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Classification of hadrons
Introduction
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~ 150 baryons ~ 210 mesons

Usual hadrons <— quarks

Hadron clusters!

Can one construct a hadron from hadrons?
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Hadron clusters
Introduction

“hadronic molecules” (various flavors, baryon numbers, …)

en
er

gy
 [M

eV
]

~2 MeV
f0(980)

Ds0(2317)

~45 MeV X(3872)
~200 keV?

~15 MeV

Λ(1405)

NK̄
K

DK

K̄

D D̄*

Hadrons near an s-wave two-body threshold

NN

d
~2 MeV
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Two-body universal physics
Near-threshold s-wave state: universal physics

N

N

strong

N

K̄ 4He

vdW
- relation with eigenenergy E

a(E) ∼
i
k

=
i

2μE

- scattering length interaction range |a | ≫ R0

Introduction

E. Braaten, H.-W. Hammer, Phys. Rept. 428, 259 (2006);
P. Naidon, S. Endo, Rept. Prog. Phys. 80, 056001 (2017)

- size of (quasi-)bound state : loosely bound∼ |a |

4.3 1.2-0.8i 178
5.1 1.4-0.9i 189
1.4 0.4 10

Examples: , ,  dimerd Λ(1405) 4He

a(E)
aemp

R0

K̄N [fm]NN [fm] [a0]4He
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Wave function
Why is a weakly bound s-wave state spatially large? 
- Radial Schrödinger equation

Spatial size (s-wave)

−
ℏ2

2μ
d2

dr2
u0(r) + V(r)u0(r) = Eu0(r), ψ0(r) = Y 0

0
u0(r)

r

u0(r) = C(r − a), (r > R0)

- at large distance ( ) with zero energy ( )V(r) = 0 E = 0

Wave function is not normalizable

∫ d3r |ψ0(r) |2 = ∫
∞

0
dr |u0(r) |2 = ∞

- scattering length  : intercept of a u0(r)

- bound state with B = 0 ⇒ |a | = ∞

 state is not a bound state (zero-energy resonance)B = 0

rR0

u0(r)

∝ const .
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Consequences
Mean squared radius

—> size of  state is infinitely largeB = 0

Spatial size (s-wave)

⟨r2⟩ = ∫ d3r r2 |ψ0(r) |2 = ∫
∞

0
dr r2 |u0(r) |2 = ∞

Compositeness  (weight of the composite component)X
T. Hyodo, Phys. Rev. C 90, 055208 (2014)

—>  state is completely composite ( )B = 0 X = 1, Z = 0

- large spatial size and composite dominance

finite

infinite

Weakly bound state ( , except for fine tuning)B ≠ 0

X = ∫
d3p

(2π)3
| ψ̃0(p) |2 = ∫ d3r |ψ0(r) |2

Ψ =
ψ̃0(p)

c
⋮ Z = |c |2 + ⋯

X + Z = 1



−
ℏ2

2μ
d2

dr2
u1(r) + V(r)u1(r) +

ℏ2

μr2
u1(r) = Eu1(r), ψ1(r) = Ym

1 (Ω)
u1(r)

r
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p-wave state
What about p-wave states? 
- Radial Schrödinger equation

Spatial size (p-wave)

- at large distance ( ) with zero energy ( )V(r) = 0 E = 0

Wave function is normalizable

∫ d3r |ψ1(r) |2 = ∫
∞

0
dr |u1(r) |2 < ∞

 state is a bound stateB = 0

r

∝ 1/r

u1(r)

R0

u1(r) =
C
r

, (r > R0)

- bound state with B = 0

u1(r) = Crs, s = 2, − 1
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Consequences (p-wave)
Mean squared radius

—> size of  state is infinitely largeB = 0

Spatial size (p-wave)

Compositeness X
T. Hyodo, Phys. Rev. C 90, 055208 (2014)

—>  can have any structure ( )B = 0 0 < X < 1

- large spatial size?

finite

finite

Weakly bound p-wave state ( , except for fine tuning)B ≠ 0

X = ∫
d3p

(2π)3
| ψ̃1(p) |2 = ∫ d3r |ψ1(r) |2

Ψ =
ψ̃1(p)

c
⋮ Z = |c |2 + ⋯

X + Z = 1

⟨r2⟩ = ∫
∞

0
dr r2 |u1(r) |2 = Ain + |C |2 ∫

∞

R0

dr 1 = ∞ ← u1(r) =
C
r
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Higher partial waves
Wave function of a  state with angular momentum B = 0 ℓ

Spatial size ( -wave)ℓ

uℓ(r) =
C
rℓ

(r > R0)

- s-wave: radius diverges for all  <— universalityn ≥ 0
- p-wave: radius diverges for n ≥ 2
- -th wave: radius diverges for ℓ n ≥ 2ℓ

n ⟨rn⟩ = n ∫ d3r rn |ψ (r) |2 = ∞ if n − 2ℓ ≥ 0

Generalized radius

- Mean squared radius

⟨r2⟩ = ∫
∞

0
dr r2 |uℓ(r) |2 = Ain + |C |2 ∫

∞

R0

dr r2−2ℓ = ∞ if ℓ ≤ 1

—> diverges only for s- and p-waves



10

example: square well potential
Square well potential

- s-wave

Examples

- p-wave

⟨r2⟩ = [ b
2

−
sin(2kb)

4k
+

sin2(kb)
2κ ]

−1

[ 1
k3 ( (kb)3

6
+

1 − 2(kb)2

8
sin(2kb) −

kb
4

cos(2kb))
+

sin2(kb)
2κ3 [(κb)2 + κb +

1
2 ]]

× [ 1
k3 ( 3kb + (kb)3

6
+

−5 + 2(kb)2

8
sin(2kb) +

3kb
4

cos(2kb))
+ (sin(kb) − kb cos(kb))2

2κk2 (1 + κb)2 [(κb)2 + 3κb +
5
2 ]]

⟨r2⟩ =
b
2

+
sin(2kb)

4k
−

sin2(kb)
k2b

+
κ (sin(kb) − kb cos(kb))2

2k2 (1 + κb)2 (1 +
2
κb )

−1

V(r) = {−V0 0 ≤ r ≤ b
0 b < r

k =
2μ(V0 − B)

ℏ
, κ =

2μB
ℏ

r

V(r) b

−V0
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Demonstration
Root mean squared radius  v.s. ⟨r2⟩ κ = 2μB /ℏ

Examples

Both radii diverge in the weak binding limit ( ).κ → 0

s-wave p-wave

μ = 1, ℏ = 1
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 b = 4
 b = 2
 b = 1
 b = 0.5

Dependence on  (well width) seems different.b
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Weak-binding behavior
Behavior near the weak-binding limit

Examples

- s-wave

- p-wave

⟨r2⟩ =
1

2κ2
+ 𝒪(κ−1)

⟨r2⟩ =
5b
6

1
κ

+ 𝒪(κ0)

depends on  (well width)
non-universal divergence

b

independent of  (well width) 
<— universality

b κ2 ⟨r
2 ⟩
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Size and structure of  states

Implication: large mean squared radius of near-
threshold ( ) p-wave bound states

What about resonances?

B = 0

B ≠ 0

Summary
Summary

T. Hyodo, in preparation

compositeness

s-wave       (universal)

p-wave       (non-universal) finite∞

∞
⟨r2⟩

X = 1

0 < X < 1

∫ d3r |ψ |2

∞


