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Observed hadrons (2020)
Particle Data Group (PDG) 2020 eddition
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~210 mesons~160 baryons

Part I : Introduction

http://pdg.lbl.gov/
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Observed hadrons (2022)
Particle Data Group (PDG) 2022 eddition

Part I : Introduction
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All ~ 380 hadrons emerge from single QCD Lagrangian

newly observed hadrons in 2 years!

~210 mesons~170 baryons

http://pdg.lbl.gov/

http://pdg.lbl.gov/
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Unstable states via strong interaction
Stable/unstable hadrons

Part I : Introduction
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Most of hadrons are unstable (above two-hadron threshold)

~210 mesons~170 baryons

http://pdg.lbl.gov/

http://pdg.lbl.gov/
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Aim of this lecture
Part I : Introduction

Various excitations of hadrons

Strategy :
- use symmetry principle to constrain hadron interactions
- treat unstable hadrons as resonances in scattering

quark model

En
er

gy internal 
excitation

qq q

qq q

 pair creationqq̄

multiquarks hadronic molecules

qqq qq̄
qq qB

qq̄M
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QCD and isospin symmetry
QCD Lagrangian (  quark part)u, d

kinetic term mass term
ℒQCD = q̄(iγμDμ)q − q̄Mq + (gluons, heavy quarks)

q = (u
d), q̄ = (ū d̄) = q†γ0, M = (mu

md)

Part I : Chiral symmetry

Flavor  (isospin) transformation SU(2)V U†U = 1, det U = 1

q → Uq, q̄ → q̄U†

 :  has an approximate  symmetrymu ≃ md ℒQCD SU(2)V

q̄q → q̄U†Uq = q̄q

Consequence: hadrons belog to isospin multiplets
N = (p, n), π = (π+, π0, π−), ⋯
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Chiral transformation
Decompose  into right-handed  and left-handed q qR qL

q = qR + qL, qR = PRq, qL = PLq, PR,L = (1 ± γ5)/2,

- Chiral  transformation SU(2)R ⊗ SU(2)L R†R = L†L = 1

qR → RqR, q̄R → q̄RR†, qL → LqL, q̄L → q̄LL†

Kinetic term :  and  are separated —> chiral symmetryqR qL

q̄R(iγμDμ)qR + q̄L(iγμDμ)qL

Part I : Chiral symmetry

Mass term :  and  are mixed —> chiral symmetry broken qR qL

- invariant if  —>  is unbrokenR = L SU(2)V

−mq̄RqL − mq̄LqR, q̄RqL → q̄RR†LqL ≠ q̄RqL

q̄ = q̄R + q̄L, q̄R = q̄PL, q̄L = q̄PR
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Spontaneous symmetry breaking (SSB)
 quark masses are much smaller than hadron scaleu, d

—> QCD has (approximate) chiral symmetry
—> approximately massless 

Order parameter of SSB : chiral condensate

- ：QCD vacuum|0⟩

- It is known that  at low-energy hadron physics⟨q̄q⟩ ≠ 0

- Operator  breaks chiral symmetryq̄q = q̄LqR + q̄RqL

⟨q̄q⟩ ≡ ⟨0 | q̄q |0⟩

Part I : Chiral symmetry

Chiral symmetry is spontaneously broken by QCD vacuum

SU(2)R ⊗ SU(2)L → SU(2)V
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Consequence of SSB 1 : NG bosons
Appearance of massless Nambu-Goldstone (NG) bosons

-  : # of NG bosons,  : # of broken generatorsnNG nBS

Part I : Chiral symmetry

Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); Phys. Rev. 124, 246 (1961),
J. Goldstone, Nuovo Cim. 19, 154 (1961),
J. Goldstone, A. Salam and S. Weinberg, Phys. Rev. 127, 965 (1962) 

nNG = nBS

c.f.) in the absence of Lorentz invariance…
H. Watanabe and H. Murayama, Phys. Rev. Lett. 108, 251602 (2012),
Y. Hidaka, Phys. Rev. Lett. 110, 091601 (2013) 

nI + 2nII = nBS

-  has  : 3 componentsπ I = 1

-  case : SU(2)R ⊗ SU(2)L → SU(2)V nBS = 3

π

ρ, ω
N

Δ
f0, a01

0.1

-  is much lighter than other hadronsπ m
as

s 
(G

eV
)
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Consequence of SSB 2 : low-energy theorems
Low-energy theorems : relations dictated by chiral symmetry
- derived by current algebra —> chiral perturbation theory

Gell-Mann Oakes Renner relation

-   : pion decay constant (  ) fπ π+ → μ+νμ

m2
π f 2

π = − m⟨q̄q⟩ + ⋯

Part I : Chiral symmetry

M. Gell-Mann, R.J. Oakes, B. Renner, Phys. Rev. 175, 2195 (1968) 

Weinberg-Tomozawa theorem
S. Weinberg, Phys. Rev. Lett. 17, 616 (1966),
Y. Tomozawa, Nuovo Cim. A46, 707 (1966) 

-  scattering lengths  <— ππ, πN a fπ

a ∝ −
mπ

f 2
π

+ ⋯



13

Weinberg-Tomozawa theorem for  πN

Meson-baryon interaction  and scattering length VWT aWT

Part I : Chiral symmetry

VWT = −
Cm
f 2

Empirical  scattering lengths are well reproducedπN

Table 2: ワインバーグ・友沢相互作用による群論的係数Cii、式 (??)の閾値での相互作用 VWT、式
(??)の散乱長 aWT、経験的な散乱長の値 aempの比較。

Channel C m [MeV] VWT [fm] aWT [fm] aemp [fm]
πN(I = 1/2) 2 138 −3.2 0.22 0.240± 0.003
πN(I = 3/2) −1 138 1.6 −0.11 −0.122± 0.003

2

-  : coupling strength determined by group theoryC

CSU(2) = − Iα(Iα + 1) + 2 + IT(IT + 1)

—> sign and strength of the interaction are fixed

- proportional to meson mass m
—> interaction vanishes in the chiral limit m → 0

aWT = −
CmM

8π(m + M )f 2
—> (Born approx.)
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Flavor SU(3) :  system?K̄N

Meson-baryon interaction  and scattering length VWT aWT

Part I : Chiral symmetry

計算ノート例1

兵藤哲雄

June 27, 2022

論文 [1]の計算の確認のノート例です。

References

[1] S. Aoki and K. Yazaki, arXiv:2109.07665 [hep-lat].

Table 1: ワインバーグ・友沢相互作用による群論的係数Cii、式 (??)の閾値での相互作用 VWT、式
(??)の散乱長 aWT、経験的な散乱長の値 aempの比較。

Channel C m [MeV] VWT [fm] aWT [fm] aemp [fm]
πN(I = 1/2) 2 138 −3.2 0.22 0.240± 0.003
πN(I = 3/2) −1 138 1.6 −0.11 −0.122± 0.003
K̄N(I = 0) 3 496 −12.1 0.63 −1.70 + 0.68i
K̄N(I = 1) 1 496 −4.0 0.21 0.37 + 0.60i
πΣ(I = 0) 4 138 −6.4 0.46 none

1
- Imaginary part <— decay to πΣ, πΛ

 interaction is too strong; Born approx. is not validK̄N(I = 0)

—> need for nonperturbative resummation (part II) 

- Sign of  <—  below thresholdRe aK̄N(I=0) Λ(1405)

VWT = −
Cm
f 2

aWT = −
CmM

8π(m + M )f 2
—> (Born approx.)
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Part I : Resonances

Characterization of resonance
Various definitions of resonance

σ(E )

E

1) peak in spectra / cross sections

E

δ(E )

π
2

2)  crossing of phase shiftπ/2

Im E
Re E

4) Pole of the scattering amplitude
3) Eigenstate of Hamiltonian : H |R⟩ = ER |R⟩, ER ∈ ℂ

We will show that
- 3) and 4) are theoretically unambiguous definitions
- 1) and 2) agree with 3) and 4) in an idealized situation
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Part I : Resonances

Gamow theory

- Complex eigenenergy
G. Gamow, Z. Phys. 51, 204 (1928)204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 

208 O. Gamow, 

So sehen wir, dab die Amplitude der durchgegangenen Welle um so 
kleiner ist, ie klelner die Gesamtenergie ~ ist, und zwar spielt der 
Faktor : 

~ .  ~ 1/Voo _ E. ~ e - l k t  ~ e h 

in dieser Abhangigkeit die wichtigste Rolle. 
w 3. Jetzt k(innen wit das Problem fiir zwei symmetrische Potential- 

schwellen (Fig. 3) 15sen. Wir werden zwei Liisungen suchen. 
Eine L~sung sell ~ r  positive q gelten und fiir q ~ qo ~- I die 

Welle : 
2t e* 

geben. Die andere L~sung gilt ~iir negative q und gibt lfir q ~ - -  (qo + / )  
die Welle 

21. : ( ~ t  + q" ' -~  

Dann kSnnen wir die beiden L~sungen an der Grenze q - -  0 niehf 
stetig aneinanderfiigen, denn wlr haben bier zwei Grenzbedingungen zu 

~ s  

q( 

// 

~r 

e 

Fig. 3. 

effiillen und nur eine Konstante a zur Ver~gung. Die physikalisehe 
Ursaehe dieser UnmSglichkeit ist, dal~ die aus diesen zwei Liisungen 
konstruierte W-Funktlon dem Erhaltungssatz 

+ (qo +/) 
O---/Oj" _._ _--h 

- -  (qo + l)  
nicht genfigt. 

Um diese Schwierigkeit zu ilberwinden, miissen wir annehmen, dal] 
die Schwingungen ged~mpft sin(t, und E komplex setzen: 

hZ 

we E o die gewShnliche Energie ist und 9[ das D~mpfungsdekrement 
(Zer~allskonstante). ])ann sehen wir aber aus den Relationen (2 a) und (2 b), 

Resonance as “eigenstate” of Hamilotonian

- time dependence : decreasing probability

206 6. Gamow, 

hSher die zu tiberwindende Potentialschwelle ist. Um diese Tatsache 
zu erl~utern, wollen wir ein einfaches Beispiel untersuchen. 

Wir haben eine rechteckige Potentialschwelle und wit wollen die 
LSsung der Sch rSd inge r schen  Gleichung linden, welche den Durchgang 
der Partikel yon rechts nach links darstellt. Ftir die Energie E schreiben 
wir die Wellenfunktion $ in der folgenden Form: 

= ~ ( q ) .  e+ ~-~, 
wo ~ (q) der Amplitudengleichung : 

O '~ *; 8 a: 2 m 
O q' + ---fV- ( E -  U) ~ ~--- 0 (1) 

geniigt. 
Fiir das Gebiet I haben wir die L(isung 

~ - -  A cos  (k q + ~), 

wo .4. und a zwei beliebige Konstanten sind und 

k _--  2 ~ ~ /2 -~   9 1 / E  (2 a) 
h 

bedeutet. In dem Gebiet I I  lantet die LSsung 
~t-rlI _.7_ Ble-k 'q  + B~e+k'q, 

WO 

ist. 
h 

An der Grenze q ----- 0 gelten die Bedingungen: 

la~'T] [o~,q 
~PI(O) ~ ~w(O) und [ - ~ q  3 q = o ~  [ Oq Jq=o'  

woraus wir leicht 
A A 

B1 - -  2 s i n g S i n ( a + # ) ;  B 2 - -  2 sin @ Sin (u - -  #) 

erhalten, wo 
1 

sin # ~ - -  
1 + \ k ' /  

is~. 
Die Liisung im Gebie~ l [  lautet daher: 

A 
~lrlI - -  2 sin ~ [sin (c~ + #) .  e -  k, q _ sin (e, - -  #) e+ k, q]. 

In I I I  haben wir wieder: 

(2 b) 

W m  ~ C cos (k q +/~).  

∝ e+2πiE0t/he−(λ/2)t, |ψ |2 ∝ e−λt
e−λt

t

|ψ |2

- complex eigenvalue is allowed in extended space

- real in Hilbert space (~ square integrable functions)
Eigenvalue of Hermitian operator should be real…

∫ |ψ (r) |2 d3r < ∞
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Square well potential
Part I : Resonances

Schödinger equation for radial w.f.  in s wave ( )χℓ(r) ℏ = 1, m = 1

−
1
2

d2χ(r)
dr2

+ V(r)χ(r) = Eχ(r)

- Scattering solution ( , continuum, b.c. ）E > 0 χ(r = 0) = 0

Note : scattering solution is not normalizable

χ(r) =
C sin( 2(E + V0)r) (0 ≤ r ≤ b)

A−(p)e−i 2Er + A+(p)e+i 2Er (b < r)

- Square well potential

V(r) = {−V0 (0 ≤ r ≤ b)
0 (b < r) V0

b r
- w.f. : ψℓ,m(r) = χℓ(r)

r Ym
ℓ ( ̂r)
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Bound state solution
Part I : Resonances

Bound state ( , discrete eigenstate)E < 0

-  is pure imaginaryp = 2E

p = iκ, κ = 2 |E | > 0

w.f. at  (eigenmomentum )r → ∞ p = 2E

χ(r) → A−(p)e−ipr + A+(p)e+ipr

incoming outgoing

Discrete eingenstate satisfies outgoing b.c. at r → ∞

—>  : vanishing incoming waveA−(iκ) = 0

- w.f. at r → ∞

χ(r) → A−(iκ)e+κr + A+(iκ)e−κr

e+κr

r

e−κr

r

r

eipr

e−ipr

- w.f. is square integrable : b.c. χ(r → ∞) = 0
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Resonance solution
Part I : Resonances

Pure imaginary momentum  for bound statep = iκ

- Physical scattering momentum  is realp

—> Bound state : analytic continuation of momentum

Resonance : momentum continued to complex p
- definition of resonance 3)
- outgoing b.c. A−(p) = 0, p ∈ ℂ

- numerical solution with V0 = 10b−2

� � ��

-�

-�

�

�

� B

R1

R2 R3

Re p [b−1]

Im
p

[b
−1

]

 in 
complex  plane
1/ |A−(p) |

p

Table 1: Numerical solutions of Eq. (4) (discrete eigenstates of attractive square well) with V0 = 10b−2.

p [b−1] E = p2/2 [b−2]

Bound state B + 3.68i − 6.78

1st resonance R1 1.06− 1.02i 0.05− 1.08i

2nd resonance R2 6.29− 1.41i 18.8 − 8.86i

3rd resonance R3 9.90− 1.69i 47.6 − 16.8i
...

• Boundary condition : χ(r) is square integrable → eliminate diverging component e+κr

A−(iκ) = 0

For p = iκ, incoming wave (e−ipr) vanishes, leaving outgoing wave (e+ipr) only

• A−(p) = 0 : outgoing boundary condition

tan(
√
p2 + 2V0 b) = −i

√
p2 + 2V0

p
(4)

Substituting p = iκ, we obtain bound state condition for square well potential κ = −k cot(kb)

Resonance solutions

• Bound states : solution of Eq. (4) with pure imaginary p

↔ physical scattering occurs for real and positive p

⇒ bound state solution is obtained by analytic continuation of (4)

• Resonance states : solution of Eq. (4) with complex p

• Attractive square well potential have infinitely many resonance solutions [24, 10]

Table 1 : numerical solutions of Eq. (4) with V0 = 10b−2

Poles of 1/|A−(p)| in complex p plane (Fig. 6)

• Imaginary part of eigenmomentum is negative

p = pR − ipI , pR, pI > 0

behavior of wave function

χ(r)→ A+(p)eipr ∝ eipRr
︸ ︷︷ ︸

oscillation

e+pIr︸ ︷︷ ︸
increasing

χ(r) diverges with oscillation for r →∞, not square integrable (Fig. 6, right)

11
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W.f. of resonance
Part I : Resonances

 in complex  plane1/ |A−(p) | p

Complex eigenvalue <— non-square-integrable functions

� � ��

-�

-�

�

�

� B

R1

R2 R3

Re p [b−1]

Im
p

[b
−1

]

p = pR − ipI, pR, pI > 0

- Resonance solutions in
   lower half ( ) of  planeIm p < 0 p

��� ��� ��� ��� ��� ���

���

���

���

	��

Re
χ(

r)
[b

−1
/2

]

r [b]

- Behavior of w.f.
χ(r) → A+(p)eipr ∝ eipRre+pIr

oscillating increasing

—> diverges at  
　　need modified normalization

r → ∞

V0 = 10b−2
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Scattering theory : setup
Basic setup

- rotational symmetry (central potential,  )[H, L] = 0

- nonlerativistic two-body scattering of m1, m2

- elastic scattering without internal d.o.f. (spin, etc.)

- short range force

Two parameters to determine kinematics
- Energy  or momentum  (1-to-2 correspondence)E p

- scattering angle θ
m1 m2

m2

m1

−pp

p′ 

−p′ 

θ

図 8: 散乱のキネマティクスの模式図。

状態ベクトル

• 運動量表示：始状態 |p 〉、終状態 〈p′ |、規格化は

〈p′ |p 〉 = δ3(p′ − p) (6)

これらはH0の固有状態（H0|p 〉 =
p2

2µ
|p 〉）

• 角運動量表示：始状態 |E, ",m 〉、終状態 〈E′, "′,m′ |、規格化は

〈E′, "′,m′ |E, ",m 〉 = δ(E′ − E)δ!′!δm′m (7)

• 両者の関係：

〈p′ |E, ",m 〉 = 1
√
µp
δ(E′ − E)Y m

! (p̂), p̂ =
p

p
(8)

問題 2

1) 規格化条件 (6)から座標表示の波動関数が 〈 r |p 〉 = eip·r/(2π)3/2であることを示せ。ただし座標基底の
完全系は 1 =

∫
dr| r 〉〈 r |とする。

2) 〈 r |E, ",m 〉は相互作用のない場合の解なので、球ベッセル関数と球面調和関数の積に比例する。規格
化条件 (7)から 〈 r |E, ",m 〉の表式を求めよ。ただし以下の球ベッセル関数の関係式を用いて良い：

∫ ∞

0
dr r2j!(p

′r)j!(pr) =
1

2

π

p2
δ(p′ − p).

3) 平面波を球面調和関数で表現し式 (8)を示せ。

2.2 散乱振幅
• 散乱演算子：始状態と終状態の遷移

S = Ω†
−Ω+ = lim

t→+∞
[eiH0te−iHt] lim

t→−∞
[eiHte−iH0t] (9)

Ω±：Møller演算子

15

E =
p2

2μ
, μ =

m1m2

m1 + m2

-  <—> angular momentum θ ℓ

Part I : Resonances
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Scattering theory : physical quantities
Relation between scattering quantities

- S matrix  in -th partial wavesℓ(p) ∈ ℂ ℓ

⟨E′ , ℓ′ , m′ |𝖲 |E, ℓ, m⟩ = δ(E′ − E)δℓ′ ℓδm′ msℓ(E)

- scattering amplitude  in -th partial wavefℓ(p) ∈ ℂ ℓ

- phase shift  in -th partial waveδℓ(p) ∈ ℝ ℓ

fℓ(p) =
sℓ(p) − 1

2ip

sℓ(p) = exp{2iδℓ(p)}

J.R. Taylor, Scattering theory (Wiley, New York, 1972)

- Total cross section
σ(p) = ∑

ℓ

4π(2ℓ + 1) | fℓ(p) |2 = ∑
ℓ

σℓ <— -th wave cross sectionℓ

Part I : Resonances
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Relation to wave function
Asymptotic wave function (below we focus on )ℓ = 0

- Jost function  : amplitude of incoming wave  J(p) e−ipr

ψp(r) →
i
2

[J(p)e−ipr − J(−p)e+ipr] (r → ∞)

- amplitude of outgoing wave is −J(−p)

- normalization called “regular solution”

S matrix, scattering amplitude and Jost function

s(p) =
J(−p)
J(p)

f(p) =
s(p) − 1

2ip
=

J(−p) − J(p)
2ipJ(p)

~ outgoing / incoming ratio

Part I : Resonances
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Condition for discrete eigenstate
Eigenstate condition : outgoing b.c.

-  is pole of S matrixpR

s(pR) =
J(−pR)
J(pR)

→ ∞

-  is pole of scattering amplitude —> definition 4)pR

f(pR) =
J(−pR) − J(pR)

2ipRJ(pR)
→ ∞

ψp(r) →
i
2

[J(p)e−ipr − J(−p)e+ipr] (r → ∞)

- Zero of Jost function  with complex J(pR) = 0 pR

Part I : Resonances

Property  —> if  is a solution, so is J(−p*) = [J(p)]* p −p*
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Complex energy and Riemann sheet
Relation between energy  and momentum E p

- If  moves , then  moves θp 0 → 2π θE 0 → 4π

-  and  (  and  ) are mapped onto the same p −p θp θp + π E

E =
p2

2μ

- Complex momentum : p = |p |eiθp

=
|p |2

2μ
e2iθp

Part I : Resonances

- Phase of energy θE = 2θp

= |E |eiθE

Meromorphic function of  ( )p s(p), f(p)

-  : 1st Riemann sheet of  (upper half of )0 ≤ θE < 2π E p

-  : 2nd Riemann sheet of  (lower half of )2π ≤ θE < 4π E p

—> defined on two-sheeted Riemann surface of E
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Discrete eigenstates (on imaginary axis)
Pure imaginary solution in complex  plane ( )p p = − p*

Part I : Resonances

p E(I) E(II)

Re

Im

Re

Im

Re

Im

B

B

- bound state ( ) :  on 1st Riemann sheetB EB < 0

Re [pB] = 0, Im [pB] > 0

V V

- virtual state ( ) :  on 2nd Riemann sheetV EV < 0

Re [pV] = 0, Im [pV] < 0
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Discrete eigenstates (in complex plane)
Complex solution,  , always in pairp ≠ − p*

Part I : Resonances

p E(I) E(II)

Re

Im

Re

Im

Re

Im

V V

B

B

R R

- resonance ( ) :  on 2nd Riemann sheetR Re [ER] > 0, Im [ER] < 0

Re [pR] > 0, Im [pR] < 0

R̄

R̄

- anti-resonance ( ) :  on 2nd sheetR̄ Re [ER̄] > 0, Im [ER̄] > 0

Re [pR̄] < 0, Im [pR̄] < 0
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Scattering amplitude on pole and on real axis
Laurent expansion around pole at E = ER

Part I : Resonances

f(E) =
C−1

E − ER
+

∞

∑
n=0

Cn(E − ER)n = fBW(E) + fNR(E)

Breit-Wigner non-resonant terms

With , amplitude isER = MR − iΓR /2

f(E) = −
ΓR

2p
1

E − MR + iΓR /2
+ fNR(E)

≃ −
ΓR

2p
E − MR−iΓR /2

(E − MR)2 + Γ2
R /4

—> real part vanishes and imaginary part peaks at E = MR

- If we assume that   is negligible in comparison with ,fNR fBW

Im f

Re f

 diverges at  (pole) if with f(E) E = ER fNR

Im E

Re EΓR /2 MR
ER
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Effect on cross section and phase shift
 peaks at Im f E = MR

Part I : Resonances

Both definitions valid only when we assume that  is smallfNR

- optical theorem

Im f(E) =
p

4π
σ(E)

- peak of cross section  —> definition 1)σ

σ(E )

E

 at Re f = 0 E = MR

-  : phase shift  at  —> definition 2)s = e2iδ δ = π/2 E = MR

0 = Re [ f(MR)] = Re [ s(MR) − 1
2i 2μMR ]

E

δ(E )

π
2

- numerator should be real <— Im [s(MR)] = 0
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As a consequence of chiral SU(3) symmetry, 
Weinberg-Tomozawa theorem suggests 
strongly attractive  interaction.

Resonance : pole of amplitude = eigenstate

K̄N(I = 0)

Summary of Part I
Part I : Summary

T. Hyodo and M. Niiyama Progress in Particle and Nuclear Physics 120 (2021) 103868

Fig. 2. Definition of resonances in the Schrödinger equation and in scattering theory. Resonances are identified as the generalized eigenstates with a
complex eigenenergy by solving the Schrödinger equation with the outgoing boundary condition. This procedure is common to usual bound states.
It follows from the asymptotic behavior of the scattering wave function (47) that the outgoing boundary condition is equivalent to the zero of the
Jost function in scattering theory. From Eqs. (49) and (50), this condition gives the pole of the s matrix and the scattering amplitude.

where MR > 0 and �R > 0 are interpreted as the ‘‘mass’’ and ‘‘width’’ of the state (see the effect of the Breit–Wigner
term discussed below).5 Because ER is the eigenenergy of the Hamiltonian, one might wonder why the complex number is
allowed as an eigenvalue. To show the reality of the eigenvalue of an hermitian (strictly speaking, self-adjoint) operator,
one must consider the Hilbert space in a mathematically strict sense, i.e., the complete inner product space. Roughly
speaking, the reality of the eigenenergy is guaranteed for the square integrable wave functions

R
dr|�0,pR (r)| < 1. For

pR 2 C satisfying Eq. (58), the corresponding wave function is

�0,pR (r) ! A+(pR)eiRe[pR]r e�Im[pR]r (60)

This function is square integrable for Im [pR] > 0, and therefore no complex energy state can appear in the upper half
plane of p. In fact, only bound state solutions are allowed for Im [pR] > 0, which are Re[pR] = 0 and Im[pR] =  . On
the other hand, in the lower half plane (Im [pR] < 0), the wave function is not square integrable, and therefore complex
eigenenergy is allowed. Therefore, the resonance solutions found in this region can be understood as the eigenstates of
the Hamiltonian, just as in the case of the bound state solutions. At the same time, we have to keep in mind that the
resonance wave functions (whose amplitude increases at large distance) does not fit in the ordinary Hilbert space, so the
resonances may be called ‘‘generalized’’ eigenstates.

Because A�(p) is the amplitude of the incoming wave, Eq. (58) is referred to as the outgoing boundary condition. This
reminds us of the zero of the Jost function (51) discussed in the previous section. In fact, by comparing the normalization
of the wave functions, we find the relation of A�(p) and the Jost function f 0(p) as

f 0(p) = A�(p)
��
C=

2p

i
p

p2+2µV0

=

"
cos(b

p
p2 + 2µV0) � i

p
p
p2 + 2µV0

sin(b
p
p2 + 2µV0)

#
eipb (61)

Thus, Eq. (58) is equivalent to the vanishing of the Jost function (51). As a consequence, the S matrix and the scattering
amplitude diverge at pR. In other words, the resonance eigenstate is expressed by the pole of the S matrix/scattering
amplitude. These relations are schematically summarized in Fig. 2.

We have shown that the theoretically well-defined characterization of resonances is to determine the pole position
of the scattering amplitude in the complex energy plane. On the other hand, physical scattering occurs only for real and
positive energies, and therefore the pole at the complex energy is not directly accessible in experiments. Whereas the
pole position is in principle uniquely determined, it is practically useful to show the characteristic behavior of observable
quantities. Suppose that there is a resonance at E = ER = MR � i�R/2 in the `th partial wave. The scattering amplitude,
having a pole at E = ER, can be expressed by the Laurent series around ER as

f`(E) = f`,BW(E) + f`,BG(E), (62)

where f`,BW(E) is the Breit–Wigner term containing the pole contribution

f`,BW(E) =
ZR

E � ER
=

ZR(E � MR �
i
2�R)

(E � MR)2 +
1
4�

2
R

, (63)

5 From the analytic properties of the Jost function, one can show that the existence of a pole at p = pR indicates another pole at p = �p⇤

R . This
means that there should be a pair of poles at E = ER and E = E⇤

R in the complex energy plane. In other words, there is a pole with Im [ER] > 0 as
well as the one with Im [ER] < 0 shown in Eq. (59). Recalling the time dependence of the wave function  E (t) / e�iEt , one finds that the pole with
Im [ER] < 0 represents the state with decreasing probability | ER (t)|

2
/ e��Rt , while the other one denotes the state with increasing probability.

These solutions are interpreted as the decaying resonance state and its time reversal, respectively.
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