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Current PDG
Analysis by NLO chiral SU(3) dynamics

T. Hyodo, M. Niiyama, PPNP 120, 103868 (2021)
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- “ ” is no longer at 1405 MeV but ~ 1420 MeV.Λ(1405)

- Lower pole: two-star resonance Λ(1380)

Citation: P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)

Λ(1405) 1/2− I (JP ) = 0(12
−) Status: ∗∗∗∗

In the 1998 Note on the Λ(1405) in PDG 98, R.H. Dalitz discussed
the S-shaped cusp behavior of the intensity at the N-K threshold ob-
served in THOMAS 73 and HEMINGWAY 85. He commented that
this behavior ”is characteristic of S-wave coupling; the other below
threshold hyperon, the Σ (1385), has no such threshold distortion
because its N-K coupling is P-wave. For Λ(1405) this asymmetry is

the sole direct evidence that JP = 1/2−.”

A recent measurement by the CLAS collaboration, MORIYA 14,

definitively established the long-assumed JP = 1/2− spin-parity
assignment of the Λ(1405). The experiment produced the
Λ(1405) spin-polarized in the photoproduction process γ p →

K+Λ(1405) and measured the decay of the Λ(1405)(polarized) →

Σ+ (polarized)π−. The observed isotropic decay of Λ(1405) is
consistent with spin J = 1/2. The polarization transfer to the

Σ+(polarized) direction revealed negative parity, and thus estab-

lished JP = 1/2−.

See the related review(s):
Pole Structure of the Λ(1405) Region

Λ(1405) POLE POSITIONΛ(1405) POLE POSITIONΛ(1405) POLE POSITIONΛ(1405) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

1429+ 8
− 7

1 MAI 15 DPWA

1434± 2 2 MAI 15 DPWA

1421+ 3
− 2 GUO 13 DPWA

1424+ 7
−23 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.

−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

24+ 4
− 6

1 MAI 15 DPWA

20+ 4
− 2

2 MAI 15 DPWA

38+16
−10 GUO 13 DPWA

52+ 6
−28 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.
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Λ(1380) 1/2− JP = 1
2
− Status: ∗∗

OMITTED FROM SUMMARY TABLE
See the related review on ”Pole Structure of the Λ(1405) Region.”

Λ(1380) POLE POSITIONΛ(1380) POLE POSITIONΛ(1380) POLE POSITIONΛ(1380) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

1325±15 1 MAI 15 DPWA

1330+ 4
− 5

2 MAI 15 DPWA

1388± 9 GUO 13 DPWA

1381+18
− 6 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.

−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

180+24
−36

1 MAI 15 DPWA

112+34
−22

2 MAI 15 DPWA

228+48
−50 GUO 13 DPWA

162+38
−16 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.
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NNLO analysis and lattice QCD
Analysis at NNLO chiral SU(3) dynamics (  and  included)KN πN

J.-X. Lu, L.S. Geng, M. Doering, M. Mai, PRL 130, 071902 (2023)

Supplemental Material [63]. They show that BCHPTand its
unitarized version can provide a good description of the
meson-baryon scattering data for all the three strangeness
sectors simultaneously. For the K̄N channel, with all the
constraints from the KN and πN channels, we obtain a
χ2=d:o:f ¼ 1.56 weighting different observables by the
respective number of data points [41,43,44,100], which
should be compared with the equivalent value of about 2
from theNLO study [43]. The χ2=d:o:f: for theKN channels
decrease considerably [from 3.93(2.24) to 0.46(1.46) for
KNI¼0ðKNI¼1Þ] compared with those obtained in Ref. [35]
sincewe take into account the Oðp3Þ tree level contributions
which were omitted there.
In Fig. 1, we show the cross sections from the global

NLO (The NLO study is presented only for the sake of
comparison. The description of the K̄N channel is accept-
able but that of the πN channel is much worse. See the
Supplemental Material [63] for details.) and NNLO fits for
the K̄N coupled channels as well as πN and KN phase
shifts. The error bands are produced by the Bayesian model
for a degree of belief of 68% [101–103] (see the
Supplemental Material [63] for details). The comparison
with the best NLO fits of Guo [43] reveals that the K̄N
cross sections can be described rather well already at NLO,
but quantitatively better results are obtained at NNLO, in
particular, those of fπ−Σþ; π0Λ; ηΛg final states. It is
important to note that compared with the NLO fits, only
NNLO fits allow also for a simultaneous description of the
πN and KN phase shifts [35].
In Fig. 1(h), we also show the π−Σþ mass spectrum in

the vicinity of Λð1405Þ. As explained above, these data are
not fitted. They are calculated following the approach of
Refs. [39,43] but including the contributions from πΛ and
ηΛ. The ηΣ andKΞ channels are neglected because they are
too far away from the energy region of our interest. While
we are faced with the well-known problem that the left-
hand cuts overlap with the unitary cuts below the K̄N
threshold (see Supplemental Material [63] for details), the
data are indeed described well.
In Table II we compare the scattering length and three

ratios with the experimental data. Clearly the agreement is

very good. We show as well the results of Fit II of the
NLO study of Ref. [43], which agree with ours within
uncertainties.
The double pole structure of Λð1405Þ is the most

interesting nonperturbative phenomenon in this coupled-
channel problem. Studies on this special resonance date
back to the 1960s [108] where it was suggested as a K̄N
bound state (see also review in Ref. [48]). It was then found
that Λð1405Þ is actually a superposition of two poles
[39,109–111]. Recent discussions on this issue can be
found in Refs. [42,43,53,112–114]. Note that a recent
lattice QCD study also supports the K̄N bound state inter-
pretation of Λð1405Þ [115]; see also Refs. [116,117]. In
order to obtain the pole position, one needs to extend the
amplitudes to the second Riemann sheet. This can be
achieved by analytically extrapolating the loop function
GðsÞ to the second Riemann sheet following the standard
prescription, see, e.g., Refs. [27,43,56]. The poles

TABLE II. Threshold parameters, pole positions, and couplings of the two I ¼ 0 states obtained in the present work in comparison
with experimental data and the results of Ref. [43].

aK−p (fm) γ Rc Rn

NNLO ð−0.71% 0.07Þ þ ið0.84% 0.07Þ 2.35% 0.19 0.684% 0.033 0.198% 0.019
NLO [43] −0.61þ0.07

−0.08 þ ið0.89þ0.09
−0.08 Þ 2.36þ0.17

−0.22 0.661þ0.12
−0.11 0.188þ0.028

−0.029
EXP ð−0.64% 0.10Þ þ ið0.81% 0.15Þ 2.36% 0.12 0.664% 0.033 0.189% 0.015

Pole positions (MeV) jgπΣj (GeV) jgηΛj (GeV) jgK̄N j (GeV) jgKΞj (GeV)
Λð1380Þ 1392% 8 − ið102% 15Þ 6.40% 0.10 3.01% 0.15 2.31% 0.10 0.45% 0.01
Λð1405Þ 1425% 1 − ið13% 4Þ 2.15% 0.07 5.45% 0.24 4.99% 0.08 0.58% 0.02

FIG. 2. Positions of the two Λð1405Þ poles obtained in the
present study (“NNLO” and “NNLO&” corresponding to results
with or without baryon mass constraints) in comparison with
those of the NLO studies, i.e., Guo [43], Hyodo [42], Mai-I [53],
Mai-II [53], Sadasivan [113], Cieply [118], Shevchenko [119],
and Haidenbauer [120].
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Two states are confirmed at NNLO and lattice QCD

Lattice QCD calculation of -  scattering ( )K̄N πΣ mπ ∼ 200 MeV
J. Bulava, et al. (BaSc), arXiv:2307.10413 [hep-lat]; arXiv:2307.13471 [hep-lat]
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levels. The fit with the lowest Akaike Information Crite-
rion (AIC) value is a four-parameter fit to Eq. (2). The
result is

A00 = 4.1(1.8), A11 = �10.5(1.1),

A01 = 10.3(1.5), B01 = �29(18),
(3)

with fixed B00 = B11 = 0 and �2 = 10.52 for 11 degrees
of freedom. This fit is shown in Fig. 1. All statistical un-
certainties and correlations are taken into account using
the bootstrap method with 800 samples.

Analytic structure of the amplitude.—The various
parametrizations discussed above constrain the energy
dependence of the amplitudes near the finite-volume en-
ergies, even if they do not accommodate left-hand (cross-
channel) cuts. Knowledge over this limited range enables
the analytic continuation of the scattering amplitude (de-
noted T ) to complex Ecm and the identification of poles
close to the real axis on sheets adjacent to the physical
one.

The K-matrix, the JP = 1/2� scattering amplitude
T , and the normalized amplitude t shown in Fig. 1 are
related by

t�1 = 8⇡Ecm T �1 = eK�1 � ibk, (4)

where bk = diag (k⇡⌃, kK̄N ),

k2⇡⌃ =
1

4E2
cm

�(E2
cm,m

2
⇡,m

2
⌃) .

Here, �(x, y, z) is the Källén function [50] and kK̄N is
defined similarly. Analytic continuation of the coupled
channel ⇡⌃ � K̄N amplitude involves four different Rie-
mann sheets, each labelled by the sign of the imaginary
parts of (k⇡⌃, kK̄N ), with (+,+) denoting the physical
sheet. Complex poles in the scattering amplitude corre-
spond to vanishing eigenvalues in the right-hand side of
Eq. (4), and are determined numerically. In the vicinity
of a pole, the divergent part of the amplitude is

t =
1

Ecm � Epole

✓
c2⇡⌃ c⇡⌃ cK̄N

c⇡⌃ cK̄N c2
K̄N

◆
+ . . . , (5)

where the (complex) residues c⇡⌃ and cK̄N denote the
coupling of the resonance pole to each channel.

Two poles are found on the (�,+) sheet, which is the
one closest to physical scattering in the region between
the two thresholds. Their locations are

E1 =1392(9)(2)(16) MeV,

E2 =[1455(13)(2)(17) � i11.5(4.4)(4)(0.1)] MeV,
(6)

and their couplings
�����
c(1)⇡⌃

c(1)
K̄N

����� = 1.9(4)(6),

�����
c(2)⇡⌃

c(2)
K̄N

����� = 0.53(9)(10). (7)

FIG. 4. The elastic ⇡⌃ amplitude near threshold. The points
are obtained from Eq. (1) using a single channel and `max = 0.
The shaded band denotes a fit of the four levels shown to
a two-parameter effective range expansion. A pole on the
real axis in the second Riemann sheet (a virtual bound state)
occurs when k⇡⌃ cot �⇡⌃ � ik⇡⌃ = 0 below threshold. This is
where the black dashed line intersects the fit.

The first uncertainty is statistical, the second accounts
for parametrization dependence, and for the pole posi-
tions, the third comes from the uncertainty in the lat-
tice spacing in Table I. Two poles are present for all
parametrizations of the K-matrix. The pole at E1 is
likely a virtual bound state, except in 0.5% of bootstrap
samples where it is located on the physical sheet and
thus a bound state, while the one at E2 is a resonance.
The first pole has a stronger coupling to the ⇡⌃ channel,
while for the second, the hierarchy is reversed. Further
confirmation of the existence of the lower pole as a virtual
bound state comes from a single-channel analysis of the
energy levels near the ⇡⌃ threshold, as shown in Fig. 4.

Conclusion.— This study of ⇡⌃�K̄N scattering in the
⇤(1405) region is the first coupled-channel meson-baryon
scattering amplitude determined from lattice QCD. Her-
mitian correlation matrices using both single-baryon and
meson-baryon interpolating operators for a variety of
different total momenta and irreducible representations
were used. The analytic continuation of the amplitudes
into the complex center-of-mass energy plane is stabi-
lized by finite-volume energies just below the ⇡⌃ and K̄N
thresholds and clearly exhibits two poles. At a slightly
heavier-than-physical pion mass of m⇡ ⇡ 200MeV, the
lower pole is a virtual bound state below the ⇡⌃ threshold
and the higher a resonance just below the K̄N thresh-
old. Due to our use of m⇡ > mphys

⇡ , the real parts of
the pole positions in Eq. (6) are somewhat larger than
those determined at the physical point from experiment
using chiral approaches [5], which lie within the ranges
ReE1 = 1325�1380MeV and ReE2 = 1421�1434MeV.
Importantly, this qualitative consistency supports the
two-pole picture predicted by chiral symmetry and uni-
tarity.

Future work with this system includes moving to phys-

2

the lowest finite-volume energy eigenstate using single-
baryon three-quark interpolating fields [28–36]. The K̄N
scattering length for I = 0 has been computed long ago
using the quenched approximation [37], but mixing with
the kinematically-open ⇡⌃ channel was neglected. The
⇡⌃ and K̄N scattering lengths in other (non-singlet) fla-
vor and isospin combinations not directly relevant for the
⇤(1405) have been computed in Refs. [38–40].

This work computes the isospin I = 0 and strangeness
S = �1 coupled-channel ⇡⌃�K̄N scattering amplitudes
below the ⇡⇡⇤ threshold from lattice QCD for the first
time. A single ensemble of gauge configurations with dy-
namical u, d, and s quarks is employed with pion and
kaon masses of m⇡ ⇡ 200MeV and mK ⇡ 487 MeV, re-
spectively, which deviate slightly from their physical val-
ues mphys

⇡ ⇡ 140 MeV and mphys
K ⇡ 495 MeV. The u and d

quark masses are set to be equal and electroweak interac-
tions are neglected, so isospin is a good quantum number.
The main result of this work is a set of parametrizations
of the amplitudes which are constrained by fits to the
finite-volume energy spectrum. These parametrizations
can accommodate zero, one, or two poles, but when fit
to the lattice results and analytically continued to the
complex-energy plane, they all confirm the presence of
two poles, the positions of which vary little and are con-
sistent with predictions from chiral effective theory. Our
use of m⇡ > mphys

⇡ moves the lower pole just below the
⇡⌃-threshold leading to its unambiguous identification
as a virtual bound state. The higher pole near the K̄N -
threshold is also clearly present.

This letter provides a summary of the computation
while technical details are left to a companion paper.
The main result is Fig. 1, which shows fits to the
finite-volume spectrum using all parametrizations of the
coupled-channel amplitude and the associated pole posi-
tions. Statistical errors are shown for the parametriza-
tion with the lowest Akaike information criterion (AIC)
value.

Determination of finite-volume energies.— The ensem-
ble of gauge configurations and algorithm for evaluat-
ing correlation functions are briefly reviewed here and
discussed more deeply in the companion paper. The
Nf = 2+1 QCD gauge configurations comprise the ‘D200’
ensemble generated by the Coordinated Lattice Simula-
tions (CLS) consortium [41] which is detailed in Table I.
The lattice spacing is determined in Ref. [42] and updated
in Ref. [43]. All correlation matrices are computed us-
ing the stochastic-LapH [44] implementation of Ref. [45].
The flexibility afforded by the source-sink factorization
and subsequent computation of correlators via optimized
tensor contractions [46] is particularly advantageous for
large Hermitian correlation matrices containing single-
baryon, ⇡⌃, and K̄N interpolating operators.

The determination of finite-volume stationary-state
energies is also discussed in detail in the companion pa-
per and summarized here. The interaction shift �Elab

0.0

0.5

1.0 �� ! �� K̄N ! K̄N �� ! K̄N

0.0

0.5

1.0

�0.1

0.0

�0.1

0.0

0.0 0.2 0.4 0.6 0.8
Re (Ecm � m� � m�)/m�

b k i
b k j

|t i
j|2

Im
E

cm
m

�

FIG. 1. The I = 0 and S = �1 coupled-channel ⇡⌃ � K̄N
amplitude computed on a single lattice QCD gauge-field en-
semble with m⇡ ⇡ 200MeV as a function of the energy dif-
ference to the ⇡⌃ threshold in the center-of-mass frame. The
upper panel shows the transition matrix elements, defined in
Eq. (4), using the K-matrix parametrization with the lowest
AIC constrained by the finite-volume spectrum in the bot-
tom panel. The second panel shows the model variation for
the same quantities using several parametrizations. The third
and fourth panels show the position of poles in the complex
center-of-mass energy (Ecm) plane on the sheets closest to
the physical one: using the parametrization with lowest AIC
(third panel), and for several parametrizations (fourth panel).
In the second and fourth panel, the transparency of each line
and corresponding pair of pole positions is proportional to
exp [� (AIC � AICmin) /2], where AICmin is the lowest AIC
corresponding to the fit in Eq. (3), which is also shown in the
top panel. The subscripts i, j index the two open scattering
channels. For clarity, the points in the lowest panel are dis-
placed vertically by the total spatial momentum d2 defined
below Eq. (1).

TABLE I. Parameters of the D200 ensemble [41]. The lattice
dimensions in space and time (L and T ), as well as the mass
of the pion (m⇡) and kaon (mK) are given in units of the
lattice spacing a.

a[fm] (L/a)3 ⇥ T/a am⇡ amK

0.0633(4)(6) 643 ⇥ 128 0.06533(25) 0.15602(16)

of a lab-frame energy from a nearby non-interacting en-
ergy is extracted from a single-state fit to the ratio of
a diagonalized correlation function over the product of
correlators for the individual constituents of the nearby
non-interacting energy. The diagonalization of the cor-
relation matrices is done by solving a generalized eigen-
value problem (GEVP) as described in Ref. [45]. We
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Construction of  potentialsK̄N

Local  potential is useful for various applicationsK̄N

meson-baryon amplitude 
(chiral SU(3) at NLO)

Kyoto - -  potential 
(coupled-channel, real)

K̄N πΣ πΛ

Kaonic nuclei

Kyoto  potential
(single-channel, complex)

K̄N

Kaonic deuterium  correlation functionK−p

T. Hyodo, W. Weise, PRC 77, 035204 (2008)

K. Miyahara. T. Hyodo, 
PRC 93, 015201 (2016)

K. Miyahara, T. Hyodo, W. Weise, 
PRC 98, 025201 (2018)

 and  interactionsΛ(1405) K̄N

https://inspirehep.net/literature/770146
https://inspirehep.net/literature/1376961
https://inspirehep.net/literature/1669596
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Correlation functions and femtoscopy
 correlation function K−p C(q)

- Wave function  : Kyoto  potentialΨ(−)
q (r) K̄N-πΣ-πΛ

p

K−

cor.

S(r)

Correlation functions are well reproduced

small and the correlation function is not very sensitive to
ωπ0Λ, the effects of πΣ channels are important because of
the strong K̄N − πΣ coupling. Then we fix ωπ0Λ ¼ 1 and
vary the parameter ωπΣ around the reference value,
obtained by the simplest statistical model estimate [34],
ωðstatÞ
πΣ ≃ exp½ðmK þmN −mπ −mΣÞ=Tc& ≃ 2.0 with Tc ¼

154 MeV [35,36]. As for the source size, the ALICE
collaboration fixed R ¼ 1.18 fm by assuming the same
source size as that of Kþp, which was obtained by the
femtoscopic correlation fit based on the Jülich Kþp
interaction [25], with Coulomb effects treated by the
Gamow factor correction. Although this correction
describes the Coulomb effect well for light systems such
as π − π, it lacks the necessary accuracy for heavier
systems [32]. Thus, we also consider the variation of R
in the fitting procedure. While the source size can in
principle be channel dependent, possible size differences
between channels can be compensated by varying the
source weights. We therefore use a common source size
in K̄N, πΣ, and πΛ channels. We also assume that the
source function has a Gaussian shape and the source weight
is isospin symmetric.
The measured correlation function is assumed to be

described in the form [20]

CfitðqÞ ¼ N ½1þ λfCðqÞ − 1g&; ð8Þ

whereN is a normalization constant and λ is the pair purity
parameter, known also as the chaoticity parameter. The pair
purity parameter is experimentally determined through a
Monte Carlo simulation, λexp ¼ 0.64' 0.06, so we allow
for variations of λ within 1σ. We fit the correlation function
data in the momentum range q < 120 MeV=c, where the
distortion of the s wave is considered to give the dominant
contribution.
In Fig. 2 the χ2=d:o:f: distribution is plotted in the

ðR;ωπΣÞ plane. A good fit (χ2=d:o:f:≲ 1) is achieved in the

region from ðR;ωπΣÞ ¼ ð0.6 fm; 0Þ to ð1.1 fm; 5.0Þ. The
source size R ≃ 1 fm is reasonable for pp collisions, while
ωπΣ should be consistent with the simple statistical model
estimate within a factor of 2 to 3. Thus, we consider
parameter sets in this region with 0.5 ≤ ωπΣ ≤ 5 as equally
acceptable. On the other hand, if we take the R ¼ 1.18 fm
as adopted by the ALICE Collaboration, ωπΣ ≳ 8 gives a
good fit, but such large ωπΣ values appear to be signifi-
cantly beyond the statistical model estimate.
Figure 3 shows the fitted K−p correlation function

with R ¼ 0.9 fm as an example of a result satisfying
χ2=d:o:f: < 1. The other parameters are chosen as

ωπΣ ¼ 2.95; N ¼ 1.13; λ ¼ 0.58; ð9Þ

to give the minimum value of χ2=d:o:f: ¼ 0.58. The
enhancement in the low-momentum range and the char-
acteristic cusp structure are evidently well reproduced.
Recalling the importance of the πΣ component in the K−p
correlation as shown in Fig. 1, the sizable value of ωπΣ
indicates that the contribution from the πΣ source is
essential to reproduce the data.
The peak structure seen in Fig. 3 around q ∼ 240 MeV=c

represents the Λð1520Þ resonance. The contribution from
this resonance can be simulated by a Breit-Wigner func-
tion:

CresðqÞ ¼
bΓ2

ðq2=2μK−p þmp þmK− − ERÞ2 þ Γ2=4
; ð10Þ

with parameters b, ER, and Γ. We can isolate the resonance
by subtracting CfitðqÞ from the correlation data, using the
parameters of Eq. (9) and R ¼ 0.9 fm. The remaining
structure in the interval 150 MeV=c < q < 300 MeV=c is

FIG. 2. Reduced χ2 distribution in the ðR;ωπΣÞ plane. From
inward out the contour lines correspond to χ2=d:o:f: ¼ 0.5, 1,
1.5, and 2, respectively.

FIG. 3. Correlation function with the best fit parameters (solid
line). The result including the Λð1520Þ contribution is shown by
the dotted line. The dashed line shows the prediction with
R ¼ 1.6 fm. Its shaded area shows the uncertainty with respect
to the variation of ωπΣ. For comparison, we also plot the
corresponding area for the case with R ¼ 0.9 fm. The ALICE
data set is taken from Ref. [20].

PHYSICAL REVIEW LETTERS 124, 132501 (2020)

132501-4

S. Acharya et al. (ALICE), PRL 124, 092301 (2020)
Y. Kamiya, T. Hyodo, K. Morita, A. Ohnishi, W. Weise. PRL124, 132501 (2020)

C(q) =
NK−p( pK−, pp)

NK−( pK−)Np( pp)
≃ ∫ d3r S(r) |Ψ(−)

q (r) |2

and predicted

Kaon–proton scattering in Pb–Pb collisions at the LHC ALICE Collaboration

1.5− 1− 0.5− 0
 (fm)0f ℜ 

1.5− 1− 0.5− 0

0.5

1

1.5 (f
m

)
0f 

ℑ 
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1

1.5
ALICE Borasoy et al.
SIDDHARTA Ikeda et al.
Ikeda et al. Liu et al.
Ito et al. Martin
Hoshino et al.

0 50 100
)c (MeV/k*
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0.9

1

1.1

1.2

)
k*(

C

0.9

1

1.1

1.2
 = 5.02 TeVNNsPb − PbALICE

40%−,  30+Kp ⊕p −K  

SIDDHARTA Borasoy et al.

Ikeda et al. Liu et al.

Ito et al. Ikeda et al.

Hoshino et al.  
Martin  

(syst) fm
 0.52−

 0.19+ 0.11(stat)± = 5.2 KpR

 

Figure 3: Left: scattering parameters obtained from the Lednický–Lyuboshitz fit compared with available world
data and theoretical calculations. Statistical uncertainties are represented as bars and systematic uncertainties, if
provided, as boxes. Right: experimental femtoscopic correlation function for K�p�K+p pairs in the 30–40%
centrality interval, together with various Lednický–Lyuboshitz calculations obtained using the scattering length
parameters from Refs. [17, 18, 71–75] and the source radius from this analysis. The statistical and systematic
uncertainties of the measured data points are added in quadrature and shown as vertical bars.

and ¡ f0 = 0.92± 0.05(stat)+0.12
�0.33(syst) fm.

The obtained parameters of the scattering length are compared with the available experimental values as
well as model calculations [18, 71–75] in the left panel of Fig. 3. Numerical values of those parameters
are also provided in Tab. 1. The ALICE results are compatible with them within uncertainties2. Up until
this point, the world’s best experimental data on Kp scattering are mainly from exotic kaonic atoms,
where the interaction at the threshold is measured, and from scattering experiments. Theory predictions
and calculations are based on cEFT models.

Moreover, the Lednický–Lyuboshitz formalism is also used to compute femtoscopic correlation functions
using scattering length parameters from previous measurements and theory predictions. They are then
compared with the experimental data and the deviations in units of c2/ndf are obtained. The result of
such a procedure is shown in Fig. 3 (right), while the c2/ndf values are presented in Table 1. The Kyoto
model, which captures well the structures related to coupled channels in pp collisions, reproduces the data
trends in all measured Pb–Pb centrality intervals, confirming that the coupled channels are fundamental
in the description of small sources but have a negligible influence on correlation functions at large source
sizes [39]. However, the model still requires further development as the resulting c2/ndf= 2.8 is slightly
worse than the best calculations using the Lednický–Lyuboshitz analytical approach.

2Note that systematic uncertainties are not provided for some of the older results.

7

S. Acharya et al. (ALICE), PLB 822, 136708 (2021)
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Summary

Λ(1405) K̄N

Contents

Contents

T. Hyodo, M. Niiyama, PPNP 120, 103868 (2021);
Y. Kamiya, T. Hyodo, K. Morita, A. Ohnishi, W. Weise. PRL 124, 132501 (2020)

T. Hyodo, W. Weise, arXiv:2202.06181 [nucl-th] (Handbook of Nuclear Physics);
永江知文、兵藤哲雄「K中間子原子核の物理」（共立出版）

T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013); 
T. Kinugawa, T. Hyodo, PRC106, 015205 (2022); in preparation

https://inspirehep.net/literature/1822909
https://inspirehep.net/literature/1762829
https://inspirehep.net/literature/2032014
https://www.kyoritsu-pub.co.jp/book/b10031707.html
https://inspirehep.net/literature/1256957
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Compositeness  of stable bound stateX
S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)

Weak-binding relation for stable states

|d⟩ = X |NN⟩ + Z |others⟩, X + Z = 1, 0 ≤ X ≤ 1

a0 = R { 2X
1 + X

+ 𝒪 ( Rtyp

R )}, R =
1
2μB

radius of statescattering length

range of interaction

Compositeness

Problem: quantitative estimation —>  ?X = 1.68

- applicable only to stable bound states
- for shallow bound state , R ≫ Rtyp X ← (a0, B)

N N

d

https://inspirehep.net/literature/1256957
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Uncertainty estimation with  term𝒪(Rtyp /R)

Uncertainty and interpretation

Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

Xu =
a0 /R + ξ

2 − a0 /R − ξ
, Xl =

a0 /R − ξ
2 − a0 /R + ξ

, ξ =
Rtyp

R

0

1

X

Xl

Xu

Compositeness

- exclude region outside 0 ≤ X ≤ 1

Interpretation (with finite range correction)

Rtyp = max{Rint, Reff}

T. Kinugawa, T. Hyodo, PRC 106, 015205 (2022)

TOMONA KINUGAWA AND TETSUO HYODO PHYSICAL REVIEW C 106, 015205 (2022)

FIG. 11. Comparison of the bound states with the distribution of
the magnitude of the uncertainty Ē in the effective range model in
the R̃int-r̃e plane. The legends are the same as Fig. 5.

however, keep in mind that the applicable region in Fig. 10
is the result of the specific model (the effective range model)
and the applicable boundaries are model dependent.

For the discussion of the meaningful estimation, we plot
the parameters in Table III in comparison with the magnitude
of the uncertainty Ē in R̃int-r̃e plane in Fig. 11. Because all
the states are contained in the region Ē ! 0.5, we expect that
meaningful estimations of the compositeness are possible for
these states.

C. Estimation of compositeness

We now estimate the compositeness X of the bound states
listed in Table II. We summarize the estimated uncertainties
ξeff = |re|/R and ξint = Rint/R in Table IV. Here, we set Reff =
|re| assuming that the coefficients of the higher order terms in
the effective range expansion are of natural size. We then show
the estimated compositeness with the uncertainty band with
ξeff [X (ξeff )] and ξint [X (ξint )] in Table IV. In the last column
we also show Rtyp in the improved weak-binding relation (28).

We can see that the central values of the compositeness
Xc are larger than unity except for X (3872) in Table IV.
This is because the radius R is smaller than the scattering
length a0 in these states. As we discussed in Sec. III A, Xc is
larger than unity for a0 > R. The relation between a0 and R is
also approximately determined by the sign of re. Neglecting
the O(k4) terms in the effective range expansion, we obtain

TABLE IV. The uncertainties ξeff , ξint , the estimated compos-
iteness X , and the length scale Rtyp in the improved weak-binding
relation. X (ξeff ) [X (ξint )] stands for X estimated with ξeff (ξint).

Bound state ξeff ξint X (ξeff ) X (ξint ) Rtyp

d 0.405 0.331 1.68+3.18
−0.943 1.68+2.14

−0.824 Reff

X (3872) 0.160 0.0428 0.743+0.282
−0.213 0.743+0.0675

−0.0626 Reff

D∗
s0(2317) 0.0949 0.341 1.61+0.369

−0.288 1.61+2.09
−0.804 Rint

Ds1(2460) 0.192 0.345 1.12+0.540
−0.358 1.12+1.22

−0.566 Rint

N" dibaryon 0.277 0.149 1.40+1.20
−0.600 1.40+0.523

−0.364 Reff

"" dibaryon 0.337 0.252 1.56+1.95
−0.773 1.56+1.22

−0.626 Reff
3
#H 0.157 0.295 1.35+0.532

−0.366 1.35+1.25
−0.605 Rint

4He dimer 0.0757 0.0560 1.08+0.177
−0.152 1.08+0.128

−0.114 Reff

TABLE V. The compositeness X consis-
tent with the definition (36) estimated by the
improved weak-binding relation.

Bound state Compositeness X

d 0.74 ! X ! 1
X (3872) 0.53 ! X ! 1
D∗

s0(2317) 0.81 ! X ! 1
Ds1(2460) 0.55 ! X ! 1
N" dibaryon 0.80 ! X ! 1
"" dibaryon 0.79 ! X ! 1
3
#H 0.74 ! X ! 1
4He dimer 0.93 ! X ! 1

Eq. (22):

a0 = R
1

−re/(2R) + 1
. (71)

Because R > 0, we obtain a0 > R for positive re > 0, and
a0 < R for negative re < 0 from this equation. In fact, in
Table II, these relations are satisfied except for D∗

s0(2317)
and Ds1(2460) with the small effective range. In summary,
the central value of the compositeness is larger than unity for
a0 > R, which is expected to be realized with positive re > 0
when relation (71) approximately holds.

One may wonder that the central value Xc > 1 contradicts
with the definition of the compositeness, 0 ! X ! 1. In fact,
this problem for the deuteron partly motivates the works
in Refs. [27–29]. From our viewpoint, this problem can be
avoided by considering the uncertainty ξ as in Eq. (36) as
discussed below.

Focusing on the N" dibaryon, we find that the lower limit
of the compositeness estimated by ξint is larger than unity
[Xl (ξint ) = 1.04] from Table IV. Hence, the exact value of
the compositeness of the N" dibaryon is not contained in the
uncertainty band of X (ξint ), and we cannot perform the mean-
ingful estimation of the compositeness of the N" dibaryon
with the previous weak-binding relation (Rtyp = Rint). In fact,
we have seen that the N" dibaryon exists near the boundary
of the applicable region of the previous weak-binding relation
in the effective range model as shown in Fig. 10.

In the improved weak-binding relation with Eq. (27), we
calculate compositeness with the uncertainty band as X (ξeff )
[X (ξint )] for Rtyp = Reff (Rtyp = Rint). From the last column,
we see that X (ξint ) is adopted for the states D∗

s0(2317),
Ds1(2460), and 3

#H, and X (ξeff ) for other states. By taking the
region consistent with the definition 0 ! X ! 1 in Eq. (36),
we finally determine the compositeness X as shown in
Table V.

These results (0.5 ! X ! 1) indicate that the composite
component gives the largest fraction in the wavefunction for
all states. In particular, the 4He dimer is an almost purely com-
posite state with a small fraction of the other components (!
7%). However, the compositeness of X (3872) and Ds1(2460)
can be as low as ≈0.5, which is the boundary of the composite
dominance. Therefore, it is expected that the other compo-
nents would play a substantial role in these states. We find that

015205-14

Near-threshold bound states are mostly composite

-  of deuteron is reasonableX

-  in all cases studiedX ≥ 0.5

-  of hadrons, nuclei, and atomsX

https://inspirehep.net/literature/1474407
https://inspirehep.net/literature/2083152
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Compositeness  of unstable quasibound stateX

Weak-binding relation for unstable states

Y. Kamiya, T. Hyodo, PRC93, 035203 (2016); PTEP2017, 023D02 (2017)

Compositeness

|Λ(1405)⟩ = X | K̄N⟩ + Z |others⟩, X + Z = 1

a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( ℓ
R

3

) , R =
1

−2μEh
, ℓ ≡

1
2μν

K̄ N

π Σ

Λ(1405)
- complex a0, X

- complex eigenenergy: −B → Eh ∈ ℂ

- for near-threshold quasibound state , |R | ≫ (Rtyp, ℓ) X ← (a0, Eh)

v

- correction from threshold energy difference

Interpretation of complex X

X̃ =
1 − |Z | + |X |

2
, Z̃ =

1 − |X | + |Z |
2

, X̃ + Z̃ = 1, 0 ≤ X̃ ≤ 1

—> Poster by T. Kinugawa

https://inspirehep.net/literature/1391312
https://inspirehep.net/literature/1474407


a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( ℓ
R

3

) , R =
1

−2μEh
, ℓ ≡

1
2μν
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Compositeness of : central values Λ(1405)

:  composite dominance <— observablesΛ(1405) K̄N

Generalized weak-binding relation

 determinations by several groups(a0, Eh)

PTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Table 2. Properties and results for the higher-energy pole of !(1405) quoted from Ref. [7]: shown are the
eigenenergy Eh, the K̄N (I = 0) scattering length a0, the K̄N compositeness XK̄N and X̃K̄N , and the uncertainty
of the interpretation U .

Eh [MeV] a0 [fm] XK̄N X̃K̄N U/2

Set 1 [35] −10 − i26 1.39 − i0.85 1.2 + i0.1 1.0 0.3
Set 2 [36] − 4 − i 8 1.81 − i0.92 0.6 + i0.1 0.6 0.0
Set 3 [37] −13 − i20 1.30 − i0.85 0.9 − i0.2 0.9 0.1
Set 4 [38] 2 − i10 1.21 − i1.47 0.6 + i0.0 0.6 0.0
Set 5 [38] − 3 − i12 1.52 − i1.85 1.0 + i0.5 0.8 0.3

the K̄N threshold energy, we can study the K̄N compositeness of !(1405) with the generalized
weak-binding relation for quasibound states. To evaluate the compositeness using the weak-binding
relation, we need the I = 0 scattering length of the K̄N channel and the eigenenergy of !(1405).
These quantities can be obtained by detailed fitting analysis of the experimental data in the K̄N
threshold energy region. The most systematic analysis in the previous studies is performed by chiral
SU(3) dynamics [34–38]. In these studies, !(1405) is described by two resonance poles of the
scattering amplitude in the complex energy plane. We consider the K̄N compositeness of the state
represented by the pole at higher energy because this can be regarded as the weakly bound state.7

In Table 2, we show the sets of the scattering length a0 and the eigenenergy of the higher pole state
Eh, based on Refs. [34–38].8 Because of the isospin symmetry breaking, the threshold energies and
the reduced masses of the K̄0n channel and the K−p channel are slightly different. We define the
scattering length for the isospin I = 0 channel as a0 = (f0,K−p(E = 0) + f0,K̄0n(E = 0))/2, where
f0,K−p and f0,K̄0n are the scattering amplitudes of K−p → K−p and K̄0n → K̄0n, respectively,
and the threshold energy E = 0 is specified below for each set. The scattering length of set 1 is
calculated from the NLO amplitude of Refs. [34,35] by using the isospin-averaged hadron masses
at the isospin-averaged K̄N threshold energy. Therefore we use the isospin-averaged mass of K̄ and
N to determine the threshold energy and the reduced mass. Set 3 is based on Fit II of Ref. [37] with
the same isospin-averaging procedure. In the other analyses, the scattering length is calculated at the
K−p threshold energy, so we use the threshold energy and reduced mass of the K−p channel. Sets 2,
4, and 5 are based on Ref. [36], solution #2 of Ref. [38], and solution #4 of Ref. [38], respectively. In
Table 2, the scattering length a0 and the eigenenergy Eh do not converge quantitatively even though
the available data is reproduced at the level of χ2/d.o.f ∼ 1 in all the analyses. We therefore employ
the results of all the analyses to estimate the systematic error.

We first estimate the magnitude of the higher-order terms in the weak-binding relation. Using the
eigenenergies in Table 2, we find that the value of R satisfies |R| ! 1.5 fm. The typical range scale
of the hadron interaction can be estimated from the meson exchange mechanism. The longest range
hadronic interaction is mediated by the lightest meson π , which cannot be exchanged between K̄ and
N because the three-point vertex of the pseudoscalar mesons is prohibited by parity conservation.
We therefore estimate the typical range scale of the K̄N interaction from the ρ meson exchange
interaction to obtain Rtyp = 1/mρ ∼ 0.25 fm.9 To estimate the length scale l = 1/

√
2µω, we use

7 We do not consider the compositeness of the state associated with the lower-energy pole, because the
weak-binding relation is derived for the closest pole to the threshold.

8 We thank Jose Antonio Oller and Maxim Mai for correspondences.
9 We do not use the σ exchange to estimate the interaction range because the σ meson has the broad width [1].
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- Neglecting correction terms:

- In all cases,  and X ∼ 1 X̃ ∼ 1

Compositeness



a0 = R
2X

1 + X
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Rtyp

R ) + 𝒪 ( ℓ
R

3

) , R =
1
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, ℓ ≡

1
2μν
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Compositeness of : uncertaintiesΛ(1405)

 composite dominance holds even with correction termsK̄N

Estimation of correction terms: |R | ∼ 2 fm

-  meson exchange picture:  ρ Rtyp ∼ 0.25 fm
- Energy difference from :  πΣ ℓ ∼ 1.08 fmPTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Fig. 9. The results of error evaluation of the compositeness X̃K̄N of !(1405). The lines denote the central
values and the shaded areas indicate the uncertainty bands.

Fig. 10. I = 0 scattering amplitudes in the K̄N → K̄N (right panel) and π# → π# (left panel) channels
based on Ref. [35] with the isospin-averaged hadron masses. The solid line denotes the real part and the dashed
line denotes the imaginary part.

the π# amplitude has a CDD pole at this energy.10 Thus the ERE description of the π# amplitude
around its threshold will not reach the K̄N threshold because of the CDD pole. The existence of
the CDD pole near the resonance pole in the π# amplitude may be an indication of the non-π#
dominance of !(1405).

In Refs. [20,21,39,40], the compositeness of !(1405) is also calculated in various models by
evaluating the expression in Eq. (89) at the pole position. The results are summarized in Table 4.
In Refs. [39] and [20], the scattering amplitude is calculated from the chiral unitary approach of
Refs. [3] and [35], respectively. In the analysis of Ref. [40], the SU(6) model in Ref. [41] is used.
In Ref. [21], the scattering amplitude based on the unitary chiral perturbation theory in Ref. [37] is
used. We summarize the results in Table 4, specifying the prescription to interpret the compositeness.
We see that these studies give a consistent result for K̄N dominance over the other components. This
is also in good agreement with our model-independent results by the weak-binding relation.

In these studies, Refs. [20] and [21] use the scattering amplitude in Refs. [35] and [37], respectively.
Although Ref. [21] uses a different prescription |X | to determine the compositeness, small U = 0.1 in
set 3 indicates the difference between the prescriptions should be small, as we discussed in Sect. 3.5.

10 In the coupled-channel scattering, each component can have a CDD pole individually. This is in contrast to
the pole of the amplitude representing the eigenstate, which is determined by det F−1 = 0 and the divergence
appears in all the components of Fij.
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 system : simplest kaonic nucleusK̄NN

- Fit to  cross sections and branching ratiosK−p

- SIDDHARTRA constraint of kaonic hydrogen

Theoretical calculation with realistic  interactionK̄N

Kaonic nuclei

[1] J. Revai, N.V. Shevchenko, PRC 90, 034004 (2014)
[2] S. Ohnishi, W. Horiuchi, T. Hoshino, K. Miyahara. T. Hyodo, PRC95, 065202 (2017)

- Caution:  absorption ( ) is NOT included!!2N ΓYN

[3] N.V. Shevchenko, NPA 890-891, 50 (2012)
[4] N.V. Shevchenko, J. Revai, PRC 90, 034003 (2014)
[5] K. Miyahara. T. Hyodo, PRC 93, 015201 (2016)

Table 2: SIDDHARTAのK中間子水素の結果を考慮した K̄N 相互作用による Λ(1405)共鳴極の
比較。

Potential Λ(1405) [MeV] Λ(1380) [MeV] BK̄NN [MeV] ΓK̄NN→πY N [MeV]

V 1,SIDD
K̄N -πΣ

1426− 48i [3] - 53.3 [1] 64.8 [1]

V 2,SIDD
K̄N -πΣ

1414− 58i [3] 1386− 104i [3] 47.4 [1] 49.8 [1]

V chiral
K̄N -πΣ-πΛ 1417− 33i [4] 1406− 89i [4] 32.2 [1] 48.6 [1]

Kyoto K̄N 1424− 26i [5] 1381− 81i [5] 25.3-27.9 [2] 30.9-59.4 [2]

Table 3: SIDDHARTAのK中間子水素の結果を考慮した K̄N 相互作用による Λ(1405)共鳴極の
比較。

Potential ∆E − iΓ/2 [eV]

V 1,SIDD
K̄N -πΣ

767− 464i [1]

V 2,SIDD
K̄N -πΣ

782− 469i [1]

V chiral
K̄N -πΣ-πΛ 835− 502i [1]

Kyoto K̄N 670− 508i [2]

Table 4: SIDDHARTAのK中間子水素の結果を考慮した K̄N 相互作用による Λ(1405)共鳴極の
比較。

Potential Λ(1405) [MeV] Λ(1380) [MeV] BK̄NN [MeV] ΓK̄NN→πY N [MeV] ∆E − iΓ/2 [eV]

V 1,SIDD
K̄N -πΣ

1426− 48i - 53.3 64.8 767− 464i

V 2,SIDD
K̄N -πΣ

1414− 58i 1386− 104i 47.4 49.8 782− 469i

V chiral
K̄N -πΣ-πΛ 1417− 33i 1406− 89i 32.2 48.6 835− 502i

Kyoto K̄N 1424− 26i 1381− 81i 25.3-27.9 30.9-59.4 670− 508i

2

https://inspirehep.net/literature/1376961
https://inspirehep.net/literature/1510887
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Kaonic nuclei up to A = 6

Rigorous few-body approach up to  systemsA = 6

S. Ohnishi, W. Horiuchi, T. Hoshino, K. Miyahara. T. Hyodo, PRC95, 065202 (2017)

- Stochastic variational method with correlated gaussians
(single channel)

Kaonic nuclei

̂V = ̂VK̄N(Kyoto K̄N ) + ̂VNN(AV4′ )

- quasi-bound state below the lowest threshold
- decay width (without multi-  absorption) ~ binding energyN

- for  system,  and  are almost degeneratedA = 6 0− 1−

Results for kaonic nuclei with A = 2, 3, 4, 6

計算ノート例1

兵藤哲雄

June 29, 2022

論文 [1]の計算の確認のノート例です。

References

[1] S. Aoki and K. Yazaki, arXiv:2109.07665 [hep-lat].

Table 1: 少数K 中間子原子核の基底状態のアイソスピン I、スピン・パリティJP、束縛エネル
ギーB、中間子崩壊幅 Γmes. [?]。不定性は主として K̄N 相互作用のエネルギー依存性に起因する
が、アイソスピン多重項間のアイソスピンの破れも含んでいる。K̄NNNNNN 系の 0−と 1−は
ほぼ縮退している。

K̄NN K̄NNN K̄NNNN K̄NNNNNN
I(JP ) 1/2(0−) 0(1/2−) 1/2(0−) 1/2(0−, 1−)
B [MeV] 25.3-27.9 45.3-49.7 67.9-75.5 69.8-80.7
Γmes. [MeV] 30.9-59.4 25.5-69.4 28.0-74.5 23.7-75.6

1

https://inspirehep.net/literature/1510887
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Interplay between  and  correlations 1NN K̄N

Two-nucleon system

N N

 1S0(INN = 1) 3S1(INN = 0)

N N

K̄

N N

N N

K̄

bound ( ) dunbound 

Kaonic nuclei

 correlation  correlationNN < K̄N

(quasi-)bound unbound
Λ(1405)

K̄N(I = 0)
K̄N(I = 1)

= 3
K̄N(I = 0)
K̄N(I = 1)

=
1
3



| K̄NNNN⟩ = C1 + C2

19

Interplay between  and  correlations 2NN K̄N

Four-nucleon system with JP = 0−, I = 1/2, I3 = + 1/2

 correlation  correlationNN > K̄N

-  correlationK̄N

-  correlationNN

 forms  : ppnn α |C1 |2 < |C2 |2

 pair in  (3 pairs) or  (2 pairs) : I = 0 K−p K̄0n |C1 |2 > |C2 |2

- Numerical result

p p

n n

p p

p n
K̄0K−

Kaonic nuclei

|C1 |2 = 0.08, |C2 |2 = 0.92
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 and  interactions

Compositeness

Kaonic nuclei

Λ(1405) K̄N

Summary

Summary

- applicable to nuclei, atoms, …

- precise determination of  and Λ(1405) Λ(1380)

- realistic calculations

永江知文、兵藤哲雄「K中間子原子核の物理」（共立出版）

-  molecule picture for K̄N Λ(1405)

-  correlation functionK−p

- interplay between  and NN K̄N

https://www.kyoritsu-pub.co.jp/book/b10031707.html

