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  meson and   interactionK̄ K̄N
  interactionK̄N

Two aspects of   mesonK/K̄

- NG boson of chiral  SU(3)R ⊗ SU(3)L → SU(3)V

—> Spontaneous/explicit symmetry breaking

- is coupled with   channelπΣ

- generates   below thresholdΛ(1405)

  interaction ...K̄N
T. Hyodo, D. Jido, PPNP 67, 55 (2012)

- is fundamental building block for  -nuclei,   in medium, ...K̄ K̄

 πΣ

- Massive by strange quark:  mK ∼ 496 MeV

B
M

 Λ(1405)

molecule three-quark

 ̄KN
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gy



!3

Experimental data
Introduction

  total cross sectionsK−p

—> Important constraint on   and  K̄N Λ(1405)

- Old bubble chamber data

- Shift/width by SIDDHARTA (new) 

  hydrogenK−

- Branching ratios (old)

  correlation functionK−p

Scattering studies with low-energy Kp femtoscopy in pp collisions at the LHC ALICE Collaboration
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Fig. 2: (Color online)(K�p � K+p) correlation functions obtained from pp collisions at
p

s = 5 TeV (left), 7 TeV
(middle) and 13 TeV (right) fitted with Eq. 1. The measurement is presented by the black markers, the vertical
lines and the boxes represent the statistical and systematic uncertainties respectively. Three different potentials
were considered: Coulomb potential (blue band), Kyoto model [44–48] (light blue band), Jülich model [49] where
the physics masses of K� and K0are used [50] with the Coulomb interaction included (red band). In the bottom
panels, differences between data and model are shown. The bands represent the systematic uncertainty related to
the determination of the l parameter and to the source radius.

threshold of the K0n (K0n) channel at plab = 89 MeV/c [52] which corresponds to k
⇤ = 58 MeV/c. In

order to quantify the significance of the observed structure, and since the three measured distributions are
mutually compatible, the C(k⇤) measured at the three different energies were summed using the number
of events for each data sample as a weight. The resulting C(k⇤) was interpolated with a spline considering
the statistical uncertainties and the derivative of the spline was then evaluated. A change in the slope of
the derivative consistent with a cusp effect in the k

⇤ region between 50 and 60 MeV/c at the level of 4.4s
has been observed, to be compared with a significance of 30s for L(1520). The measurement presented
in this letter is therefore the first experimental evidence for the opening of the K0n (K0n) isospin breaking
channel, showing that the femtoscopy technique is a unique tool to study the Kp scattering, where the
conventional scattering experiments at fixed target are difficult to perform.

The experimental correlation functions were also used to test different potentials to describe the interac-
tion between K+p (K�p) and K�p (K+p). The measured correlation function C(k⇤) is compared with a
theoretical function using the following equation

C(k⇤) = (a+b · k⇤) ·
h
1+l · (C(k⇤)theoretical �1)

i
, (1)

where the baseline (a+ b · k
⇤) is introduced to take into account the remaining non-femtoscopic back-

ground contributions which might be present also after the ST selection. The slope, b, of the baseline is
fixed from Monte Carlo simulations based on PYTHIA 6 [53] and PYTHIA 8 [54], while the normal-
ization, a, is a free parameter of the fit. To assign a systematic uncertainty related to the slope of the
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ALICE collaboration, arXiv:1905.13470 [nucl-ex]

- Excellent precision (  cusp)K̄0n

Y. Ikeda et al. / Physics Letters B 706 (2011) 63–67 65

Fig. 2. Calculated K − p elastic, charge exchange and strangeness exchange cross sections as function of K − laboratory momentum, compared with experimental data [12].
The solid curves represent best fits of the full NLO calculations to the complete data base including threshold observables. The shaded uncertainty bands are explained in
the text.

with the K −p reduced mass, µr = mK M p/(mK + M p), and includ-
ing important second order corrections [6]. We use the accurate
SIDDHARTA measurements [10]:

!E = 283 ± 36(stat) ± 6(syst) eV,

Γ = 541 ± 89(stat) ± 22(syst) eV.

The available data base is completed by the collection of (less
accurate) scattering cross sections [12] (see Fig. 2). We do not in-
clude measured πΣ mass spectra in the fitting procedure itself but
rather generate them as “predictions” from our coupled-channels
calculations.

4. Results and discussion

Using the unitary coupled-channels method just described, the
basic aim of the present work is to establish a much improved
input set for chiral SU(3) dynamics, by systematic comparison
with a variety of empirical data and with special focus on the
new constraints provided by the recent kaonic hydrogen measure-
ments [10]. A detailed uncertainty analysis is performed. It will be

demonstrated that previous uncertainty measures [7,9] can be re-
duced considerably.

We have carried out χ2 fits to the empirical data set in several
consecutive steps: first starting with the leading order (TW) terms,
then adding direct and crossed Born terms, and finally using the
complete NLO effective Lagrangian. The results are summarized in
Table 1. All calculations have been performed using empirical me-
son and baryon masses. This implies in particular that those parts
of the NLO parameters b0,bD and bF responsible for shifting the
baryon octet masses from their chiral limit, M0, to their physi-
cal values, are already taken care of. The remaining renormalized
parameters, denoted by b̄0, b̄D and b̄F , are then expected to be
considerably smaller in magnitude than the ones usually quoted in
tree-level chiral perturbation theory. Similar renormalization argu-
ments imply that the pseudoscalar meson decay constants should
be chosen at or close to their physical values [13],

fπ = 92.4 MeV, f K = (1.19 ± 0.01) fπ ,

fη = (1.30 ± 0.05) fπ . (11)

It turns out that best fit results can indeed be achieved with these
physical decay constants as inputs. This is a non-trivial obser-

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011)

- Low-energy data below  ̄K0n
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Correlation function
Introduction

High-energy collision: chaotic source �  of hadron emissionS(r)

Source function <—> two-body wave function (FSI)

- Experiment

C(q) =
NK−p(pK−, pp)

NK−(pK−)Np(pp)

pp

pK−

- Theory

C(q) ≃ ∫ d3r S(r) |Ψ(−)
q (r) |2

p

K−

S(r) r
q =

p*K− − p*p
2

FSI

= 1 in the absence of FSI
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Extraction of hadron interaction
Formulation

�  interactionΛΛ
K. Morita, T. Furumoto, A. Ohnishi, PRC 91, 024916 (2015)

!! INTERACTION FROM . . . PHYSICAL REVIEW C 91, 024916 (2015)

TABLE I. !! potentials. The scattering length (a0) and effective range (reff ) are fitted using a two-range Gaussian potential, V!!(r) =
V1 exp(−r2/µ2

1) + V2 exp(−r2/µ2
2).

Model a0 (fm) reff (fm) µ1 (fm) V1 (MeV) µ2 (fm) V2 (MeV) Ref.

ND46 4.621 1.300 1.0 −144.89 0.45 127.87 [18] rc = 0.46 fm
ND48 14.394 1.633 1.0 −150.83 0.45 355.09 [18] rc = 0.48 fm
ND50 −10.629 2.042 1.0 −151.54 0.45 587.21 [18] rc = 0.50 fm
ND52 −3.483 2.592 1.0 −150.29 0.45 840.55 [18] rc = 0.52 fm
ND54 −1.893 3.389 1.0 −147.65 0.45 1114.72 [18] rc = 0.54 fm
ND56 −1.179 4.656 1.0 −144.26 0.45 1413.75 [18] rc = 0.56 fm
ND58 −0.764 6.863 1.0 −137.74 0.45 1666.78 [18] rc = 0.58 fm
NF42 3.659 0.975 0.6 −878.97 0.45 1048.58 [19] rc = 0.42 fm
NF44 23.956 1.258 0.6 −1066.98 0.45 1646.65 [19] rc = 0.44 fm
NF46 −3.960 1.721 0.6 −1327.26 0.45 2561.56 [19] rc = 0.46 fm
NF48 −1.511 2.549 0.6 −1647.40 0.45 3888.96 [19] rc = 0.48 fm
NF50 −0.772 4.271 0.6 −2007.35 0.45 5678.97 [19] rc = 0.50 fm
NF52 −0.406 8.828 0.6 −2276.73 0.45 7415.56 [19] rc = 0.52 fm
NSC89-1020 −0.250 7.200 1.0 −22.89 0.45 67.45 [20] mcut = 1020 MeV
NSC89-920 −2.100 1.900 0.6 −1080.35 0.45 2039.54 [20] mcut = 920 MeV
NSC89-820 −1.110 3.200 0.6 −1904.41 0.45 4996.93 [20] mcut = 820 MeV
NSC97a −0.329 12.370 1.0 −69.45 0.45 653.86 [21]
NSC97b −0.397 10.360 1.0 −78.42 0.45 741.76 [21]
NSC97c −0.476 9.130 1.0 −91.80 0.45 914.67 [21]
NSC97d −0.401 1.150 0.4 −445.77 0.30 373.64 [21]
NSC97e −0.501 9.840 1.0 −110.45 0.45 1309.55 [21]
NSC97f −0.350 16.330 1.0 −106.53 0.45 1469.33 [21]
Ehime −4.21 2.41 1.0 −146.6 0.45 720.9 [23]
fss2 −0.81 3.99 0.92 −103.9 0.41 658.2 [25]
ESC08 −0.97 3.86 0.80 −293.66 0.45 1429.27 [22]

interaction, we need to take account of the meson exchange
between quarks or baryons. There are several quark model
BB interactions which include the meson exchange effects.
We adopt here the fss2 model [25], as a typical quark model
interaction. This interaction is constructed for the octet-octet
BB interaction and describes the NN scattering data at a
comparable precision to meson exchange potential models.
For fss2, we use a phase-shift equivalent local potential in the
two range Gaussian form [25], derived by using the inversion
method based on supersymmetric quantum mechanics [26].

Low energy scattering parameters of the !! interactions
considered here are summarized in Table I. In Fig. 1, we
show the scattering parameters (1/a0 and reff) of the !!
interactions under consideration. These scattering parameters
characterize the low energy scattering phase shift in the
so-called shape independent form as

k cot δ = − 1
a0

+ 1
2
reffk

2 + O(k4). (1)

For negatively large 1/a0, the attraction is weak and the phase
shift rises slowly at low energy. When we go from left to
right in the figure, the interaction becomes more attractive
and a bound state appears when a0 becomes positive. We have
parametrized the boson exchange !! interactions, described
above in two-range Gaussian potentials,

V!!(r) = V1 exp
(
−r2/µ2

1

)
+ V2 exp

(
−r2/µ2

2

)
, (2)

then fit the low energy scattering parameters, a0 and reff .

In addition to the !! potentials listed in Table I, we also
examine the potentials used in Refs. [2] [by Filikhin and
Gal (FG)] and [3] [by Hiyama, Kamimura, Motoba, Yamada,
and Yamamoto (HKMYY)] with the three-range Gaussian fit
given in those references. The parameters are summarized in
Table II.

ΛΛ scattering parameters
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ΛΛ scattering parameters
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FIG. 1. (Color online) !! interactions and scattering parameters
in the (1/a0,reff ) plane. The !! interactions favored by the !!

correlation data without feed-down correction are marked with big
circles. The thin big and thick small shaded areas correspond to the
favored regions of scattering parameters with and without feed-down
correction, respectively, which show stable and small χ2 minimum
(see text). The results of the analysis by the STAR Collaboration
is shown by the filled circle [15], together with systematic error
represented by the surrounding shaded region.
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- Correlation function —> constraint on the interaction

  case:K−p

- Open coupled channels ( )π+Σ−, π0Σ0, π−Σ+, π0Λ
- Coulomb interaction
- Energy difference between   and   (isospin breaking)K−p K̄0n

KENJI MORITA, TAKENORI FURUMOTO, AND AKIRA OHNISHI PHYSICAL REVIEW C 91, 024916 (2015)
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FIG. 2. (Color online) χ 2 plotted against R with "" potentials. Nijmegen model D [ND, top left (a)], Nijmegen model F [NF, top middle
(b)], Nijmegen soft core [NSC89, top right (c)], Nijmegen soft core [NSC97, bottom left (d)], and the rest of potentials in Tables I and II
[bottom right (e)].

scattering length and a large effective range. Thus, we further
construct model potentials by varying the effective range
with a fixed scattering length a0 = −0.8 fm in the two-range
Gaussian (TRG) form (2). The parameter sets are summarized
in Table III. Results for the χ2/Ndof and corresponding C(Q)
are displayed in Fig. 4. One sees that there always exists a
minimum in the χ2 plot which is particularly sensitive to
variation of the effective range around reff ≃ 4 fm. The global
minimum achieved for reff ≃ 4 fm is in accordance with the
above model analysis. Since the behavior of C(Q) with large
effective range, reff > 6 fm, is similar to FG and HKMYY
in Fig. 3, a large effective range might be favored if the
data receive the correction. Consequently, the present analysis
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ESC08, R=1.3fm
FG, R=1.5fm

HKMYY, R=1.5fm
Free, R=1.3fm

STAR 0-80%

FIG. 3. (Color online) "" correlation function from the static
spherically symmetric source at the minimum of χ2 together with
experimental data by STAR.

provides rather more limited constraints on the effective range
than the scattering length. The favored range of the scattering
length and the effective range is indicated by the shaded area
in Fig. 1.

C. Wave functions

In order to characterize the potentials which give reasonable
description of the measured "" correlation data, we discuss
the corresponding potentials and resultant wave functions.

Since effects of interaction on the correlation function
are incorporated through the difference from the free wave
function as seen in Eq. (9), we display the integrand of the
last term of Eq. (11) rather than the wave function itself in
the right panel of Fig. 5 as well as the potentials in the left
panel. The horizontal axis in the right panel is normalized
by the size parameter R at the minimum χ2 to reduce the
apparent effect due to the different size in the source function.
Although the wave function χQ(r) reflects the remarkable

TABLE III. "" potential parameters with various effective
ranges for fixed scattering length, a0 = −0.8 fm, in the two-range
Gaussian (TRG) form (2).

Model reff (fm) µ1 (fm) V1 (MeV) µ2 (fm) V2 (MeV)

TRG02 2.0 0.6 −405.97 0.45 582.29
TRG04 4.0 0.6 −1835.95 0.45 4976.17
TRG06 6.0 0.6 −5569.58 0.45 25435.95
TRG08 8.0 0.8 −889.42 0.45 14595.38
TRG10 10.0 0.8 −1440.02 0.45 43254.42
TRG12 12.0 1.0 −358.38 0.45 20522.96

024916-6
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Coupled-channel correlation function
Formulation

Coupled-channel formulation
R. Lednicky, V.V. Lyuboshitz, V.L.Lyuboshitz, Phys. Atom. Nucl. 61, 2050 (1997);
J. Haidenbauer, NPA 981, 1 (2019)

CK−p(q) ≃ ∫ d3r SK−p(r) |Ψ(−)
K−p,q(r) |2+ ∑

i≠K−p

ωi ∫ d3r Si(r) |ψ (−)
i,q (r) |2

- transition from  ̄K0n, π+Σ−, π0Σ0, π−Σ+, π0Λ

Schrödinger equation (s-wave)

− ∇2

2μ1
+ V11(r) + VC(r) V12(r) ⋯

V21(r) − ∇2

2μ2
+ V22(r) + Δ2 ⋯

⋮ ⋮ ⋱

ψK−p(r)
ψK̄0n(r)

⋮
= E

ψK−p(r)
ψK̄0n(r)

⋮

- �  : weight of source channel �  relative to  ωi i K−p

Coulomb threshold energy difference
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Boundary conditions
Introduction

Asymptotic (� ) wave functionr → ∞
ψK−p(r)
ψK̄0n(r)

⋮
∝

#e−iqr + #eiqr

#e−iq2r + #eiq2r

⋮

- Usual scattering: normalize incoming flux of beam
ψK−p(r)
ψK̄0n(r)

⋮
∝

e−iqr + c(+)
1 eiqr

+ c(+)
2 eiq2r

⋮

incoming + outgoing

- Correlation function: normalize outgoing flux

ψ (−) =
ψK−p(r)
ψK̄0n(r)

⋮
∝

c(−)
1 e−iqr + eiqr

c(−)
2 e−iq2r

⋮

c(+)
i ∝ S1i(q)

coefficient ~ S-matrix

c(−)
i ∝ S†

1i(q)

—> �  should be calculated with full coupled channels.ψ (−)
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Results
Results

Setup
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R = 1.2 fm

C
(q
)

q [MeV]

K�p
K�p+ K̄0n

Full

K. Miyahara. T. Hyodo, W. Weise, PRC98, 025201 (2018)

- Coupled channels enhance   correlationK−p

-   cusp is prominent with inclusion of  K̄0n ψK̄0n

- static spherical source � , weight �S(r) ωi = 1

- interaction: coupled-channel   potentialK̄N-πΣ-πΛ

ψK−p
ψK̄0n
ψπ+Σ−

ψπ0Σ0

ψπ−Σ+

ψπ0Λ
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Accurate experimental data of �  correlation 
function at very low energy is now available.

We develop theoretical framework to include

Coupled-channel effects are important for the 
�  correlation function.

K−p

K−p

Summary
Summary

Y. Kamiya. T. Hyodo, K Morita, A. Ohnishi, in preparation

- energy difference of   and   K−p K̄0n

- coupled-channel effect,
- Coulomb interaction, and


