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Part | : Introduction

Aim of this lecture

Various excitations of hadrons

quark model multiquarks hadronic molecules
A
> Tinternal /Y/y 7 @
S | |excitation
= qq pair creation
Strategy :

- use symmetry principle to constrain hadron interactions
- treat unstable hadrons as resonances in scattering
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Part | : Chiral symmetr

QCD and isospin symmetry

QCD Lagrangian (u,d quark part)
Zocp = qiy*D,)q — gMq + (gluons, heavy quarks)

b o4

kinet‘ic ierm mmass term
AT | _ [

Flavor sU(2), (isospin) transformation U'U =1, detU =1
qg—Uqg, g— gqU'
m, ~my : Locp NAs an approximate SU(2), symmetry
gq — qU'Uq = gq
Consequence: hadrons belog to isospin multiplets

N=(p,n), m=(@x" 7)),



Part | : Chiral symmetry

Chiral transformation

Decompose 4 into right-handed 4, and left-handed g,
9=49r+49, q9r=Prq, q.= P4 PR,L=(1i7’5)/2’
4d=4qr+4,, q4r=4qP,, q,=qgP;

- Chiral SU(2), ® SU(2), transformation R'"rR =L"L =1
dr = Rqgr, qr — QRRT’ q, — Lq;, qp— Q_'LLJr

Kinetic term : 4, and ¢, are separated —> chiral symmetry
qry*D,)qr + q:(iy*D,)q;

Mass term : ¢; and ¢, are mixed —> chiral symmetry broken
—Mqrq;, —mq;qg, 4qrq; — QRRTLQL 7 qrqL

- invariant if R = L —> SU(2),, is unbroken



Part | : Chiral symmetr
Spontaneous symmetry breaking (SSB)

u,d quark masses are much smaller than hadron scale
—> approximately massless
—> QCD has (approximate) chiral symmetry

Order parameter of SSB : chiral condensate

(qq) = (0| gq|0)

- |0) + QCD vacuum
- Operator gq = ,q; + Grq; breaks chiral symmetry
- It is known that (34) # 0 at low-energy hadron physics

SUQ2), ® SUQ), — SUQ),

Chiral symmetry is spontaneously broken by QCD vacuum |,



Part | : Chiral symmetr
Consequence of SSB 1 : NG bosons

Appearance of massless Nambu-Goldstone (NG) bosons

Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); Phys. Rev. 124, 246 (1961),
J. Goldstone, Nuovo Cim. 19, 154 (1961),
J. Goldstone, A. Salam and S. Weinberg, Phys. Rev. 127, 965 (1962)

- nyc + # Of NG bosons, n;, : # of broken generators
A

NG = Ngs = A —
- SU(2), ® SU(2), — SU(2),, Case : nys = 3 g 1Ty—"To%
N’ )
-z has /=1 : 3 components @
. . ®
- = is much lighter than other hadrons £
0.1T "

c.f.) in the absence of Lorentz invariance...

H. Watanabe and H. Murayama, Phys. Rev. Lett. 108, 251602 (2012),
Y. Hidaka, Phys. Rev. Lett. 110, 091601 (2013)

nI + anI = nBS

11



Part | : Chiral symmetr

Consequence of SSB 2 : low-energy theorems

Low-energy theorems : relations dictated by chiral symmetry
- derived by current algebra —> chiral perturbation theory

Gell-Mann Oakes Renner relation
M. Gell-Mann, R.J. Oakes, B. Renner, Phys. Rev. 175, 2195 (1968)

mgfz = —m{gq) + -

- f, : pion decay constant ( =" - u*v, )

Weinberg-Tomozawa theorem

S. Weinberg, Phys. Rev. Lett. 17,616 (1966),
Y. Tomozawa, Nuovo Cim. A46, 707 (1966)

m
-
12

- =z, zN Scattering lengths « <— ¢, 12



Part | : Chiral symmetr

Weinberg-Tomozawa theorem for »nN

Meson-baryon interaction v, and scattering length a,

Vr = — <™ _> (Born approx.) ay, = — — ="
W= PProx.) ayr = 87(m + M)f?2

- C : coupling strength determined by group theory
CoV® = — (L + 1)+ 2+ I;(I; + 1)
—> sign and strength of the interaction are fixed

- proportional to meson mass m
—> interaction vanishes in the chiral limit m - 0

Channel C' | m [MeV] | Vigr [fm] | awr [fm] | Gemp [fm]
TN =1/2)| 2 138 ~3.2 0.22 | 0.240 = 0.003
TN(I =3/2) | -1 138 16|  —0.11 | —0.122 % 0.003

Empirical zv scattering lengths are well reproduced

13



Part | : Chiral symmetr

Flavor SU(3) : KN system?

Meson-baryon interaction v, and scattering length a,

v ¢m  _s (Born approx.) CmM
= — - a = —

Wi 12 W 8a(m + M)f2
Channel C' | m [MeV] | Vigr [fm] | awr [fm] | @gemp [fm]
AN =1/2)| 2 138 —3.2 0.22 | 0.240 % 0.003
TN(I=3/2) | -1 138 1.6 | —0.11 | —0.122 £ 0.003
KEN(I=0) | 3 496 | —12.1 0.63 | —1.70 + 0.68;
EN(I=1) | 1 496 —4.0 0.21 | 0.37 + 0.60:
75(I = 0) 4 138 —6.4 0.46 | none

- Imaginary part <— decay to =X, zA
- Sign of Re az o, <— A(1405) below threshold

KN(I = 0) interaction is too strong; Born approx. is not valid

—> need for nonperturbative resummation (part Il) ”
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Part | : Resonances

Characterization of resonance

Various definitions of resonance

1) peak in spectra/ cross sections

2) /2 crossmg of phase shlt |

(3) Eigenstate of Hamiltonian - 11) = £, ). Eye C |

. 4) Pole of the scattering amplitude

o(EN

We will show that
- 3) and 4) are theoretically unambiguous definitions
- 1) and 2) agree with 3) and 4) in an idealized situation 6



Part | : Resonances

Gamow theory

Resonance as “eigenstate” of Hamilotonian

. Um diese Schwierigkeit zu iiberwinden, miissen wir annehmen, daf
= COmp|ex elgenenergy die Schwingungen geddmpft sind, und F komplex setzen:
L hiA
G. Gamow, Z. Phys. 51, 204 (1928) E = E, +ig=;
wo E, die gewéhnliche Energie ist und 4 das Dampfungsdekrement

Zur Quantentheorle des Atomkernes. (Zerlallskonstante). Dann sehen wir aber aus den Relationen (2a) und (2b),

Von G. Gamow, z. Zt. in Gottingen.

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 2
172N
- time dependence : decreasing probability \ ,
— At
E . e
b w. e S o @P2iBh=GID |2 o o \
>
4

Eigenvalue of Hermitian operator should be real...
- real in Hilbert space (~ square integrable functions)

[|w<r>|2d3r < o0

- complex eigenvalue is allowed in extended space "



Part | : Resonances

Square well potential

Schodinger equation for radial w.f. y,(r)in s wave (A =1, m = 1)

1 d%(r)
2 dr?

+ V(r)x(r) = Ex(r)

- (r) A
- WA 2y, ) = 222y

r

- Square well potential

Vi) = {—VO 0<Lr<b

0 (< Yo

- Scattering solution (£ > 0, continuum, b.c. y(r = 0) = 0)

P  Csin(y/2E + V)r) (0 < r < b)
x(r) = 3
A=(p)eVE + AT (p)etVET (b < 1)

Note : scattering solution is not normalizable "



Part | : Resonances

Bound state solution

w.f. at » - «© (eigenmomentum p =+/2E)

A eipr
x(r) = A=(p)e " + A*(p)etP" ANAANS
incoming outgoing S
Bound state (£ < 0, discrete eigenstate) 1

- p =4/2E IS pure imaginary

p=iK', K=\/2|E| > () e Kr e—KI’
-w.f. at r -
) A‘(i%— At (i)e™"

- w.f. is square integrable : b.c. y(r > ©) =0

A 2

—> A~(ix) = 0 : vanishing incoming wave
Discrete eingenstate satisfies outgoing b.c. at » - « 0



Part | : Resonances

Resonance solution

Pure imaginary momentum p = ix for bound state
- Physical scattering momentum p is real
—> Bound state : analytic continuation of momentum

Resonance : momentum continued to complex p

- definition of resonance 3) 1/|A=(p)| in
- outgoing b.c. A-(p) =0, peC complex p plane
- numerical solution with v, = 1052 i
pb] [EBE=p20% | £
Bound state B +3.68i | — 6.78 g 0

1st resonance R; | 1.06 — 1.022 0.05 — 1.08:
2nd resonance Ry | 6.29 — 1.41% 18.8 — 8&.867
3rd resonance R3 | 9.90 — 1.69: 47.6 — 16.8:¢ —4r

20




Part | : Resonances

W.f. of resonance

1/|A~(p)| in complex p plane 4
- Resonance solutions in =7
lower half (Im p < 0) of p plane 0 ]
£ &
pP=pPr—1pp PpPr>0 2 ]
—4 ]
- Behavior of w.f. D Resl]
b0 > NG 7 T 80f Y, = 1052
oscillating iIncreasing = 60
2 400
—> diverges at r - « 2 200l
need modified normalization N
05 10 15 20 25 30
r [b]

Complex eigenvalue <— non-square-integrable functions



Part | : Resonances

Scattering theory : setup

- nonlerativistic two-body scattering of m ,m,

Basic setup

- elastic scattering without internal d.o.f. (spin, etc.)
- rotational symmetry (central potential, [H,L]=0)
- short range force

Two parameters to determine kinematics
- Energy E or momentum p (1-to-2 correspondence)

mm
E:p—, ﬂ: 1 2 p/
2u my + m,

- scattering angle ¢ /

- 0 <—> angular momentum ¢ m,

22



Part | : Resonances

Scattering theory : physical quantities

Relation between scattering quantities
J.R. Taylor, Scattering theory (Wiley, New York, 1972)

- S matrix s.(p) € C in #-th partial wave
(E',¢',m'|S|E,¢,m) = 8(E'— E)o,,5,,, SAE)

- phase shift 5,(p) € R in /-th partial wave
s/(p) = exp{2i6,(p)}

- scattering amplitude f.(p) € C in #-th partial wave

sAp) — 1
2ip

JAp) =

- Total cross section

o(p) = ) 4n2¢ + D |fAp)|* = ) 0, <— ¢-th wave cross section
4 4 23



Part | : Resonances

Relation to wave function

Asymptotic wave function (below we focus on 7 =0)

W) = S = J=p)et"] (= o)

- Jost function J(p) : amplitude of incoming wave ¢7"
- amplitude of outgoing wave is —J(-p)
- normalization called “regular solution”

S matrix, scattering amplitude and Jost function

s(p) = J;(;;)) ~ outgoing / incoming ratio

s(p) — 1 _ J(=p) — J(p)
2ip 2ipJ(p)

fp) =

24



Part | : Resonances

Condition for discrete eigenstate

Eigenstate condition : outgoing b.c.

v, (r) = %[J(M— J(=p)e™]  (r - o)

- Zero of Jost function J(p;) = 0 with complex p,

- pr IS pole of S matrix

) = J(—=pg) = o
.

- pr IS pole of scattering amplitude —> definition 4)

J(=pr) — J(pg) -
2ippJ(pR)

o0

f(pr) =

Property J(—p*) = [J(p)]* —> If p is a solution, so Is —p* 25



Part | : Resonances

Complex energy and Riemann sheet

Relation between energy £ and momentum p

2 2

i0, _ E ei9E
Ry |E]

- Complex momentum : p = |p|eP

- Phase of energy 6, =26,

- If 9, moves 0 — 27, then 6, moves 0 — 4z

-pand —p (0, and ¢, + = ) are mapped onto the same E

Meromorphic function of p (s(p), f(p))
—> defined on two-sheeted Riemann surface of £

- 0 < 6, < 2x : 1st Riemann sheet of E (upper half of p)
- 27 < 0, < 4z : 2nd Riemann sheet of £ (lower half of p)

26



Part | : Resonances

Discrete eigenstates (on imaginary axis)

Pure imaginary solution in complex p plane (p = - p*)

Im A |p_ Im A |E(I) Im A |E(H)
FX B ::. “““
Re Re : Re
> AAAAAA  OPAAAASS
P 4 B 1% s

- bound state (B) : E; < 0 on 1st Riemann sheet
Re [pg]l =0, Im [pg] >0

- virtual state (V) : £, < 0 on 2nd Riemann sheet

Re [py] =0, Im [p,]<0
27



Part | : Resonances

Discrete eigenstates (in complex plane)

Complex solution, p # — p* , always in pair

Im A |p_ Im A |E_(I) Im A @)

|
o

- resonance (R) : Re [E] > 0, Im [E;] < 0 on 2nd Riemann sheet
Re [pg]l >0, Im [pp] <O

- anti-resonance (R) : Re [Ez] > 0, Im [E5] > 0 on 2nd sheet

Re [pp] <0, Im [ppl <0
28



Part | : Resonances

Scattering amplitude on pole and on real axis

Laurent expansion around pole at £ = £,

c, <
fB) =———+ Y CE = Ep)" = fan(E) + fin(E)
— LR

n=0
Breit-Wigner non-resonant terms
With E, = M, — iT',/2, amplitude Is 4 Imjfoi
HE) = 3 1 + fnr(E) 5%
2 E—Mg+ilp2 M /
: . >
Ty E-MpiTgl2 FR/...X'”MR >
2p (E — Mg)? +T%/4 Ey

f(E) diverges at E = E; (pole) if with f,,
- If we assume that £, is negligible in comparison with f,,,
—> real part vanishes and imaginary part peaks at £ =M,



Part | : Resonances

Effect on cross section and phase shift

Im f peaks at E = M, S(EY

- optical theorem

Im f(E) = %G(E)

» L

- peak of cross section s —> definition 1)

Ref=0at E= M, 5(E)4

s(Mp) — 1 n
2i\/2uMp

- numerator should be real <— Im [s(M;)] =0

0 = Re [f(M,)] = Re [

- s = ¢*? : phase shift s = z/2 at E = M, —> definition 2)

Both definitions valid only when we assume that 7, is small ;,



Part | : Summary

Summary of Part |

< As a consequence of chiral SU(3) symmetry,
Weinberg-Tomozawa theorem suggests
strongly attractive KN(/ = 0) interaction.

s Resonance : pole of amplitude = eigenstate

Schrdédinger eq. + outgoing b.c.
atenergy £ (p = \/2uFE)

- bound states (K < 0)
p=ik (k>0)

- resonances (E € O)

peC (Imp<0)

\— _J

zero of Jost funct
<
/(p) =0

ion
<

pole of s-matrix/
scattering amplitude

[fe(p)| = o0

|s,(p)| = o

\—_ _J
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