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!3All flavor quantum numbers are described by qqq/qq̄.
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Classification of hadrons
Introduction: Hadron structure and exotics

All ~ 360 hadrons emerge from single QCD Lagrangian.
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~ 150 baryons ~ 210 mesons

Observed hadrons
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Tetraquark candidate (Belle)
：Zb(10610), Zb(10650)

Exotic candidates beyond qqq/qq̄
Introduction: Hadron structure and exotics

Pentaquark candidate (LHCb)
：Pc(4450), Pc(4380)

R. Aaij, et al., Phys. Rev. Lett. 115, 072001 (2015)

higher mass states are 9 and 12 standard deviations,
respectively.
Analysis and results.—We use data corresponding to

1 fb−1 of integrated luminosity acquired by the LHCb
experiment in pp collisions at 7 TeV center-of-mass
energy, and 2 fb−1 at 8 TeV. The LHCb detector [13]
is a single-arm forward spectrometer covering the
pseudorapidity range, 2 < η < 5. The detector includes a
high-precision tracking system consisting of a silicon-strip
vertex detector surrounding the pp interaction region [14],
a large-area silicon-strip detector located upstream of a
dipole magnet with a bending power of about 4 Tm, and
three stations of silicon-strip detectors and straw drift tubes
[15] placed downstream of the magnet. Different types of
charged hadrons are distinguished using information from
two ring-imaging Cherenkov detectors [16]. Muons are
identified by a system composed of alternating layers of
iron and multiwire proportional chambers [17].

Events are triggered by a J=ψ → μþμ− decay, requiring
two identified muons with opposite charge, each with
transverse momentum, pT , greater than 500 MeV. The
dimuon system is required to form a vertex with a fit
χ2 < 16, to be significantly displaced from the nearest pp
interaction vertex, and to have an invariant mass within
120 MeV of the J=ψ mass [12]. After applying these
requirements, there is a large J=ψ signal over a small
background [18]. Only candidates with dimuon invariant
mass between −48 and þ43 MeV relative to the observed
J=ψ mass peak are selected, the asymmetry accounting for
final-state electromagnetic radiation.
Analysis preselection requirements are imposed prior to

using a gradient boosted decision tree, BDTG [19], that
separates the Λ0

b signal from backgrounds. Each track is
required to be of good quality and multiple reconstructions
of the same track are removed. Requirements on the
individual particles include pT > 550 MeV for muons,
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FIG. 2 (color online). Invariant mass of (a) K−p and (b) J=ψp combinations from Λ0
b → J=ψK−p decays. The solid (red) curve is the

expectation from phase space. The background has been subtracted.
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FIG. 3 (color online). Fit projections for (a)mKp and (b)mJ=ψp for the reduced Λ" model with two Pþ
c states (see Table I). The data are

shown as solid (black) squares, while the solid (red) points show the results of the fit. The solid (red) histogram shows the background
distribution. The (blue) open squares with the shaded histogram represent the Pcð4450Þþ state, and the shaded histogram topped with
(purple) filled squares represents the Pcð4380Þþ state. Each Λ" component is also shown. The error bars on the points showing the fit
results are due to simulation statistics.
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Λb —> K- + Pc 

                               ↳ J/ψ(cc ̄) + p(uud)

Only a few are observed. Why only a few?

Υ(5S) —> π± + Zb 

                                      ↳ Υ(nS)(bb̄) + π∓(ud̄/dū)

where Mmissð!þ !# Þ is the missing mass recoiling

against the !þ !# system calculated as Mmissð!þ !# Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEc:m: # E&

!þ !# Þ2 # p&2
!þ !#

q
, Ec:m: is the center-of-mass

(c.m.) energy, and E&
!þ !# and p&

!þ !# are the energy

and momentum of the !þ !# system measured in the
c.m. frame. Candidate !ð5SÞ ! !ðnSÞ!þ !# events
are selected by requiring jMmissð!þ !# Þ # m!ðnSÞj<
0:05 GeV=c2, where m!ðnSÞ is the mass of an !ðnSÞ state
[7]. Sideband regions are defined as 0:05 GeV=c2 <
jMmissð!þ !# Þ # m!ðnSÞj< 0:10 GeV=c2. To remove
background due to photon conversions in the innermost
parts of the Belle detector we require M2ð!þ !# Þ>
0:20; 0:14; 0:10 GeV=c2 for a final state with an !ð1SÞ,
!ð2SÞ, !ð3SÞ, respectively.

Amplitude analyses of the three-body !ð5SÞ !
!ðnSÞ!þ !# decays reported here are performed by means
of unbinned maximum likelihood fits to two-dimensional
M2½!ðnSÞ!þ ( vs M2½!ðnSÞ!# ( Dalitz distributions.
The fractions of signal events in the signal region are
determined from fits to the corresponding Mmissð!þ !# Þ
spectrum and are found to be 0:937 ) 0:015ðstatÞ, 0:940 )
0:007ðstatÞ, 0:918 ) 0:010ðstatÞ for final states with!ð1SÞ,
!ð2SÞ,!ð3SÞ, respectively. The variation of reconstruction
efficiency across the Dalitz plot is determined from a
GEANT-based MC simulation [8] and is found to be small
except for the higherM½!ðnSÞ!) ( region. The distribution
of background events is determined using events from the
!ðnSÞ sidebands and found to be uniform (after efficiency
correction) across the Dalitz plot.

Dalitz distributions of events in the!ð2SÞ sidebands and
signal regions are shown in Figs. 1(a) and 1(b), respec-
tively, where M½!ðnSÞ!(max is the maximum invariant
mass of the two !ðnSÞ! combinations. This is used to
combine !ðnSÞ!þ and !ðnSÞ!# events for visualization
only. Two horizontal bands are evident in the !ð2SÞ!
system near 112:6 GeV2=c4 and 113:3 GeV2=c4, where
the distortion from straight lines is due to interference with
other intermediate states, as demonstrated below. One-
dimensional invariant mass projections for events in the

!ðnSÞ signal regions are shown in Fig. 2, where two peaks
are observed in the !ðnSÞ! system near 10:61 GeV=c2

and 10:65 GeV=c2. In the following we refer to these
structures as Zbð10 610Þ and Zbð10 650Þ, respectively.
We parametrize the !ð5SÞ ! !ðnSÞ!þ !# three-body

decay amplitude by

M ¼ AZ1
þ AZ2

þ Af0 þ Af2 þ Anr; (1)

where AZ1
and AZ2

are amplitudes to account for contribu-
tions from the Zbð10 610Þ and Zbð10 650Þ, respectively.
Here we assume that the dominant contributions come
from amplitudes that preserve the orientation of the spin
of the heavy quarkonium state and, thus, both pions in the
cascade decay !ð5SÞ ! Zb! ! !ðnSÞ!þ !# are emitted
in an Swave with respect to the heavy quarkonium system.
As demonstrated in Ref. [9], angular analyses support this
assumption. Consequently, we parametrize the observed
Zbð10 610Þ and Zbð10 650Þ peaks with an S-wave Breit-

Wigner function BWðs;M;"Þ ¼
ffiffiffiffiffiffi
M"

p

M2# s# iM"
, where we do

not consider possible s dependence of the resonance width.
To account for the possibility of !ð5SÞ decay to both
Zþ
b!

# and Z#
b!

þ , the amplitudes AZ1
and AZ2

are symme-
trized with respect to !þ and !# transposition. Using
isospin symmetry, the resulting amplitude is written as
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FIG. 1. Dalitz plots for !ð2SÞ!þ !# events in the (a) !ð2SÞ
sidebands; (b) !ð2SÞ signal region. Events to the left of the
vertical line are excluded.
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FIG. 2. Comparison of fit results (open histogram) with ex-
perimental data (points with error bars) for events in the !ð1SÞ
(a),(b), !ð2SÞ (c),(d), and !ð3SÞ (e),(f) signal regions. The
hatched histogram shows the background component.

PRL 108, 122001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

23 MARCH 2012

122001-3

A. Bondar, et al., Phys. Rev. Lett. 108, 122001 (2012)
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Description of excited baryons

Conventional structure Exotic structures

En
er

gy

internal
excitation

B
M

qq̄ pair creation

multiquark hadronic
molecule

Various hadronic excitations

In QCD, non-qqq structures naturally arise.

- Baryons: superposition of qqq + exotic structures

Introduction: Hadron structure and exotics

—> How can we disentangle different components?



!6- Excited states are mostly unstable. —> resonances

Unstable states via strong interaction
Introduction: Resonances in hadron physics

- stable/unstable via strong interaction
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PDG2018：http://pdg.lbl.gov/Hadon resonances
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Introduction: Resonances in hadron physics

Difficulty of resonances
Resonance as an “eigenstate” of Hamiltonian
- complex energy

G. Gamow, Z. Phys. 51, 204 (1928)
204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 

208 O. Gamow, 

So sehen wir, dab die Amplitude der durchgegangenen Welle um so 
kleiner ist, ie klelner die Gesamtenergie ~ ist, und zwar spielt der 
Faktor : 

~ .  ~ 1/Voo _ E. ~ e - l k t  ~ e h 

in dieser Abhangigkeit die wichtigste Rolle. 
w 3. Jetzt k(innen wit das Problem fiir zwei symmetrische Potential- 

schwellen (Fig. 3) 15sen. Wir werden zwei Liisungen suchen. 
Eine L~sung sell ~ r  positive q gelten und fiir q ~ qo ~- I die 

Welle : 
2t e* 

geben. Die andere L~sung gilt ~iir negative q und gibt lfir q ~ - -  (qo + / )  
die Welle 

21. : ( ~ t  + q" ' -~  

Dann kSnnen wir die beiden L~sungen an der Grenze q - -  0 niehf 
stetig aneinanderfiigen, denn wlr haben bier zwei Grenzbedingungen zu 

~ s  

q( 

// 

~r 

e 

Fig. 3. 

effiillen und nur eine Konstante a zur Ver~gung. Die physikalisehe 
Ursaehe dieser UnmSglichkeit ist, dal~ die aus diesen zwei Liisungen 
konstruierte W-Funktlon dem Erhaltungssatz 

+ (qo +/) 
O---/Oj" _._ _--h 

- -  (qo + l)  
nicht genfigt. 

Um diese Schwierigkeit zu ilberwinden, miissen wir annehmen, dal] 
die Schwingungen ged~mpft sin(t, und E komplex setzen: 

hZ 

we E o die gewShnliche Energie ist und 9[ das D~mpfungsdekrement 
(Zer~allskonstante). ])ann sehen wir aber aus den Relationen (2 a) und (2 b), 

- Complex expectation value (e.g. <r2>) —> interpretation?

Bi-orthogonal basis (Gamow vectors): normalizable!
N. Hokkyo, Prog. Theor. Phys. 33, 1116 (1965)
T. Berggren, Nucl. Phys. A 109, 265 (1968)

| R̃ i = |R⇤ i, |h R̃ |R i| =
����
Z

dr[ R(r)]
2

���� < 1

- diverging wave function (Im k < 0)
hR |R i =

Z
dr| R(r)|2 ⇠

Z 1

0
dre�2Im[k]r ! 1
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- 1 channel (P)
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- coupled-channel (P+Q)
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Introduction: Resonances in hadron physics

Resonances in quantum mechanics
1) Potential (shape) resonance

2) Feshbach resonance

- potential barrier : E>0
- unstable via tunneling

- bound state of Q: EQ<0, EP>0
- unstable via transition

tunneling

channel 
transition

- (composite of P-channel)

- (“elementary”: other than P)

N
K̅
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Internal structure of excited (exotic) hadrons

Weak binding relation for stable bound states

Effective field theory —> description of low-
energy scattering amplitude, generalization to 
unstable resonances

Compositeness X “Elementariness” Z
other contributionsthreshold channel

Compositeness of hadrons

S. Weinberg, Phys. Rev. 137, B672 (1965)

observables

or

 ↑

Compositeness



!10

a0: scattering length, re: effective range
R = (2μB)-1/2: radius of wave function
Rtyp: length scale of interaction

Compositeness of s-wave weakly bound state (R ≫ Rtyp)
S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)

Weak binding relation for stable states

Problem: applicable only for stable states.

a0 = R

⇢
2X

1 +X
+O

⇣
Rtyp

R

⌘�
, re = R

⇢
X � 1

X
+O

⇣
Rtyp

R

⌘�

Compositeness: Weak binding relation from EFT

- deuteron is NN composite (a0 ~ R ≫ re) —> X ~ 1
- internal structure from observable
- no nuclear force potential / wavefunction of deuteron
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Low-energy scattering with near-threshold bound state

Effective field theory

D.B. Kaplan, Nucl. Phys. B494, 471 (1997)
E. Braaten, M. Kusunoki, D. Zhang, Annals Phys. 323, 1770 (2008)

- Nonrelativistic EFT with contact interaction

Hfree =

Z
dr


1

2M
r † ·r +

1

2m
r�† ·r�+

1

2M0
rB

†
0 ·rB0 + ⌫0B

†
0B0

�
,

Hint =

Z
dr

h
g0

⇣
B

†
0� +  

†
�
†
B0

⌘
+ v0 

†
�
†
� 

i

- cutoff：Λ ~ 1/Rtyp (interaction range of microscopic theory)
- At low energy p ≪ Λ, interaction ~ contact

B0

 

�

g0 + B0

 

�

g0 +

 

�

 

�

v0

 �

B0

Compositeness: Weak binding relation from EFT
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Eigenstates

Z, X: real and nonnegative —> interpreted as probability

“elementariness” compositeness

Compositeness and “elementariness”

- normalization of |B> + completeness relation
hB |B i = 1, 1 = |B0 ihB0 |+

Z
dp

(2⇡)3
|p ihp |

Compositeness: Weak binding relation from EFT

(Hfree +Hint)|B i = �B|B i

- projections onto free eigenstates
1 = Z +X, Z ⌘ |hB0 |B i|2, X ⌘

Z
dp

(2⇡)3
|hp |B i|2

Hfree|B0 i = ⌫0|B0 i, Hfree|p i = p
2

2µ
|p i free (discrete + continuum)

full (bound state)
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ΨΦ scattering amplitude (exact result)

Weak binding relation

f(E) = � µ

2⇡

1

[v(E)]�1 �G(E)

v(E) = v0 +
g20

E � ⌫0
, G(E) =

1

2⇡2

Z ⇤

0
dp

p2

E � p2/(2µ) + i0+

Compositeness X <— v(E), G(E)

X =
G0(�B)

G0(�B)� [1/v(�B)]0
<latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit><latexit sha1_base64="bix4lqbrJPgZeB2lTAWqSgn6LZM="></latexit>

 

�

 

�

= v0 +
⌫0

g0g0 + v0 +
⌫0

g0 g0

If R ≫ Rtyp, correction terms neglected: X <— (B, a0) 
renormalization independent

Compositeness: Weak binding relation from EFT

1/R=(2μB)1/2 expansion: leading term <— X

a0 = �f(E = 0) = R

⇢
2X

1 +X
+O

⇣
Rtyp

R

⌘� renormalization dependent
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Introduce decay channel

Introduction of decay channel

H
0
free =

Z
dr


1

2M 0r 
0† ·r 0 � ⌫  

0†
 
0 +

1

2m0r�
0† ·r�0 � ⌫��

0†
�
0
�
,

H
0
int =

Z
dr


g
0
0

⇣
B

†
0�

0
 
0 +  

0†
�
0†
B0

⌘
+ v

0
0 

0†
�
0†
�
0
 
0 + v

t
0( 

†
�
†
�
0
 
0 +  

0†
�
0†
� )

�
,

Quasi-bound state: complex eigenvalue

H|QB i = EQB |QB i, EQB 2 C

H = Hfree +H
0
free +Hint +H

0
int

ν
μ

μ’

 �

B0

 0�0

Compositeness: Weak binding relation from EFT

If |R| ≫ (Rtyp, l) correction terms neglected: X <— (EQB, a0)

Generalized relation: correction term <— threshold difference

Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016)
c.f. V. Baru, et al., Phys. Lett. B586, 53 (2004),…

a0 = R

(
2X

1 +X
+O

⇣���Rtyp

R

���
⌘
+O

⇣�� l
R

��3
⌘)

, R =
1p

�2µEQB
2 C, l ⌘

1
p
2µ⌫
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Unstable states —> complex Z and X

Complex compositeness and interpretation

Z +X = 1, Z,X 2 C

Compositeness: Weak binding relation from EFT

1

Z X

Similarity with bound state
c.f. T. Sekihara, T. Hyodo, D. Jido, PTEP2015, 063D04 (2015)

1

Z
X

1

Z X

1

Z X

large cancellation

small cancellation

1Z X

bound state
: well defined
Z +X = 1, Z,X 2 [0, 1]
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Step 1: quantify the deviation from bound state

New definitions
Compositeness: Weak binding relation from EFT

1

Z X

X̃Z̃

- 0 for bound state
- becomes large when deviation is large

Step 2: define new compositeness/elementariness
- interpreted as probabilities
- coincide with Z, X for bound state if U —> 0

Z̃ + X̃ = 1, Z̃, X̃ 2 [0, 1]

Z̃ =
1� |X|+ |Z|

2
, X̃ =

1� |Z|+ |X|
2

U = |Z|+ |X|� 1

—> U: uncertainty of interpretation
c.f. T. Berggren, Phys. Lett. 33B, 547 (1970)

compositeness when U is small

U



4

Ref. EQB (MeV) a0 (fm) XK̄N X̃K̄N U |re/a0|
[43] −10− i26 1.39− i0.85 1.2 + i0.1 1.0 0.5 0.2
[44] − 4− i 8 1.81− i0.92 0.6 + i0.1 0.6 0.0 0.7
[45] −13− i20 1.30− i0.85 0.9− i0.2 0.9 0.1 0.2
[46] 2− i10 1.21− i1.47 0.6 + i0.0 0.6 0.0 0.7
[46] − 3− i12 1.52− i1.85 1.0 + i0.5 0.8 0.6 0.4

TABLE I. Properties and results for Λ(1405). Shown are the
eigenenergy EQB , K̄N(I = 0) scattering length a0, the K̄N
compositeness XK̄N and X̃K̄N , uncertainty U , and the ratio
of the effective range to the scattering length |re/a0|. The
scattering length is defined as a0 = −f(E = 0).

same with the pole counting argument [40, 41], as dis-
cussed in Refs. [18, 21, 35].
Applications to exotic hadrons.— We have shown that

the compositeness X of the quasi-bound state can be
model-independently evaluated by Eq. (21) when the cor-
rection terms are small and the eigenenergy EQB and the
scattering length a0 are given. Now we apply this frame-
work for the structure of near-threshold exotic hadrons.
The Λ(1405) resonance is a negative parity excited

baryon which lies close to the K̄N threshold and de-
cays into the πΣ channel. The threshold parameters of
Λ(1405) have recently been determined by the detailed
studies of the experimental data around the K̄N thresh-
old with the chiral effective theories [42–46] in which the
eigenenergies are found in the region |R| ! 2 fm. The
correction terms are found to be small, |Rtyp/R| " 0.12
and |l/R|3 " 0.16, where the K̄N interaction range is es-
timated by the ρ meson exchange. From EQB and a0 in
these analyses, we obtain the K̄N compositeness as sum-
marized in Table I.3 We find that X̃ is close to unity in all
cases, indicating the K̄N composite structure of Λ(1405).
Although some results are associated with U ∼ 0.6, the
ratio |re/a| < 1.5 is consistent with the K̄N composite
dominance. The quantitative difference of the results is
due to the systematic error in determining EQB and a0
from experimental data.
Near the K̄K threshold, there are two scalar mesons,

a0(980) and f0(980) with the isospin I = 1 and I = 0,
respectively. The decay channel of a0(980) [f0(980)] is
πη (ππ). As summarized in Ref. [47], recent experimen-
tal data around the K̄K threshold has been analyzed by
Flatte parameterization [48–58], from which EQB and
a0 can be determined. Except for Ref. [48], the ob-
tained eigenenergies satisfy |R| ! 1.5 fm. Estimating
Rtyp by the ρ exchange, we find |Rtyp/R| " 0.17 and
|l/R|3 " 0.04 for both mesons (With Ref. [48], we ob-
tain |Rtyp/R| ∼ 0.25 and |l/R|3 ∼ 0.13). The evaluated

3 The scattering lengths of Refs. [43, 45] are obtained from the
isospin averaged amplitude. Others are evaluated at the K−p
threshold by a0 = (aK−p + aK̄0n)/2.

Ref. EQB (MeV) a0 (fm) XK̄K X̃K̄K U |re/a0|
[48] 31− i70 −0.03− i0.53 0.2− i0.2 0.3 0.1 4.8
[49] 3− i25 0.17− i0.77 0.2− i0.2 0.2 0.1 6.5
[50] 9− i36 0.05− i0.63 0.2− i0.2 0.2 0.1 7.2
[51] 14− i 5 −0.13− i2.19 0.8− i0.4 0.7 0.3 0.5
[52] 15− i29 −0.13− i0.52 0.1− i0.2 0.1 0.1 13

TABLE II. Properties and results for a0(980). Shown are the
eigenenergy EQB , K̄K(I = 1) scattering length a0, the K̄K
compositeness XK̄K and X̃K̄K , uncertainty U , and the ratio
of the effective range to the scattering length |re/a0|.

Ref. EQB (MeV) a0 (fm) XK̄K X̃K̄K U |re/a0|
[53] 19− i30 0.02− i0.95 0.3− i0.3 0.4 0.2 2.6
[54] − 6− i10 0.84− i0.85 0.3− i0.1 0.3 0.0 5.4
[55] − 8− i28 0.64− i0.83 0.4− i0.2 0.4 0.1 2.1
[56] 10− i18 0.51− i1.58 0.7− i0.3 0.6 0.1 0.7
[57] −10− i29 0.49− i0.67 0.3− i0.1 0.3 0.0 4.0
[58] 10− i 7 0.52− i2.41 0.9− i0.2 0.9 0.1 0.2

TABLE III. Properties and results for f0(980). Shown are the
eigenenergy EQB , K̄K(I = 0) scattering length a0, the K̄K
compositeness XK̄K and X̃K̄K , uncertainty U , and the ratio
of the effective range to the scattering length |re/a0|.

K̄K compositeness are summarized in Table II (III) for
a0(980) [f0(980)] where we find that the uncertainty U
is small for all cases. The results of a0(980) show that X̃
is small and |re/a0| is much larger than 1.5, except for
Ref. [51]. Given the large uncertainty of the parameters
in Ref. [51] (see Ref. [47]), we conclude that the struc-
ture of a0(980) is dominated by the non-K̄K component.
On the other hand, the results of f0(980) are scattered
and not conclusive, as a consequence of the uncertainties
of the Flatte parameters. We should also note that the
isospin breaking effect may become important near the
threshold. The generalization of the present work for this
case is in progress [59].

The K̄N compositeness of Λ(1405) and the K̄K com-
positeness of the scalar mesons have been evaluated in
Refs. [34, 47] with explicit model calculations, which are
in good agreement with the present model-independent
results. The K̄N composite dominance of Λ(1405) is
supported by the recent lattice QCD calculation [15] and
the realistic K̄N potential [16]. In the present study, this
conclusion is drawn by the model-independent relation,
eigenenergy and the scattering length.

We have demonstrated that the generalization of the
model-independent weak-binding relation to quasi-bound
states is a powerful tool for unveiling the structure of ex-
otic hadrons. Once the scattering length and the eigenen-
ergy are determined, the same method can be applied to
the exotic hadrons in the heavy sector [9, 10]. To this
end, it is important to determine the threshold param-

systematic error

- Λ(1405) (higher) pole position and K̅N scattering length
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Generalized weak binding relation X <— (EQB, a0)

Application

- EQB = -10 -26i MeV —> |R| ~ 2 fm —> small correction term
���Rtyp

R

��� . 0.12,
�� l
R

��3 . 0.16

Compositeness: Weak binding relation from EFT

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881 98 (2012), …

vector meson exchange

energy difference from πΣ

Λ(1405) is K̅N composite <— observables

a0 = R

(
2X

1 +X
+O

⇣���Rtyp

R

���
⌘
+O

⇣�� l
R

��3
⌘)

, R =
1p

�2µEQB
, l ⌘

1
p
2µ⌫
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Compositeness of near-threshold bound state 
can be determined only by observables.

Weak binding relation can be generalized to 
unstable states with effective field theory.

Precise determination of the pole position and 
scattering length shows that Λ(1405) is 
dominated by K̅N composite component.

Summary 1

N
K̅Y. Kamiya, T. Hyodo, Phys. Rev. C93, 035203 (2016);

Y. Kamiya, T. Hyodo, PTEP2017, 023D02 (2017)

S. Weinberg, Phys. Rev. 137, B672 (1965)

Summary

a0 = R

(
2X

1 +X
+O

⇣���Rtyp

R

���
⌘
+O

⇣�� l
R

��3
⌘)

, R =
1p

�2µEQB
, l ⌘

1
p
2µ⌫
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Use of finite volume eigenstates?
Compositeness: utilizing finite volume effect

Wavefunction of resonance
- outgoing boundary condition (c.f. exp{-κr})

Re

R

pIm

V

B

R

 (r) ⇠ exp[ipr]

= exp{i[Re p]r} exp{�[Im p]r}

- complex eigenvalues (energy, X, <r2>, …)
- If Im p < 0, ψ is not square integrable.

3.0

2.5

2.0

1.5

1.0

0.5

0.0

-0.5

R
e 
ψ

 [b
-1

/2
]

86420
x [b]

—> Probabilistic interpretation!

Finite-volume system with size L
- ψ is square integrable on [0,L]3.
- real eigenvalues (energy, X)

1.5

1.0

0.5

0.0

-0.5

R
e 
ψ

 [b
-1

/2
]

86420
x [b]
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Compositeness in finite volume
Compositeness: utilizing finite volume effect

Effective field theory in finite box of size L
- discrete real eigenenergies in finite volume (FV)

H| (m) i = E
(m)| (m) i, E

(m+1)
> E

(m)
, h (m) | (l) i = �ml

- Compositeness X(m) is defined for each FV eigenstate.
- X(m) can be interpreted as a probability.
- X(m) has L dependence through IFV and E(m).

- Compositeness

c.f.) infinite volume: IFV(E;L) —> G(E)
Y. Kamiya, T. Hyodo, Phys. Rev. C 93, 035203 (2016); PTEP 023D02 (2017).

X(m) = h (m) |P̂two-body| (m) i, P̂two-body =
1

L3

X

n

|pn ihpn |

=
I 0FV(E

(m))

I 0FV(E
(m))� [1/v(E(m))]0

, 1� IFV(E
(m))v(E(m)) = 0
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Compositeness of resonances
Compositeness: utilizing finite volume effect

Which is the eigenstate representing the resonance?

- Lmin: finite-volume effect on 
          wavefunction

- Lmax: mixing of scattering state

Xres =
1

Lmax � Lmin

Z Lmax

Lmin

X(1)(L)dL

Compositeness of resonance

- interpreted as a probability

- choose first excited state E(1)(L)

- energy region —> (Lmin, Lmax)

Emin  E(1)(L)  Emax

Lmin Lmax
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Eigenenergies of Λ(1405)
Compositeness: utilizing finite volume effect

Finite volume eigenenergies

Λ(1405) is represented by a single FV eigenstate.
(# of FV eigenstates <—> # of π/2 crossings of phase shift)

ETW model (K̅N-πΣ 2channel, WT interaction)

K̅N threshold

πΣ threshold

Y. Ikeda, T. Hyodo, W. Weise, Nucl. Phys. A881, 98 (2012)

- two poles, consistent with SIDDHARTA

Λ(1405)

!"##!"$#!""#!"%#
&$#
&"#
&%#
&'##($
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Compositeness of Λ(1405)
Compositeness: utilizing finite volume effect

Compositeness Xres,K̅N, Xres,πΣ

Y. Kamiya, T. Hyodo, Phys. Rev. C 93, 035203 (2016); PTEP 023D02 (2017),
T. Sekihara, T. Arai, J. Yamagata-Sekihara, S. Yasui, Phys. Rev. C 93, 035204 (2016)

Complex compositeness at each pole —> real-valued 

Xres represents the contributions from both poles 

πΣ

K̅N πΣ

K̅N- High-mass pole - Low-mass pole

others
16%

πΣ
26%

K̅N
58%πΣ
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We propose a new definition of compositeness 
of resonances using finite-volume eigenstates.

Two poles of Λ(1405) are represented by a 
single eigenstate in finite volume.

Structure of Λ(1405):

Summary 2

Y. Tsuchida, T. Hyodo, Phys. Rev. C97, 0552113 (2018)

Summary

!"##!"$#!""#!"%#
&$#
&"#
&%#
&'##($

#("

#(%

#('
#($

#("

#(%

#('

�!"#$%&

!"#$%&#'"(%

)*#$%&#'"(%

+,+&#-.'"(%

others

πΣ K̅N

πΣ

K̅N

πΣ

K̅N

- K̅N: 58%
- πΣ: 26%
- others: 16%
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Analytic structure of scattering amplitude
Compositeness: implication from nearby CDD zero

CDD zero <—> elementary/composite?

CDD (Castillejo-Dalitz-Dyson) zero

- pole of inverse amplitude, zero of amplitude f(ECDD)=0
L. Castillejo, R.H. Dalitz, F.J. Dyson, Phys. Rev. 124, 264 (1961)

V. Baru, et al., Eur. Phys. J. A 44, 93 (2010),
C. Hanhart, et al., Eur. Phys. J. A 47, 101 (2011),
Z.H. Guo, J.A. Oller, Phys. Rev. D93, 054014 (2016)

- role of CDD zero in hadron scattering, resonances, etc.
- unique through analytic continuation

Pole of scattering amplitude f(Epole)=∞

- unique through analytic continuation
- represents (complex) eigenvalue of Hamiltonian

J.R. Taylor, Scattering theory (Wiley, New York, 1972)
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Fate of pole in zero coupling limit
Contact interaction EFT

Compositeness: implication from nearby CDD zero

B0

 

�

g0 + B0

 

�

g0 +

 

�

 

�

v0

 �

B0

- Consider a pole of amplitude

Zero coupling limit (ZCL) g0 —> 0 : only 4-point interaction

f(Epole) = 1
<latexit sha1_base64="Xqsy05/EXvEnlUz5wB12whzV7PU="></latexit><latexit sha1_base64="Xqsy05/EXvEnlUz5wB12whzV7PU="></latexit><latexit sha1_base64="Xqsy05/EXvEnlUz5wB12whzV7PU="></latexit><latexit sha1_base64="Xqsy05/EXvEnlUz5wB12whzV7PU="></latexit><latexit sha1_base64="Xqsy05/EXvEnlUz5wB12whzV7PU="></latexit>

⌫0
<latexit sha1_base64="Jdy2eyUYuh52UVFK1rv8uiFXrgs="></latexit><latexit sha1_base64="Jdy2eyUYuh52UVFK1rv8uiFXrgs="></latexit><latexit sha1_base64="Jdy2eyUYuh52UVFK1rv8uiFXrgs="></latexit><latexit sha1_base64="Jdy2eyUYuh52UVFK1rv8uiFXrgs="></latexit><latexit sha1_base64="Jdy2eyUYuh52UVFK1rv8uiFXrgs="></latexit>

- Composite (~potential): 4-point interaction origin
  —> pole remains in the amplitude   �

- Elementary (~Feshbach): B0 origin
  —> pole moves toward ν0 and finally decouples B0
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Pole and CDD zero in ZCL
Scattering amplitude

Compositeness: implication from nearby CDD zero

- Pole         :

t(E) =
v0(E � ⌫0) + g20

(E � ⌫0)[1� v0G(E)]� g20G(E)
<latexit sha1_base64="HBP2yqZyW7UQ0pkLNR2BX044yko="></latexit><latexit sha1_base64="HBP2yqZyW7UQ0pkLNR2BX044yko="></latexit><latexit sha1_base64="HBP2yqZyW7UQ0pkLNR2BX044yko="></latexit><latexit sha1_base64="HBP2yqZyW7UQ0pkLNR2BX044yko="></latexit><latexit sha1_base64="HBP2yqZyW7UQ0pkLNR2BX044yko="></latexit>

ZCL (g0 —> 0)

Elementary —> pole encounters with CDD zero

(Epole � ⌫0)[1� v0G(Epole)]� g20G(Epole) = 0
<latexit sha1_base64="gr9f5UR8LyyQX48oPlIbE+cEaT4="></latexit><latexit sha1_base64="gr9f5UR8LyyQX48oPlIbE+cEaT4="></latexit><latexit sha1_base64="gr9f5UR8LyyQX48oPlIbE+cEaT4="></latexit><latexit sha1_base64="gr9f5UR8LyyQX48oPlIbE+cEaT4="></latexit><latexit sha1_base64="gr9f5UR8LyyQX48oPlIbE+cEaT4="></latexit>

- CDD zero : ECDD = ⌫0 �
g20
v0

<latexit sha1_base64="+ztHqqGZpzZMI5RcAjuBsSP841Y="></latexit><latexit sha1_base64="+ztHqqGZpzZMI5RcAjuBsSP841Y="></latexit><latexit sha1_base64="+ztHqqGZpzZMI5RcAjuBsSP841Y="></latexit><latexit sha1_base64="+ztHqqGZpzZMI5RcAjuBsSP841Y="></latexit><latexit sha1_base64="+ztHqqGZpzZMI5RcAjuBsSP841Y="></latexit>

- Pole (case I) :               vanishing residue —> elementaryEpole ! ⌫0
<latexit sha1_base64="QPU9ip5RhD8deo/of5sSr43jLWw="></latexit><latexit sha1_base64="QPU9ip5RhD8deo/of5sSr43jLWw="></latexit><latexit sha1_base64="QPU9ip5RhD8deo/of5sSr43jLWw="></latexit><latexit sha1_base64="QPU9ip5RhD8deo/of5sSr43jLWw="></latexit><latexit sha1_base64="QPU9ip5RhD8deo/of5sSr43jLWw="></latexit>

ZCL���! ⌫0
<latexit sha1_base64="oyzh8yN8jt3AzIjs9eDMYEAIqnM="></latexit><latexit sha1_base64="oyzh8yN8jt3AzIjs9eDMYEAIqnM="></latexit><latexit sha1_base64="oyzh8yN8jt3AzIjs9eDMYEAIqnM="></latexit><latexit sha1_base64="oyzh8yN8jt3AzIjs9eDMYEAIqnM="></latexit><latexit sha1_base64="oyzh8yN8jt3AzIjs9eDMYEAIqnM="></latexit>

- Pole (case II) :                         finite residue —> composite1� v0G(Epole) = 0
<latexit sha1_base64="iamoMx/USOKN2EwpkHLYxaoz5LM="></latexit><latexit sha1_base64="iamoMx/USOKN2EwpkHLYxaoz5LM="></latexit><latexit sha1_base64="iamoMx/USOKN2EwpkHLYxaoz5LM="></latexit><latexit sha1_base64="iamoMx/USOKN2EwpkHLYxaoz5LM="></latexit><latexit sha1_base64="iamoMx/USOKN2EwpkHLYxaoz5LM="></latexit>
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General discussion
Scattering amplitude f(E) is meromorphic in energy

Compositeness: implication from nearby CDD zero

Y. Kamiya, T. Hyodo, Phys. Rev. D97, 054019 (2018)

- nZ (nP) : number of zeros (poles) in contour C
- Topological invariant of ⇡1(U(1)) ⇠= Z

<latexit sha1_base64="ZYSadwZPN2fGblzIibKhC2Joyto="></latexit><latexit sha1_base64="ZYSadwZPN2fGblzIibKhC2Joyto="></latexit><latexit sha1_base64="ZYSadwZPN2fGblzIibKhC2Joyto="></latexit><latexit sha1_base64="ZYSadwZPN2fGblzIibKhC2Joyto="></latexit><latexit sha1_base64="ZYSadwZPN2fGblzIibKhC2Joyto="></latexit>

Pole cannot decouple without merging with CDD zero
—> existence of nearby CDD zero indicates “elementary” 
      (i.e. origin is not in this channel).

nC = -1 nC = 0 nC = 0

1

2⇡

I

C
dz

d arg f(z)

dz
= nZ � nP ⌘ nC
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Example: Λ(1405)
Poles and zero positions in the K̅N amplitude

Compositeness: implication from nearby CDD zero

High-mass pole can be K̅N composite, but lower one is not.

- CDD zero exists near 
  the Low-mass pole

- High mass pole remains 
  in the K̅N amplitude.
- Low-mass pole decouples
  by merging with CDD zero

In the same manner, the origin of the low-mass pole is in the
πΣ channel as indicated in Refs. [4,41,42].
In the ETW model, the ZCL is achieved by suppressing

the off-diagonal interaction VK̄N-πΣ → 0, keeping the
diagonal parts VK̄N-K̄N and VπΣ-πΣ unchanged. The trajec-
tories of the poles and CDD zeros toward the ZCL are
shown in Fig. 3. The poles appear at the same position in
each component so that the trajectories are also identical
with each other. We see that the high-mass pole moves
toward W ¼ 1415 MeV on the real axis. In the ZCL, this
pole decouples from the πΣ amplitude, while it remains in
the K̄N amplitude as a bound state pole [42]. Because the
diagonal parts of the interaction are unchanged in the ZCL,
this pole is dynamically generated by the single-channel
K̄N interaction. In contrast to this, the πΣ pole remains in
the πΣ amplitude as a single-channel resonance at
W ¼ 1367 − 91i MeV, but it decouples from the K̄N
amplitude. These trajectories of poles are consistent with
the results in Ref. [19].
Now let us consider the trajectories of the CDD zeros. In

the K̄N amplitude, we see that the low-mass zero WLow
CDD

encounters with the low-mass pole and decouples from the
amplitude in the ZCL. The high-mass zero in the πΣ
amplitude moves toward the real axis and annihilates the
high-mass pole. This result shows that the physical ampli-
tude is close to the ZCL because the modification of the
eigenenergy (a few tens of MeV) is much smaller than the
mass of the eigenstate. Thus, as expected by the positions
of the poles and CDD zeros, the πΣ (K̄N) dynamical

component is not dominant in the structure of the state
represented by the high-mass (low-mass) pole.

VI. SUMMARY

We have proposed a useful method to study the origin of
hadron resonances. It is shown that the eigenstate pole
should be accompanied by a nearby CDD zero, if the
resonance originates in the dynamics of a hidden channel.
The existence of the zero is robust, as it is topologically
guaranteed by Eq. (12). Moreover, a CDD zero near the pole
causes the distorted line shape of the resonance from the
Breit-Wigner form as an observable consequence. Applying
this method to Λð1405Þ, we show that the high-mass (low-
mass) pole originates in the K̄N (πΣ) dynamics from the
position of the CDD zeros in the πΣ (K̄N) amplitude.
We summarize how to apply our method in practice. One

way is to find the distortion of the peak of the invariant
mass distribution. As discussed in Sec. IV, the existence of
the CDD zero distorts the line shape of the peak from the
Breit-Wigner form. While there are various mechanisms
that distort the line shape, the observation of the distorted
peak may give us a hint to search for a possible CDD zero
near the eigenstate pole. A better way is to extract the two-
body scattering amplitude by analyzing the experimental
data of final state interactions with sufficiently accurate
data as in the ππ scattering. In this case, we can apply our
method directly, by searching for the position of the pole
and CDD zero of the fitted scattering amplitude. Because of
its generality, the method developed here will shed light on
the origin of many hadron resonances.

(a)

(b)

FIG. 3. Trajectories of poles (solid line) and CDD zeros (dashed
line) in the K̄N amplitude (a) and the πΣ amplitude (b).

(a)

(b)

FIG. 2. Positions of the poles (squares) and CDD zeros (circles)
in the K̄N amplitude (a) and the πΣ amplitude (b). The angle of
vectors from the real axis denotes the phase of amplitude
argF iiðzÞ.
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Trajectories toward ZCL

In the same manner, the origin of the low-mass pole is in the
πΣ channel as indicated in Refs. [4,41,42].
In the ETW model, the ZCL is achieved by suppressing

the off-diagonal interaction VK̄N-πΣ → 0, keeping the
diagonal parts VK̄N-K̄N and VπΣ-πΣ unchanged. The trajec-
tories of the poles and CDD zeros toward the ZCL are
shown in Fig. 3. The poles appear at the same position in
each component so that the trajectories are also identical
with each other. We see that the high-mass pole moves
toward W ¼ 1415 MeV on the real axis. In the ZCL, this
pole decouples from the πΣ amplitude, while it remains in
the K̄N amplitude as a bound state pole [42]. Because the
diagonal parts of the interaction are unchanged in the ZCL,
this pole is dynamically generated by the single-channel
K̄N interaction. In contrast to this, the πΣ pole remains in
the πΣ amplitude as a single-channel resonance at
W ¼ 1367 − 91i MeV, but it decouples from the K̄N
amplitude. These trajectories of poles are consistent with
the results in Ref. [19].
Now let us consider the trajectories of the CDD zeros. In

the K̄N amplitude, we see that the low-mass zero WLow
CDD

encounters with the low-mass pole and decouples from the
amplitude in the ZCL. The high-mass zero in the πΣ
amplitude moves toward the real axis and annihilates the
high-mass pole. This result shows that the physical ampli-
tude is close to the ZCL because the modification of the
eigenenergy (a few tens of MeV) is much smaller than the
mass of the eigenstate. Thus, as expected by the positions
of the poles and CDD zeros, the πΣ (K̄N) dynamical

component is not dominant in the structure of the state
represented by the high-mass (low-mass) pole.

VI. SUMMARY

We have proposed a useful method to study the origin of
hadron resonances. It is shown that the eigenstate pole
should be accompanied by a nearby CDD zero, if the
resonance originates in the dynamics of a hidden channel.
The existence of the zero is robust, as it is topologically
guaranteed by Eq. (12). Moreover, a CDD zero near the pole
causes the distorted line shape of the resonance from the
Breit-Wigner form as an observable consequence. Applying
this method to Λð1405Þ, we show that the high-mass (low-
mass) pole originates in the K̄N (πΣ) dynamics from the
position of the CDD zeros in the πΣ (K̄N) amplitude.
We summarize how to apply our method in practice. One

way is to find the distortion of the peak of the invariant
mass distribution. As discussed in Sec. IV, the existence of
the CDD zero distorts the line shape of the peak from the
Breit-Wigner form. While there are various mechanisms
that distort the line shape, the observation of the distorted
peak may give us a hint to search for a possible CDD zero
near the eigenstate pole. A better way is to extract the two-
body scattering amplitude by analyzing the experimental
data of final state interactions with sufficiently accurate
data as in the ππ scattering. In this case, we can apply our
method directly, by searching for the position of the pole
and CDD zero of the fitted scattering amplitude. Because of
its generality, the method developed here will shed light on
the origin of many hadron resonances.

(a)

(b)

FIG. 3. Trajectories of poles (solid line) and CDD zeros (dashed
line) in the K̄N amplitude (a) and the πΣ amplitude (b).

(a)

(b)

FIG. 2. Positions of the poles (squares) and CDD zeros (circles)
in the K̄N amplitude (a) and the πΣ amplitude (b). The angle of
vectors from the real axis denotes the phase of amplitude
argF iiðzÞ.
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- Two poles for Λ(1405)

Y. Ikeda, T. Hyodo, W. Weise, Nucl. Phys. A881, 98 (2012)
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“Elementary” pole decouples from the 
amplitude in the zero coupling limit.

For a pole to decouple from the amplitude, 
there must be a nearby CDD zero.

The dynamical (composite) component of the 
eigenstate is small if a CDD zero exists near 
the eigenstate pole.

Summary 3

Y. Kamiya, T. Hyodo, Phys. Rev. D97, 054019 (2018)

Summary

1

2⇡

I

C
dz

d arg f(z)

dz
= nZ � nP
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