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Introduction

Which hadron is dynamically generated?

Summary

Contents

Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016);
Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

Contents

- Generalization to hadron resonances

- Weak binding relation

- Hadron resonances?
- Dynamically generated states?

S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)
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PDG2018：http://pdg.lbl.gov/

Classification of hadrons
Introduction

All ~ 360 hadrons emerge from single QCD Lagrangian.
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~ 150 baryons ~ 210 mesons

Observed hadrons

Only color singlet states are observed.
—> Color confinement problem

Flavor quantum numbers are described by � .qqq/qq̄
Why no  states (exotic hadrons)?qqq̄q̄, qqqqq̄, …
—> Exotic hadron problem, as nontrivial as confinement!
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Description of excited baryons

Conventional structure Exotic structures

En
er

gy

internal
excitation

B
M

  pair creationqq̄

multiquark hadronic
molecule
(dynamically
generated)

Various hadronic excitations

In QCD, non-  structures naturally arise.qqq
- Baryons: superposition of   + exotic structuresqqq

Introduction

—> How can we disentangle different components?
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Unstable states via strong interaction
Introduction
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PDG2018：http://pdg.lbl.gov/Stable/unstable hadrons

~ 150 baryons ~ 210 mesons

Most of hadrons are unstable (above two-hadron threshold)
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Introduction

Nature of resonances

Resonance as an “eigenstate” of Hamiltonian
- complex energy

G. Gamow, Z. Phys. 51, 204 (1928)
204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 

208 O. Gamow, 

So sehen wir, dab die Amplitude der durchgegangenen Welle um so 
kleiner ist, ie klelner die Gesamtenergie ~ ist, und zwar spielt der 
Faktor : 

~ .  ~ 1/Voo _ E. ~ e - l k t  ~ e h 

in dieser Abhangigkeit die wichtigste Rolle. 
w 3. Jetzt k(innen wit das Problem fiir zwei symmetrische Potential- 

schwellen (Fig. 3) 15sen. Wir werden zwei Liisungen suchen. 
Eine L~sung sell ~ r  positive q gelten und fiir q ~ qo ~- I die 

Welle : 
2t e* 

geben. Die andere L~sung gilt ~iir negative q und gibt lfir q ~ - -  (qo + / )  
die Welle 

21. : ( ~ t  + q" ' -~  

Dann kSnnen wir die beiden L~sungen an der Grenze q - -  0 niehf 
stetig aneinanderfiigen, denn wlr haben bier zwei Grenzbedingungen zu 

~ s  

q( 

// 

~r 

e 

Fig. 3. 

effiillen und nur eine Konstante a zur Ver~gung. Die physikalisehe 
Ursaehe dieser UnmSglichkeit ist, dal~ die aus diesen zwei Liisungen 
konstruierte W-Funktlon dem Erhaltungssatz 

+ (qo +/) 
O---/Oj" _._ _--h 

- -  (qo + l)  
nicht genfigt. 

Um diese Schwierigkeit zu ilberwinden, miissen wir annehmen, dal] 
die Schwingungen ged~mpft sin(t, und E komplex setzen: 

hZ 

we E o die gewShnliche Energie ist und 9[ das D~mpfungsdekrement 
(Zer~allskonstante). ])ann sehen wir aber aus den Relationen (2 a) und (2 b), 

- complex expectation value (norm, � )⟨r2⟩

Theoretical treatment for unstable hadrons

- diverging wave function

3.0

2.5

2.0

1.5

1.0

0.5

0.0

-0.5
R

e 
ψ

 [b
-1

/2
]

86420
x [b]- Interpretation is difficult.

- resonances in hadron scattering

- Solve scattering equation (dynamical calculation)
- Above threshold, quark model does not work.
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Dynamically generated states
Introduction

Dynamical calculation of two-hadron scattering

model space
- Eigenstates of �  (and �  )H0 V

nonperturbative (Schrödinger/LS) equation

- Bare fields (and interaction) En
er

gy

two-body 
continuum

En
er

gy

two-body 
continuum

discrete state

Additional discrete state is “dynamically generated.”

physical states

- Spectral function
- Eigenstates of �H0 + V

Strong attraction can give additional states (e.g. �  and � )NN d
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Dynamically generated states?
Introduction

Comparison with data alone is not conclusive.

Q: Which hadron is dynamically generated?

- Model B equivalent to model A can always be constructed.
S. Weinberg, Phys. Rev. 130, 776 (1963)

physical states

(Experiments/QCD)

dynamically
generated

not dynamically
generated?

model B

VB

VA

model A
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Introduction to compositeness
Introduction

One way to quantify it: compositeness �X

Relation to observable (on-shell quantity)?

S. Weinberg, Phys. Rev. 137, B672 (1965)
- weak-binding relation

- integration of spectral density
V. Baru, et al., Phys. Lett. B586, 53 (2004) f0(980), a0(980)

d

ρ

Δ, Σ*, Ξ*, Ω

Λ(1405), σ, f0(980), a0(980)

Λc(2595)
K*

F. Aceti, E. Oset, Phys. Rev. D 86, 014012 (2012)

- evaluation of compositeness at pole (complex number)

F. Aceti, L. Dai, L. Geng, E. Oset, Y. Zhang, Eur. Phys. J. A 50, 57 (2014)

T. Sekihara, T. Hyodo, Phys. Rev. C 87, 045202 (2013)

T. Hyodo, Phys. Rev. Lett. 111, 2132002 (2013)

+ many others

C. W. Xiao, F. Aceti, M. Bayar, Eur. Phys. J. A 49, 22 (2013)

T. Hyodo, D. Jido, A. Hosaka Phys. Rev. C 85, 015201 (2012)
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Structure of unstable state is nontrivial.

Compositeness �

generalization to unstable resonances

0 ≤ X ≤ 1

Compositeness of hadrons

S. Weinberg, Phys. Rev. 137, B672 (1965)

Which hadron is dynamically generated?

Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016);
Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

- weak-binding relation: � observables X ←

- weight of dynamically generated component

- fully dynamically generated: �X = 1

|state⟩ = X |dynamically generated⟩ + 1 − X |others⟩
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Compositeness �  of s-wave weakly bound state �X (R ≫ Rtyp)
S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)

Weak-binding relation for stable states

Problem: applicable only for stable states

Which hadron is dynamically generated?

|d⟩ = X |NN⟩ + 1 − X |others⟩

a0 = R { 2X
1 + X

+ 𝒪 ( Rtyp

R )}, R =
1
2μB

radius of statescattering length

range of interaction

- Deuteron is �  composite: �NN a0 ∼ R ⇒ X ∼ 1

- Internal structure from observable �(a0, B)

NN 
continuum

deuteron



a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( ℓ
R

3

) , R =
1

−2μEh
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Generalized weak-binding relation
Generalization to unstable hadron resonance

Which hadron is dynamically generated?

|h⟩ = X |channel 1⟩ + 1 − X |others⟩

Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016);
Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

- new correction term: scale of threshold difference
ℓ ≡

1
2μν

scattering length (complex) radius of state (complex)

range of interaction

channel 1
continuum

channel 2

quasi-bound
stateν

Compositeness � observables �  when �X ← (a0, Eh) |R | ≫ (Rtyp, ℓ)
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Evaluation of compositeness
Which hadron is dynamically generated?

�  : dominated by dynamically generated  Λ(1405) K̄N

Application: �  component in �  K̄N Λ(1405)

�  : determinations by several groups adopted in PDG(a0, Eh)

PTEP 2017 , 023D02 Y. Kamiya and T. Hyodo

Table 2. Properties and results for the higher-energy pole of !(1405) quoted from Ref. [7]: shown are the
eigenenergy Eh , the K̄N (I = 0) scattering length a0, the K̄N compositeness XK̄N and X̃K̄N , and the uncertainty
of the interpretation U .

Eh [MeV] a0 [fm] XK̄N X̃K̄N U/2

Set 1 [35] −10 − i26 1.39 − i0.85 1.2 + i0.1 1.0 0.3
Set 2 [36] − 4 − i 8 1.81 − i0.92 0.6 + i0.1 0.6 0.0
Set 3 [37] −13 − i20 1.30 − i0.85 0.9 − i0.2 0.9 0.1
Set 4 [38] 2 − i10 1.21 − i1.47 0.6 + i0.0 0.6 0.0
Set 5 [38] − 3 − i12 1.52 − i1.85 1.0 + i0.5 0.8 0.3

the K̄N threshold energy, we can study the K̄N compositeness of !(1405) with the generalized
weak-binding relation for quasibound states. To evaluate the compositeness using the weak-binding
relation, we need the I = 0 scattering length of the K̄N channel and the eigenenergy of !(1405).
These quantities can be obtained by detailed fitting analysis of the experimental data in the K̄N
threshold energy region. The most systematic analysis in the previous studies is performed by chiral
SU(3) dynamics [34– 38]. In these studies, !(1405) is described by two resonance poles of the
scattering amplitude in the complex energy plane. We consider the K̄N compositeness of the state
represented by the pole at higher energy because this can be regarded as the weakly bound state.7

In Table 2, we show the sets of the scattering length a0 and the eigenenergy of the higher pole state
Eh , based on Refs. [34– 38].8 Because of the isospin symmetry breaking, the threshold energies and
the reduced masses of the K̄0nchannel and the K−pchannel are slightly different. We define the
scattering length for the isospin I = 0 channel as a0 = (f0,K−p(E = 0) + f0,K̄0n(E = 0))/2, where
f0,K−p and f0,K̄0n are the scattering amplitudes of K−p → K−p and K̄0n → K̄0n, respectively,
and the threshold energy E = 0 is specified below for each set. The scattering length of set 1 is
calculated from the NLO amplitude of Refs. [34,35] by using the isospin-averaged hadron masses
at the isospin-averaged K̄N threshold energy. Therefore we use the isospin-averaged mass of K̄ and
N to determine the threshold energy and the reduced mass. Set 3 is based on Fit II of Ref. [37] with
the same isospin-averaging procedure. In the other analyses, the scattering length is calculated at the
K−pthreshold energy, so we use the threshold energy and reduced mass of the K−pchannel. Sets 2,
4, and 5 are based on Ref. [36], solution #2 of Ref. [38], and solution #4 of Ref. [38], respectively. In
Table 2, the scattering length a0 and the eigenenergy Eh do not converge quantitatively even though
the available data is reproduced at the level of χ2/d.o.f ∼1 in all the analyses. We therefore employ
the results of all the analyses to estimate the systematic error.

We first estimate the magnitude of the higher-order terms in the weak-binding relation. Using the
eigenenergies in Table 2, we find that the value of R satisfies |R| ! 1.5 fm. The typical range scale
of the hadron interaction can be estimated from the meson exchange mechanism. The longest range
hadronic interaction is mediated by the lightest meson π , which cannot be exchanged between K̄ and
N because the three-point vertex of the pseudoscalar mesons is prohibited by parity conservation.
We therefore estimate the typical range scale of the K̄N interaction from the ρ meson exchange
interaction to obtain Rtyp = 1/mρ ∼0.25 fm.9 To estimate the length scale l = 1/

√
2µω, we use

7 We do not consider the compositeness of the state associated with the lower-energy pole, because the
weak-binding relation is derived for the closest pole to the threshold.

8 We thank Jose Antonio Oller and Maxim Mai for correspondences.
9 We do not use the σ exchange to estimate the interaction range because the σ meson has the broad width [1].

27/36

- neglecting correction terms:

- In all cases, �X ∼ 1

a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( ℓ
R

3

) , R =
1

−2μEh
, ℓ ≡

1
2μν



a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( ℓ
R

3

) , R =
1

−2μEh
, ℓ ≡

1
2μν
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Uncertainty estimation
Which hadron is dynamically generated?

  composite dominance holds even with correction terms.K̄N

Estimation of correction terms: � |R | ∼ 2 fm

-   meson exchange picture: �ρ Rtyp ∼ 0.25 fm

- energy difference from � : �πΣ ℓ ∼ 1.08 fmPTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Fig. 9. The results of error evaluation of the compositeness X̃K̄N of !(1405). The lines denote the central
values and the shaded areas indicate the uncertainty bands.

Fig. 10. I = 0 scattering amplitudes in the K̄N → K̄N (right panel) and π# → π# (left panel) channels
based on Ref. [35] with the isospin-averaged hadron masses. The solid line denotes the real part and the dashed
line denotes the imaginary part.

the π# amplitude has a CDD pole at this energy.10 Thus the ERE description of the π# amplitude
around its threshold will not reach the K̄N threshold because of the CDD pole. The existence of
the CDD pole near the resonance pole in the π# amplitude may be an indication of the non-π#
dominance of !(1405).

In Refs. [20,21,39,40], the compositeness of !(1405) is also calculated in various models by
evaluating the expression in Eq. (89) at the pole position. The results are summarized in Table 4.
In Refs. [39] and [20], the scattering amplitude is calculated from the chiral unitary approach of
Refs. [3] and [35], respectively. In the analysis of Ref. [40], the SU(6) model in Ref. [41] is used.
In Ref. [21], the scattering amplitude based on the unitary chiral perturbation theory in Ref. [37] is
used. We summarize the results in Table 4, specifying the prescription to interpret the compositeness.
We see that these studies give a consistent result for K̄N dominance over the other components. This
is also in good agreement with our model-independent results by the weak-binding relation.

In these studies, Refs. [20] and [21] use the scattering amplitude in Refs. [35] and [37], respectively.
Although Ref. [21] uses a different prescription |X | to determine the compositeness, small U = 0.1 in
set 3 indicates the difference between the prescriptions should be small, as we discussed in Sect. 3.5.

10 In the coupled-channel scattering, each component can have a CDD pole individually. This is in contrast to
the pole of the amplitude representing the eigenstate, which is determined by det F−1 = 0 and the divergence
appears in all the components of Fij.

29/36
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Nonperturbtative calculation can dynamically 
generate hadrons in addition to those in the 
model space.

Compositeness: quantitative measure of 
“dynamically generated” nature  

Generalized weak-binding relation shows that 
high-mass pole of   is dominated by 
dynamically generated �  component.

Λ(1405)
K̄N

Summary

N
K̅Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016);

Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

Summary

S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)


