e7
ɾe1(e2e4) = e1(−e6) = −e7

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

͔͠͠ɼH = Re0 ⊕ Re1 ⊕ Re2 ⊕ Re3 ͳͲͰ݁߹ଇ͕Γཱͭɽ
ɾ(e1e2)e3 = e3e3 = −1

ɾe1(e2e3) = e1e1 = −1

Oͷ ෦ۭؒݩ࣍4 V Ͱɽҙͷ u, v ,w ∈ V ʹ͍ͭͯ

(uv)w = u(vw)

͕ΓཱͭͷΛɼ݁߹త෦ۭؒͱ͍͏ɽ

ఆٛ 5.1

݁߹త෦ۭؒશମΛ GH(O)ͱ͠هɼ݁߹తάϥεϚϯଟ༷ମͱ͍͏ɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

GH(O)ͷۃେରᪧू߹

ͱ͘ʹɼGH(O) G ίϯύΫτରশۭؒɽܕ

H1, · · · ,H7 ∈ GH(O)Λ࣍ͰఆΊΔɽ

H1 = Re0 ⊕ Re1 ⊕ Re2 ⊕ Re3
H2 = Re0 ⊕ Re1 ⊕ Re4 ⊕ Re5
H3 = Re0 ⊕ Re1 ⊕ Re6 ⊕ Re7
H4 = Re0 ⊕ Re2 ⊕ Re4 ⊕ Re6
H5 = Re0 ⊕ Re2 ⊕ Re5 ⊕ Re7
H6 = Re0 ⊕ Re3 ⊕ Re4 ⊕ Re7
H7 = Re0 ⊕ Re3 ⊕ Re5 ⊕ Re6

 

e 6 

e 7 

e 5 

e 4 

e 3 

e 2 

e 1 

ิ 5.2 (Tanaka-Tasaki-Yasukura, 2022)

∆GH(O) = {H1, · · · ,H7}ɼGH(O)ͷۃେରᪧू߹ɽ

·ͨɼҙͷۃେରᪧू߹ ∆GH(O) ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2GH(O) = 7ɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

G4(O)ͷ̏ରݪཧ

Oͷ ෦ۭؒશମΛݩ࣍4 G4(O)ͱ͢هɽ

ܥ 5.3

ҙͷ V1 ∈ G4(O)ʹରͯ͠ɼV2,V3 ∈ G4(O)Ͱ࣍Λຬͨ͢ͷ͕ଘ͢ࡏΔɽ

vivi+1 ∈ Vi+2 (vi ∈ Vi , ఴ͑ࣈ mod3).

͞ΒʹɼͦͷΑ͏ͳ (V2,V3) (V2,V3), (V⊥
2 ,V⊥

3 Δɽݶʹ(

GT
4 (O)Λ࣍ͰఆΊΔɽ

GT
4 (O) :=

{
(V1,V2,V3) ∈

(
G4(O)

)3
;

vivi+1 ∈ Vi+2,
vi ∈ Vi , ఴ͑ࣈ mod3

}
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

༗࣮άϥεϚϯଟ༷ମ GT
4 (O)

̎ॏඃ෴Ͱ͋Δɽ࣍

π : GT
4 (O) → G4(O) ; (V1,V2,V3) &→ V1

π−1(V1) = {(V1,V2,V3), (V1,V
⊥
2 ,V⊥

3 )}

GT
4 (O) R8 ͷ͖͖ άϥεϚϯଟ༷ମ࣮෦ۭؒશମʹΑΔ༗ݩ࣍4
ͱΈͳͤΔɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

GT
4 (O)ͷۃେରᪧू߹

GH(O)͔Β GT
4 (O)ɼ4छྨͷશଌతຒΊࠐΈ g0, · · · , g3 ͕ଘ͢ࡏΔɽ

g0 : GH(O) → GT
4 (O) ; V &→ (V ,V ,V ),

g1 : GH(O) → GT
4 (O) ; V &→ (V ,V⊥,V⊥),

g2 : GH(O) → GT
4 (O) ; V &→ (V⊥,V ,V⊥),

g3 : GH(O) → GT
4 (O) ; V &→ (V⊥,V⊥,V ),

ิ 5.4 (Tasaki,2014)

∆GT
4 (O) =

⋃3
i=0 gi (∆GH(O))ɼGT

4 (O)ͷۃେରᪧू߹ɽ

ҙͷۃେରᪧू߹ ∆GT
4 (O) ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2GT

4 (O) = 28ɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

FI ίϯύΫτରশۭؒܕ GH(J)

Jͷδϣϧμϯੵ ◦ʹؔ͢Δ෦ JHΛ࣍ͰఆΊΔɽ

JH =









ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 ; ξi ∈ R, xi ∈ H






ఆٛ 5.5

Jͷ ◦-෦ V ͰɼJH ͱಉܕͰ͋ΔͷશମΛ GH(J)ͱ͢هɽ

F4 δϣϧμϯੵ ◦ʹؔ͢ΔಉܕͳͷͰɼGH(J)ʹ࡞༻͍ͯ͠Δɽ

ิ 5.6 (S)

F4 ͕ GH(J)ʹਪҠతʹ࡞༻͠ɼGH(J) FI ίϯύΫτରশۭؒɽܕ

ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 33 / 45



4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

GT
4 (O) ⊂ GH(J)ʹ͍ͭͯ

GT
4 (O)͔Β GH(J)ͷશଌతຒΊࠐΈ ψ ͕ଘ͢ࡏΔɽ

ψ : GT
4 (O) → GH(J) ; (V1,V2,V3)

&→









x1 v3 v̄2
v̄3 x2 v1
v2 v̄1 x1



 ;
xi ∈ R
vi ∈ Vi (i = 1, 2, 3)






∆FI = ψ(∆GT
4 (O))ͱ͓͘ɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ FI ߹େରᪧूۃͷܕ

GH(J)ͷۃେରᪧू߹

ఆཧ 5.7 (S)

∆FI ɼGH(J)ͷۃେରᪧू߹ɽ

·ͨɼҙͷۃେରᪧू߹ ∆FI ͱ߹ಉͰ͋Δɽͱ͘ʹɼ#2FI = 28ɽ

FI Ͱɼશଌత෦ଟ༷ମͷྻܕ

GH(O) 1 · · · 1 GH(O) ⊂ GT
4 (O) ⊂ GH(J)

ʹ͓͍ͯɼۃେରᪧू߹͕ۃେରᪧू߹ͱؚͯ͠·Ε͍ͯΔɽ

͜ͷแؚྻɼݩ࢛έʔϥʔଟ༷ମͷแؚྻʹͳ͍ͬͯΔɽ

ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 35 / 45



4. FI, EI, EII ߹େରᪧूۃͷܕ EI ߹େରᪧूۃͷܕ

EI ίϯύΫτରশۭؒܕ LH(JC)

JC ͷ ∗-෦ VI Λ࣍ͰఆΊΔɽ

VI := JH ⊕
√
−1(JH)

⊥

=









ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 +
√
−1




0 y3 −y2

−y3 0 y1
y2 −y1 0



 ;
ξi ∈ R,

xi ∈ H, yi ∈ H⊥




 .

ఆٛ 5.8

JC ͷ ∗-෦ͰҎԼΛຬͨ͢ͷશମΛ LH(JC)ͱ͢هɽ

(1) VI ͱಉܕ

(2) Τϧϛʔτੵ͔Βఆ·Δੵʹؔͯ͠త

E6 ʹΑΔ JC ͷ࡞༻ ∗-४ಉ͔ͭܕతͳͷͰɼLH(JC)ͷ࡞༻͕༠ಋ͞
ΕΔɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ EI ߹େରᪧूۃͷܕ

GH(J) ⊂ LH(JC) (FI ⊂ EI ʹ͍ͭͯ)

ิ 5.9 (S)

E6 ͷ LH(JC)ͷ࡞༻ਪҠతͰɼLH(JC) EI ίϯύΫτରশۭؒɽܕ

ͷ࣍ λI ʹΑΓɼFI ܕ GH(J) EI ܕ LH(JC)શଌతʹຒΊࠐΊΔɽ

λI : GH(J) → LH(J
C) ; V &→ V ⊕

√
−1V⊥

GH(J) = F4(JH)Ͱ͋ΔͷͰɼ

λI (GH(J)) = F4(JH ⊕
√
−1(JH)

⊥)

ͱ͘ʹɼLH(JC)ʹ͓͚ΔɼJH ⊕
√
−1(JH)⊥ Λ௨Δ F4-يಓ͕ λI (GH(J))ɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ EI ߹େରᪧूۃͷܕ

EI ߹େରᪧूۃͷܕ

GH(J)ͷۃେରᪧू߹ ∆FI ʹΑΓɼ∆1
EI := λI (∆FI )ͱఆΊΔɽ

EI େରᪧू߹Λۃେฏୱτʔϥεͷۃͷશଌతܕ ∆2
EI ͱఆΊΔɽ

(EI ͷϥϯΫܕ 6Ͱ͋Γɼ#∆2
EI = 64ͱͳΔ)

ఆཧ 5.10 (S)

EI େରᪧू߹ɼ∆1ۃͷܕ
EI ,∆

2
EI ͷ͍ͣΕ͔ͱ߹ಉɽͱ͘ʹɼ#EI = 64ɽ

EI શଌత෦ଟ༷ମͷแؚྻ͍͓ͯʹܕ

GH(O) 1 · · · 1 GH(O) ⊂ GT
4 (O) ⊂ FI ⊂ EI

େτʔϥεۃ ⊂ EI

ʹ͓͍ͯɼۃେରᪧू߹͕ۃେରᪧू߹ͱؚͯ͠·Ε͍ͯΔɽ

ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 38 / 45
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4. FI, EI, EII ߹େରᪧूۃͷܕ EII ߹େରᪧूۃͷܕ

EII ίϯύΫτରশۭؒܕ GC
H (J

C)

JC ͷ෦ VII Λ࣍ͰఆΊΔɽ

VII := JCH =




(a+
√
−1b)




ξ1 x3 x2
x3 ξ2 x1
x2 x1 ξ3



 ;
a, b ∈ R,

ξi ∈ R, xi ∈ H




 .

ఆٛ 5.11

JC ͷ ∗-෦ͰҎԼΛຬͨ͢ͷશମΛ GC
H (J

C)ͱ͢هɽ

(1) VII ͱಉܕ

(2) Τϧϛʔτੵ͔Βఆ·Δੵʹؔͯ͠త

E6 ͷ JC ͷ࡞༻ ∗-४ಉ͔ͭܕతͳͷͰɼGC
H (J

C)ͷ࡞༻͕༠ಋ͞ΕΔɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ EII ߹େରᪧूۃͷܕ

GH(J) ⊂ GC
H (J

C) (FI ⊂ EII )

ิ 5.12 (S)

E6  GC
H (J

C)ਪҠతʹ࡞༻͠ɼGC
H (J

C) EII ίϯύΫτରশۭؒɽܕ

FI ܕ GH(J) EII ܕ GC
H (J

C)શଌతʹຒΊࠐΊΔɽ

λII : GH(J) → GC
H (J

C) ; V &→ V C

GH(J) = F4(JH)Ͱ͋ΔͷͰɼ

λII (GH(J)) = F4(J
C
H)

ͱ͘ʹɼGC
H (J

C)ʹ͓͚ΔɼJCH Λ௨Δ F4 ಓ͕ي λII (GH(J)).

GH(C)ͷۃେରᪧू߹∆FI Λ༻͍ͯɼ∆1
EII := λII (∆FI )ͱఆΊΔɽ

ʑɹ༏ࠤ (౦ߴژઐ) ߹ରশۭؒͷରᪧूܕ֎ྫ 40 / 45
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4. FI, EI, EII ߹େରᪧूۃͷܕ EII ߹େରᪧूۃͷܕ

EII ߹େରᪧूۃͷܕ

EII ܕ E6 ͷۃͱ࣮ͯ͠ݱͰ͖Δɽ

ରশۭؒM ʹ͍ͭͯɼp ∈ M ͷରশ sp ͷෆಈू߹ F (sp,M)ͷ࿈݁
Λۃͱ͍͏ɽ

p ΛؚΉM ͷରᪧू߹ Aʹରͯ͠ɼA ⊂ F (sp,M)ɽ

E6 ͷ୯Ґݩʹؔ͢Δۃɼࣗ໌ͳۃɼEII ɼEIIIܕ Ͱ༩͑ΒΕΔɽܕ

T Λ E6 ͷۃେτʔϥεͱ͠ɼT ͷۃେରᪧू߹ͱ EII ௨෦Λڞͷۃܕ
∆2

EII ͱ͓͘ʢ#∆2
EII = 36ʣ

∆2
EII ɼ༗࣮άϥεϚϯଟ༷ମΛ༻͍ͯߏ͕Ͱ͖Δɽ
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4. FI, EI, EII ߹େରᪧूۃͷܕ EII ߹େରᪧूۃͷܕ

EII ߹େରᪧूۃͷܕ

ఆཧ 5.13 (S)

EII ͷۃେରᪧू߹ɼ∆1
EII ,∆

2
EII ͷ͍ͣΕ͔ͱ߹ಉɽͱ͘ʹɼ#2EII = 36ɽ

EII શଌత෦ଟ༷ମͷแؚྻ͍͓ͯʹܕ

GH(O) 1 · · · 1 GH(O) ⊂ GT
4 (O) ⊂ FI ⊂ EII

͓Αͼ༗࣮άϥεϚϯଟ༷ମΛ༻͍ͯɼۃେରᪧू߹ͷߏ͕Ͱ͖Δɽ

έʔϥʔଟ༷ମͷแؚྻʹͳ͍ͬͯΔɽݩ࢛ͷแؚྻɼه্
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5. ·ͱΊ

ຊͷ·ͱΊ

ରশۭؒʹ͓͍ͯɼۃେରᪧू߹ͱݺΕΔ༗ݶूࢄ߹͕ఆٛ͞ΕΔɽ

܈ίϯύΫτϦʔܕ֎ྫ F4,E6 ͓Αͼ FI ,EI ,EII Λߏେରᪧू߹ͷۃͷܕ
հͨ͠ɽ

F4 ͷҙͷۃେରᪧू߹͍ޓʹ߹ಉ

แؚྻ G2 ⊂ Spin(8) ⊂ F4 Λ༻͍ͯߏ͕Ͱ͖Δɽ

FI ಉ߹ʹ͍ޓେରᪧू߹ۃͷҙͷܕ

แؚྻ GH(O) ⊂ GT
4 (O) ⊂ FI Λ༻͍ͯߏͰ͖Δɽ
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ຊͷ·ͱΊ

E6 ͷۃେରᪧू߹ͷ߹ಉྨͷ 2ɽ

แؚྻ G2 ⊂ Spin(8) ⊂ F4 ⊂ E6 ͓ΑͼۃେτʔϥεΛ༻͍ͯߏͰ͖Δɽ

EI େରᪧू߹ͷ߹ಉྨͷۃͷܕ 2ɽ

แؚྻ GH(O) ⊂ GT
4 (O) ⊂ FI ⊂ EI ͓ΑͼۃେτʔϥεΛ༻͍ͯߏͰ͖Δɽ

EII େରᪧू߹ͷ߹ಉྨͷۃͷܕ 2ɽ

แؚྻ GH(O) ⊂ GT
4 (O) ⊂ FI ⊂ EII ͓Αͼ༗࣮άϥεϚϯଟ༷ମΛ༻͍ͯ

Ͱ͖Δɽߏ
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