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Introduction

Three-pion systems

Two neutrons with a flavored meson (K-/D0)
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Study of few-body systems
Properties of few-body systems <—> two-body interaction

In some cases, different interactions give the same physics.

- c.f. hypernuclei
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Λuniversal physics
E. Braaten, H.-W. Hammer, Phys. Rept. 428, 259 (2006);
P. Naidon, S. Endo, Rept. Prog. Phys. 80, 056001 (2017)
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Two-body universal physics
Universal two-body physics: unitary limit
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strong

4He

vdW
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- system is scale invariant
- a shallow bound state exists if a > 0

N [MeV] 4He [mK]
B2 2.22 1.31
1/ma2 1.41 1.12

Examples: nucleons and 4He atoms

1) s-wave short range interaction
2) scattering length : |a| ≫ rs : interaction range

Introduction
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Three-body universal physics
Three-body system in hyperspherical coordinates
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If |a| —> ∞, system is scale invariant.
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ENERGY LEVELS ARISING FROM RESONANT T W O - B O D Y  FORCES 
IN A THREE-BODY SYSTEM 
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A.F.Ioffe Physico-Technical Institute, Leningrad, USSR 
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Resonant  two-body fo rces  a re  shown to give r i s e  to a s e r i e s  of levels  in t h r e e - p a r t i c l e  s y s t e m s .  The 
number  of such levels  may be very large.  Poss ib i l i ty  of the exis tence  of such levels in s y s t e m s  of three  
a - p a r t i c l e s  (12C nucleus) and three  nucleons (3ti) is d i scussed .  

Th e  r a n g e  of n u c l e o n - n u c l e o n  f o r c e s  r o i s  
known  to be  c o n s i d e r a b l y  s m a l l e r  t han  the  
s c a t t e r i n g  l e n g t s  a. T h i s  f ac t  i s  a c o n s e q u e n c e  of 
the  r e s o n a n t  c h a r a c t e r  of n u c l e o n - n u c l e o n  f o r c e s .  
A p a r t  f r o m  t h i s ,  m a n y  o t h e r  f o r c e s  in  n u c l e a r  
p h y s i c s  a r e  r e s o n a n t .  The  a i m  of t h i s  l e t t e r  i s  to 
e x p o s e  an  i n t e r e s t i n g  e f f e c t  of r e s o n a n t  f o r c e s  in 
a t h r e e - b o d y  s y s t e m .  N a m e l y ,  f o r  a ' " r  o a 
s e r i e s  of bound  l e v e l s  a p p e a r s .  In a c e r t a i n  c a s e ,  
the  n u m b e r  of l e v e l s  m a y  b e c o m e  in f in i t e .  

L e t  us  e x p l i c i t l y  f o r m u l a t e  t h i s  r e s u l t  in  the  
s i m p l e s t  c a s e .  C o n s i d e r  t h r e e  s p i n l e s s  n e u t r a l  
p a r t i c l e s  of e q u a l  m a s s ,  i n t e r a c t i n g  t h r o u g h  a 
p o t e n t i a l  gV(r). At c e r t a i n  g = go two p a r t i c l e s  
ge t  bound  in t h e i r  f i r s t  s - s t a t e .  F o r  v a l u e s  of g 
c l o s e  to g o ,  the  t w o - p a r t i c l e  s c a t t e r i n g  l e n g t h  a 
i s  l a r g e ,  and  i t  i s  t h i s  r e g i o n  of g t h a t  we s h a l l  
c o n f i ne  o u r s e l f  to. The  t h r e e - b o d y  c o n t i n u u m  
b o u n d a r y  i s  s h o w n  in the  f i g u r e  by c r o s s - h a t c h i n g .  
The  e f f e c t  we a r e  d r a w i n g  a t t e n t i o n  to i s  the  f o l -  
lowing .  As  g g r o w s ,  a p p r o a c h i n g  go ,  t h r e e - p a r -  

-~1 ~ 

Fig. 1. 

g<g. g>g, 

The level  spec t rum of three  neutra l  spinless  
par t i c les .  The scale is not indicative.  

t i c l e  bound  s t a t e s  e m e r g e  one a f t e r  the  o t h e r .  At 
g = go ( in f in i t e  s c a t t e r i n g  l eng th)  t h e i r  n u m b e r  i s  
i n f in i t e .  As  g g r o w s  on b e y o n d  go, l e v e l s  l e a v e  
in to  c o n t i n u u m  one a f t e r  the  o t h e r  ( s ee  fig.  1). 

The  n u m b e r  of l e v e l s  i s  g i v e n  by the  e q u a t i o n  

N ~ 1 l n ( j a l / r o )  (1) 
7T 

All  the  l e v e l s  a r e  of the  0 + kind;  c o r r e s p o n d i n g  
wave  funcLions  a r e  s y m m e t r i c ;  the  e n e r g i e s  
EN .~ 1/r o2 (we u s e ~ = m  = 1); the  r a n g e  of t h e s e  
bound  s t a t e s  i s  m u c h  l a r g e r  t han  r o. 

We wan t  to s t r e s s  tha t  t h i s  p i c t u r e  is  va l id  f o r  
a ,-, r o. T h r e e - b o d y  l e v e l s  a p p e a r i n g  at  a ~ r o 
o r  wi th  e n e r g i e s  E ~ 1 / r  2 a r e  not  c o n s i d e r e d .  

T h e  p h y s i c a l  c a u s e  of the  e f f ec t  i s  in the  
e m e r g e n c e  of e f f e c t i v e  a t t r a c t i v e  l o n g - r a n g e  
f o r c e s  of r a d i u s  a in  the  t h r e e - b o d y  s y s t e m .  We 
can  d e m o n s t r a t e  t ha t  they  a r e  of the  1/1~ 2 kind;  
R 2 = r 2 2  + r 2 3  + r 2 1 .  T h i s  f o r m  i s  v a l i d  f o r R  2: 
r o. Wi th  a ~ o0 the  n u m b e r  of l e v e l s  b e c o m e s  in -  
f i n i t e  a s  in the  c a s e  of two p a r t i c l e s  i n t e r a c t i n g  
wi th  a t t r a c t i v e  1 / r  2 p o t e n t i a l .  

Our  r e s u l t  m a y  be  c o n s i d e r e d  a s  a g e n e r a l i z a -  
t i on  of T h o m a s  t h e o r e m  [1]. A c c o r d i n g  to the  
l a t t e r ,  when  g--~ g o '  t h r e e  s p i n l e s s  p a r t i c l e s  do 
h a v e  a bound  s t a t e .  We a s s e r t  t ha t  in f ac t  t h e r e  
a r e  m a n y  s u c h  s t a t e s ,  and  f o r  g = go  t h e i r  n u m -  
b e r  i s  i n f in i t e .  

Note  t ha t  the  e f f e c t  d o e s  not  d e p e n d  on the  
f o r m  of t w o - b o d y  f o r c e s  - i t  i s  only  t h e i r  r e s o n a n t  
c h a r a c t e r  t h a t  we r e q u i r e .  

F r o m  eq. (1) one  f i n d s  t ha t  the  m a g n i t u d e  of the  
s c a t t e r i n g  l e n g t h  at  w h i c h  (N+ 1)s t  l e v e l  a p p e a r s  
i s  a p p r o x i m a t e l y  e~ t i m e s  ( ~ 2 2  t i m e s )  l a r g e r  
t h a n  t ha t  f o r  Nth  one.  T h u s ,  if we a s s u m e  tha t  
the  t h r e e - b o d y  g r o u n d  s t a t e  a p p e a r s  at  a ~ t o ,  
the  f i r s t  e x c i t e d  l e v e l  f r o m  t h i s  0 + - s e r i e s  wi l l  

563 

1/a

�|E|1/2

Efimov effect: attractive 1/R2

V. Efimov, Phys. Lett. B 33, 563 (1970)

Bn
3 /B

n+1
3 ⇡ 22.72

- infinitely many bound states
- discrete scale invariance: RG limit cycle

P.F. Bedaque, H.-W. Hammer, U. van Kolck, Phys. Rev. Lett. 82, 463 (1999) 

hyperradius hyperangular variables Ω
(dimensionless)

Introduction
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Tuning two-body interactions
Large |a| is achieved by tuning two-body interaction

Introduction

rVP (r)

VQ(r)
B

- Atomic physics: Feshbach resonance

In hadron physics, interactions are basically fixed.
- quark mass term in QCD: external scalar field

- variation of quark mass -> tuning hadron interaction?

LQCD = L(0)
QCD �mq̄q

large |a| !
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Tuning two-hadron interactions
Nuclear force @ unphysical quark masses

Introduction

limit cycle. We argue below that this ultraviolet limit
cycle is a hint of an infrared limit cycle in QCD.

The low-energy few-nucleon problem can also be de-
scribed by an EFT that includes explicit pion fields as
well as contact interactions between the nucleons. This
EFT is applicable in a domain that hopefully extends to
momenta somewhat greater than m!. The renormaliza-
tion of the EFT with pions does not involve any RG limit
cycle. But this has no implications for the possible exis-
tence of an infrared RG limit cycle in QCD.

Our argument is based on recent work in which an EFT
with explicit pions was used to extrapolate nuclear forces
to the chiral limit of QCD [13–15]. In this limit, the
massesmu andmd of the up and down quarks are zero and
the pion is an exactly massless Goldstone boson associ-
ated with spontaneous breaking of the chiral symmetry
of QCD. According to these chiral extrapolations the
small binding energy 2.2 MeVof the deuteron is a fortu-
itous consequence of the physical values of mu and md.
When extrapolated to the chiral limit, the deuteron has a
much larger binding energy comparable to the scale
1=!mNr20" # 10 MeV set by the NN effective range.
Conversely, if extrapolated farther from the chiral limit,
the deuteron’s binding energy decreases to 0 and then it
becomes unbound. This effect is illustrated in Fig. 1,
which shows the chiral extrapolation of the inverse scat-
tering lengths 1=at and 1=as as functions of m! from
Ref. [15]. In the EFT with pions, the coefficients of some
of the 2-nucleon contact interactions are not constrained
by data. The bands in Fig. 1 are obtained by varying those
coefficients over natural ranges. The width of the error
band, of course, shrinks to zero at the physical value of
m!. The prediction of Ref. [15] is that the critical value
m!;t at which 1=at $ 0 is in the range 170 MeV<m!;t <
210 MeV, which is not much larger than the physical
value of m!. The extrapolation of 1=as has larger uncer-
tainties. It may increase to zero at some critical valuem!;s
greater than 150 MeV, in which case the spin-singlet
deuteron is bound for m! > m!;s, or it may remain nega-

tive, in which case the spin-singlet deuteron remains
unbound. Beane and Savage [14] have argued that the
extrapolation errors in the chiral limit are larger than
estimated in Ref. [15], but their errors agree for the small
extrapolation to the region of larger m! where the deu-
teron becomes unbound.

We now consider the chiral extrapolation of the three-
body spectrum. This could be calculated using an EFT
with explicit pions. Alternatively, the chiral extrapo-
lation can be calculated using the contact EFT of
Ref. [5]. The inputs required are as, at, and !% as func-
tions of m!, which can be calculated using an EFT with
pions. For the inverse scattering lengths 1=as and 1=at,
we take the central values of the error bands obtained
from the chiral extrapolation in Ref. [15]. The depen-
dence of !% on m! could be determined from the chiral
extrapolation of the triton binding energy using an EFT
with pions, but this has not yet been calculated. Like the
inverse scattering lengths, !% should vary smoothly with
m!. For small extrapolations of m! from its physical
value, we can approximate !% by a constant. We use the
value !% $ 189 MeV for m! $ 138 MeV obtained by
taking the triton binding energy as the three-body input.
In Fig. 2, we show the three-body spectrum in the triton
channel as a function of m!. The crosses give the bind-
ing momenta " $ !mB3"1=2 of the physical deuteron and
triton, while the dashed lines give the thresholds for
decay into a nucleon plus a deuteron (left curve) or a
spin-singlet deuteron (right curve) in the large-aapproxi-
mation. The circles indicate the triton ground state and
excited state. In the region near m! # 175 MeV where
the decay threshold comes closest to the 3-nucleon
threshold " $ 0, an excited state of the triton appears.
The existence of this very shallow state is a hint that the

FIG. 1 (color online). The inverse scattering lengths 1=at and
1=as as functions of m! as predicted by the EFT with pions of
Ref. [15].
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FIG. 2 (color online). The binding momenta " $ !mB3"1=2 of
pnn bound states as a function of m! calculated using the
contact EFT of Ref. [5]. The circles indicate the triton ground
state and excited state. The crosses give the binding energy of
the physical deuteron and triton, while the dashed lines give the
thresholds for decay into a nucleon plus a deuteron (left curve)
or a spin-singlet deuteron (right curve).

P H Y S I C A L R E V I E W L E T T E R S week ending
5 SEPTEMBER 2003VOLUME 91, NUMBER 10

102002-3 102002-3

E. Braaten, H.-W. Hammer, Phys. Rev. Lett. 91, 102002 (2003)
- Nuclear forces can reach unitary limit by mud (mπ)⤴

- calculable by lattice QCD for large mud

c.f. ) N. Barnea, L. Contessi, D. Gazit, F. Pederiva, U. van Kolck,
  Phys. Rev. Lett. 114, 052501 (2015)

- predictable by chiral EFT for small mud
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Two-pion interaction
Three-pion systems

ππ scattering length <— chiral low energy theorem

- mπ ~ (mud)1/2 ~ explicit breaking of chiral symmetry

S. Weinberg, Phys. Rev. Lett. 17, 616-621 (1966)

aI=0 / �7

4

m⇡

f2
⇡

, aI=2 / 1

2

m⇡

f2
⇡

How about large mud? —> lattice QCD
Low energy theorem is valid only for small mud

Physical ππ (I=0) is unbound but has a resonance “σ”
(resonance: unstable eigenstate above threshold)Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016) and 2017 update

f0(500) or σ

was f0(600)
IG (JPC ) = 0+(0 + +)

A REVIEW GOES HERE – Check our WWW List of Reviews

f0(500) T-MATRIX POLE
√

sf0(500) T-MATRIX POLE
√

sf0(500) T-MATRIX POLE
√

sf0(500) T-MATRIX POLE
√

s

Note that Γ ≈ 2 Im(
√

spole).

VALUE (MeV) DOCUMENT ID TECN COMMENT

(400–550)−i(200–350) OUR ESTIMATE(400–550)−i(200–350) OUR ESTIMATE(400–550)−i(200–350) OUR ESTIMATE(400–550)−i(200–350) OUR ESTIMATE

• • • We do not use the following data for averages, fits, limits, etc. • • •

(512 ± 15)−i(188 ± 12) 1 ABLIKIM 17 BES3 J/ψ → γ 3π
(440 ± 10)−i(238 ± 10) 2 ALBALADEJO 12 RVUE Compilation

(445 ± 25)−i(278+22
−18) 3,4 GARCIA-MAR...11 RVUE Compilation

(457+14
−13)−i(279+11

− 7) 3,5 GARCIA-MAR...11 RVUE Compilation

(442+5
−8)−i(274+6

−5) 6 MOUSSALLAM11 RVUE Compilation

(452 ± 13)−i(259 ± 16) 7 MENNESSIER 10 RVUE Compilation
(448 ± 43)−i(266 ± 43) 8 MENNESSIER 10 RVUE Compilation

(455 ± 6+31
−13)−i(278 ± 6+34

−43) 9 CAPRINI 08 RVUE Compilation

(463 ± 6+31
−17)−i(259 ± 6+33

−34) 10 CAPRINI 08 RVUE Compilation

(552+ 84
−106)−i(232+81

−72) 11 ABLIKIM 07A BES2 ψ(2S) → π+π− J/ψ

(466 ± 18)−i(223 ± 28) 12 BONVICINI 07 CLEO D+ → π−π+π+

(472 ± 30)−i(271 ± 30) 13 BUGG 07A RVUE Compilation
(484 ± 17)−i(255 ± 10) GARCIA-MAR...07 RVUE Compilation
(430)−i(325) 14 ANISOVICH 06 RVUE Compilation

(441+16
− 8)−i(272+ 9

−12.5) 15 CAPRINI 06 RVUE ππ → ππ

(470 ± 50)−i(285 ± 25) 16 ZHOU 05 RVUE

(541 ± 39)−i(252 ± 42) 17 ABLIKIM 04A BES2 J/ψ → ωπ+π−

(528 ± 32)−i(207 ± 23) 18 GALLEGOS 04 RVUE Compilation
(440 ± 8)−i(212 ± 15) 19 PELAEZ 04A RVUE ππ → ππ
(533 ± 25)−i(249 ± 25) 20 BUGG 03 RVUE

517 − i240 BLACK 01 RVUE π0π0 → π0π0

(470 ± 30)−i(295 ± 20) 15 COLANGELO 01 RVUE ππ → ππ

(535+48
−36)−i(155+76

−53) 21 ISHIDA 01 Υ(3S) → Υ ππ

610 ± 14 − i620 ± 26 22 SUROVTSEV 01 RVUE ππ → ππ, K K

(540+36
−29)−i(193+32

−40) ISHIDA 00B pp → π0π0π0

445 − i235 HANNAH 99 RVUE π scalar form factor
(523 ± 12)−i(259 ± 7) KAMINSKI 99 RVUE ππ → ππ, K K , σσ
442 − i 227 OLLER 99 RVUE ππ → ππ, K K

469 − i203 OLLER 99B RVUE ππ → ππ, K K

445 − i221 OLLER 99C RVUE ππ → ππ, K K , ηη

(1530+ 90
−250)−i(560 ± 40) ANISOVICH 98B RVUE Compilation

420 − i 212 LOCHER 98 RVUE ππ → ππ , K K

440 − i245 23 DOBADO 97 RVUE Compilation
(602 ± 26)−i(196 ± 27) 24 ISHIDA 97 ππ → ππ
(537 ± 20)−i(250 ± 17) 25 KAMINSKI 97B RVUE ππ → ππ, K K , 4π

HTTP://PDG.LBL.GOV Page 1 Created: 5/30/2017 17:20
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Increasing ud quark mass
Three-pion systems

Lattice QCD/chiral EFT can tune the ππ interaction

accuracy. Gauge configurations are created by HMC in a
vector supercomputer, while most of the disconnected propa-
gator is calculated in a parallel machine.
The propagators of the ! , " , and # for $!0.1874 are

shown in Fig. 2. From our results, we estimate the critical
value of the hopping parameter and the lattice space as $c
!0.195(3) and a!0.207(9) fm, respectively, which are to
be compared with the CP-PACS values, $c!0.19286(14)
and a!0.197(2) fm. Thus our lattice size is (1.6 fm)3. The
mass ratios of m! /m" and m# /m" together with mconnect /m"
are summarized in Table I, where mconnect is the mass evalu-
ated only from the connected diagram. We have extracted the
! and " masses using two-pole formula from their propaga-
tors. The small errors of the ! and " propagators indicate the
high precision of our simulation. Our result for the mass
ratios m! /m" in Table I is in good agreement with that of
CP-PACS, with unavoidable small differences owing to the
different lattice sizes. To extract the # meson mass, we have
used the one-pole ansatz because its propagator has large
error bars at large t%6 in spite of our high statistics, which
implies that the obtained value gives an upper limit of the
scalar meson mass. Figure 2 and Table I show that the mass
of the # is of the same order as the mass of the "; we remark
that the 2! threshold is higher than the # in our simulation.
We have checked that the effective mass method gives es-
sentially the same result as that given above.
Figure 1 shows the individual contributions of the con-

nected and disconnected parts of the # propagator, which
reaches a plateau at t&5, as the precision of our calculation
is limited to O'G(t)(%10"4. The connected part shows
clear signals of a rapid damping with small error bars. We
note that the connected part of the # propagator can be re-
garded as the one of the a0 meson, provided that the differ-
ence between the u-quark and the d-quark is neglected.
Therefore, the rapid damping of the connected part of the #
propagator is in accordance with the fact that the a0 is
heavier than the " . Figure 1 shows that the disconnected part
dominates the # propagator. By comparing Fig. 2 with Fig.
1, we see that the # as a light meson results from the dis-
connected part of the # propagator with the background
vacuum condensate subtracted, which are odd with the con-

stituent quark model. In the naive sense, the connected quark
diagram corresponds to the constituent quarks in the SU)3*
nonrelativistic quark model where the OZI rule is satisfied.
This may give a clue to clarify the physical content of the #
meson, as will be discussed later. The mass of the connected
# )the a0) shown in Table I is almost 2.5 times of the " mass
and exhibits only a weak dependence on the hopping param-
eter, suggesting an irrelevance of chiral symmetry to the a0
meson.
In Fig. 3, we display m!

2 , m" , m# , and 2m! in lattice
units as a function of the inverse hopping parameter. As the
chiral limit is approached, the # meson mass obtained from
the full # propagator decreases and eventually becomes
smaller than the " meson mass in the chiral limit.
We have also calculated the $ meson using the same con-

figurations. We take the same hopping parameter values for u
and d quarks and use the following three values for the
s-quark hopping parameter, $s!0.1835, 0.1840, and 0.1845.
The ratios m$ /mK* and mK /mK* at the chiral limit are listed
in Table II. One may notice that all three values of $s fairly
reproduce the physical mass ratio mK /mK* in the chiral limit
of the u- and d-quarks. A more notable point is that the
resultant $ mass hardly changes with the variation of $s and
is almost twice as heavy as the K*; i.e. the $ is not degen-
erated with the # , although they should belong to the same
nonet. The origin to lift the octet-singlet degeneracy may be
attributed the following facts; because of the strangeness
content, the $ propagator is solely composed of a connected
diagram and contains no disconnected part, the latter of
which was the origin of the light mass of the # . In fact, the

FIG. 2. Propagators of the ! , " , and # for $!0.1874. FIG. 3. m!
2 , m" , m# , and 2m! in the lattice unit as a function

of the inverse hopping parameter. The chiral limit is given by $c
!0.195(3).

TABLE II. The mass ratios m$ /mK* versus mK /mK* at $c
!0.1945(29). The s quark hopping parameters were taken to be
0.1835, 0.1840, and 0.1845.

s-quark hopping parameter 0.1835 0.1840 0.1845

mK /mK* 0.639)6* 0.631)6* 0.623)6*
m$ /mK* 2.039)43* 2.037)43* 2.044)44*

SCALAR MESONS IN LATTICE QCD PHYSICAL REVIEW D 70, 034504 )2004*

034504-3

T. Kunihiro et al. (SCALAR Collaboration), Rev. Rev. D70, 034504 (2004)

2mπ

mσ

heavy pion physical
bound σ

resonance σ
mπ ⤴

103lr4 ! 6:2" 5:7. Then, we fit the mIAM to data up to the
resonance region and find 103lr1 ! #3:7" 0:2, 103lr2 !
5:0" 0:4. All these LEC are evaluated at ! ! 0:77 GeV.

The values of m" considered should fall within the
ChPT range of applicability and allow for some elastic
"" regime to exist below K !K threshold. Both criteria are
satisfied, if m" $ 0:5 GeV, since we know SU(3) ChPT
still works fairly well with such a kaon mass, and because
for m" ’ 0:5 GeV, the kaon mass becomes ’ 0:6 GeV,
leaving a 0.2 GeV gap to the two-kaon threshold. For larger
values of m", a coupled-channel IAM is needed, which is
feasible, but lies beyond our present scope, and lacks a
dispersive derivation.

Figure 1 shows, in the second Riemman sheet, the # and
$ poles for the physical m", and how they move as m"
increases. Note that, associated to each resonance, there are
two conjugate poles that move symmetrically on each side
of the real axis. In order to see more clearly that all poles
move closer to the two-pion threshold, which is also in-
creasing, all quantities are given in units of m" so that the
two-pion threshold is fixed at

!!!
s
p ! 2. Let us recall that, for

narrow resonances, their massM and width " are related to
the pole position in the lower half plane as !!!!!!!!!spole

p ’ M#
i"=2, and customarily this notation is also kept for broader
resonances. Hence, both "$ and "# decrease for increasing
m". In particular, "# vanishes exactly at threshold where
one pole jumps into the first sheet, thus becoming a tradi-
tional stable state, while its partner remains on the second
sheet practically at the very same position as the one in the
first. In contrast, when M$ reaches the two-pion threshold,
its poles remain on the second sheet with a nonzero imagi-
nary part before they meet on the real axis and become
virtual states. As m" increases further, one of those virtual
states moves towards threshold and jumps onto the first
sheet, whereas the other one remains in the second sheet.
Such an analytic structure, with two very asymmetric poles
in different sheets of an angular momentum zero partial

wave, is a strong indication for a prominent molecular
component [16,17]. Differences between P-wave and
S-wave pole movements were also found within quark
models [18], the latter also showing two second sheet poles
on the real axis below threshold.

In the upper panel of Fig. 2, we show them" dependence
of M$ and M# normalized to their physical values. The
bands cover the LEC uncertainties. Note, that significant,
additional uncertainties may emerge at the two loop level
for pion masses larger than 0.3 GeV—see, e.g., Ref. [19].
We see that both masses grow with increasing m", but the
rise of M$ is stronger than that of M#, and again we see
that around m" ’ 0:33 GeV, the $ state splits into two
virtual states with different behavior. The upper branch
moves closer to threshold and thus has the biggest influ-
ence in the physical region, eventually jumping to the first
Riemann sheet. Note that the m" dependence of M$ is
much softer than that suggested in the model of [8], shown
as the dotted line, which in addition does not show the
virtual pole splitting.

In the lower panel of Fig. 2, we show them" dependence
of "$ and "# normalized to their physical values. The
decrease in "# is largely kinematical, following remark-
ably well the expected reduction from phase space as m"
and M# increase. In other words, the effective coupling of
the # to "" is almost m" independent. This was assumed
in the analysis of Ref. [20]; however, so far this assumption
has not been supported by theory. In sharp contrast to this

1 2 3 4 5
Re (√

⎯s / mπ)

-1.5
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-0.5
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0.5

1

1.5

Im
 ( √

⎯ s 
/ m

π)

ππ
 th

re
sh

ol
d

FIG. 1 (color online). Movement of the $ (dashed lines) and #
(dotted lines) poles for increasing pion masses (direction indi-
cated by the arrows) on the second sheet. The filled (open) boxes
denote the pole positions for the $ (#) at pion massesm" ! 1, 2,
and 3%mphys

" , respectively. Note, for m" ! 3mphys
" , three poles

accumulate in the plot very near the "" threshold.

0 1 2 3
mπ / mπ

phys
0

0.5

1

0 0.5 1 1.5 2 2.5 3 3.50.5

1

1.5

2

FIG. 2 (color online). m" dependence of resonance masses
(upper panel) and widths (lower panel) in units of the physical
values. In both panels, the dark (light) band shows the results for
the $ (#). The width of the bands reflects the uncertainties
induced from the uncertainties in the LEC. The dotted line
shows the $ mass dependence estimated in Ref. [8]. The dashed
(continuous) line shows the m" dependence of the $ (#) width
from the change of phase space only, assuming a constant
coupling of the resonance to "".

PRL 100, 152001 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
18 APRIL 2008

152001-3

σ pole

C. Hanhart, J.R. Pelaez, G. Rios, Phys. Rev. Lett. 100, 152001 (2008)

ππ scattering can reach unitary limit by increasing mud
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Universal physics of three pions
Universal physics of πππ with large ππ(I=0) scattering length

- Let I=0 ππ scattering length large by changing mq

T. Hyodo, T. Hatsuda, Y. Nishida, Phys. Rev. C89, 032201(R) (2014)

- Universal physics of pions @ unphysical mud

- Coupled-channel effect reduces the attraction.

isospin sym. (π0π0π0-π0π-π+) isospin breaking (π0π0π0)

-1.0

-0.5

E

-1.0 -0.5 0.5 1.0

1/a

 -B2
 -B3

0

-2.5

-2.0

-1.5

-1.0

-0.5

0.5

1.0E'

-2 -1 1 2

1/a'

0

 -B2
 -B3Three-body 

bound states!

Three-pion systems
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Implication for real world
Universality -> a πππ bound state @ heavy mud

- Heavy mud is continuously connected to physical point.

Three-pion systems

- Existence of a pole (eigenstate) is stable against the
  continuous change of parameters (such as mud).

Y. Kamiya, T. Hyodo, arXiv:1711.04558 [hep-ph]

Possible candidates ~ I=1, J=0 state : excited state of π?

1

2⇡

I

C
dz

d argF(z)

dz
= (# of zeros)� (# of poles)

—> πππ state may exist as a resonance at physical point.

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016) and 2017 update

π(1800) IG (JPC ) = 1−(0 − +)

See also minireview under non-qq candidates in PDG 06, Journal of
Physics G33G33G33G33 1 (2006).

π(1800) MASSπ(1800) MASSπ(1800) MASSπ(1800) MASS

VALUE (MeV) EVTS DOCUMENT ID TECN CHG COMMENT

1812±12 OUR AVERAGE1812±12 OUR AVERAGE1812±12 OUR AVERAGE1812±12 OUR AVERAGE Error includes scale factor of 2.3. See the ideogram below.

1785± 9+12
− 6 420k ALEKSEEV 10 COMP 190 π−Pb →

π−π−π+Pb′

1876±18±16 4k 1 EUGENIO 08 B852 − 18 π−p → ηηπ− p

1774±18±20 2 CHUNG 02 B852 18.3 π− p →

π+π−π− p

1863± 9±10 3 CHUNG 02 B852 18.3 π− p →

π+π−π− p

1840±10±10 1200 AMELIN 96B VES − 37 π−A → ηηπ−A

1775± 7±10 4 AMELIN 95B VES − 36 π−A → π+π−π−A

1790±14 5 BERDNIKOV 94 VES − 37 π−A →

K+K−π−A
1873±33±20 BELADIDZE 92C VES − 36 π−Be → π− η′ ηBe

1814±10±23 426 ± 57 BITYUKOV 91 VES − 36 π−C → π− ηηC

1770±30 1100 BELLINI 82 SPEC − 40 π−A → 3πA

• • • We do not use the following data for averages, fits, limits, etc. • • •

1737± 5±15 AMELIN 99 VES 37 π−A → ωπ−π0A∗

WEIGHTED AVERAGE
1812±12 (Error scaled by 2.3)

BELLINI 82 SPEC 2.0
BITYUKOV 91 VES 0.0
BELADIDZE 92C VES 2.5
BERDNIKOV 94 VES 2.5
AMELIN 95B VES 9.1
AMELIN 96B VES 4.0
CHUNG 02 B852 14.4
CHUNG 02 B852 2.0
EUGENIO 08 B852 7.1
ALEKSEEV 10 COMP 3.2

χ2

      46.7
(Confidence Level < 0.0001)

1700 1750 1800 1850 1900 1950 2000

π(1800) mass (MeV)

HTTP://PDG.LBL.GOV Page 1 Created: 5/30/2017 17:21

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016) and 2017 update

π(1300) IG (JPC ) = 1−(0 − +)

π(1300) MASSπ(1300) MASSπ(1300) MASSπ(1300) MASS

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

1300±100 OUR ESTIMATE1300±100 OUR ESTIMATE1300±100 OUR ESTIMATE1300±100 OUR ESTIMATE

• • • We do not use the following data for averages, fits, limits, etc. • • •

1345± 8±10 18k 1 SCHEGELSKY 06 RVUE γγ → π+π−π0

1200± 40 90k SALVINI 04 OBLX pp → 2π+2π−

1343± 15±24 CHUNG 02 B852 18.3 π−p → π+π−π− p

1375± 40 ABELE 01 CBAR 0.0 pd → π− 4π0 p

1275± 15 BERTIN 97D OBLX 0.05 pp → 2π+2π−

∼ 1114 ABELE 96 CBAR 0.0 pp → 5π0

1190± 30 ZIELINSKI 84 SPEC 200 π+Z → Z3π

1240± 30 BELLINI 82 SPEC 40 π−A → A3π

1273± 50 2 AARON 81 RVUE

1342± 20 BONESINI 81 OMEG 12 π− p → p3π

∼ 1400 DAUM 81B SPEC 63,94 π− p

1 From analysis of L3 data at 183–209 GeV.
2Uses multichannel Aitchison-Bowler model (BOWLER 75). Uses data from DAUM 80
and DANKOWYCH 81.

π(1300) WIDTHπ(1300) WIDTHπ(1300) WIDTHπ(1300) WIDTH

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

200 to 600 OUR ESTIMATE200 to 600 OUR ESTIMATE200 to 600 OUR ESTIMATE200 to 600 OUR ESTIMATE
• • • We do not use the following data for averages, fits, limits, etc. • • •

260± 20±30 18k 3 SCHEGELSKY 06 RVUE γγ → π+π−π0

470±120 90k SALVINI 04 OBLX pp → 2π+2π−

449± 39±47 CHUNG 02 B852 18.3 π−p → π+π−π− p

268± 50 ABELE 01 CBAR 0.0 pd → π− 4π0 p

218±100 BERTIN 97D OBLX 0.05 pp → 2π+2π−

∼ 340 ABELE 96 CBAR 0.0 pp → 5π0

440± 80 ZIELINSKI 84 SPEC 200 π+Z → Z3π

360±120 BELLINI 82 SPEC 40 π−A → A3π

580±100 4 AARON 81 RVUE

220± 70 BONESINI 81 OMEG 12 π− p → p3π

∼ 600 DAUM 81B SPEC 63,94 π− p

3 From analysis of L3 data at 183–209 GeV.
4Uses multichannel Aitchison-Bowler model (BOWLER 75). Uses data from DAUM 80
and DANKOWYCH 81.

HTTP://PDG.LBL.GOV Page 1 Created: 5/30/2017 17:21
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Two neutrons and one flavored meson
Two neutrons with a flavored meson

K-nn/D0nn system with J=0, I=3/2, I3=-3/2

K-

nn

Two-body meson-neutron scattering length?

- all interactions: isospin I=1 (no Λ(1405))
- different from J=0, I=1/2 (so-called K-pp-K̅0np)

I=1 I=1

I=1

- no coupled channels
- no Coulomb interaction
- |ann| ~ 20 fm ≫ rs ~ O(1) fm

Desirable features for Efimov effect

Flavored meson: K- (su̅, strangeness), D0 (cu̅, charm)
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Meson-neutron interaction
K-n system: K̅N scattering data

Two neutrons with a flavored meson

—> Strangeness sector is 
       unbound

Y. Ikeda, T. Hyodo, W. Weise, Phys. Lett. B706, 63 (2011); Nucl. Phys. A881, 98 (2012)

- data fitted as χ2/d.o.f. ~ 1

a0,K�n = �0.57+0.21
�0.04 � i0.72+0.41

�0.26 fm

p
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D0n system: identify Σc(2800) as a JP=1/2- state 

—> Charm sector has a shallow quasi-bound state
- D0n threshold ~ 2804 MeV

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016) and 2017 update

Σc(2800) I (JP ) = 1(??) Status: ∗∗∗

Seen in the Λ
+
c π

+, Λ
+
c π

0, and Λ
+
c π

− mass spectra.

Σc (2800) MASSESΣc (2800) MASSESΣc(2800) MASSESΣc(2800) MASSES

The charged ++ and + masses are obtained from the mass-difference
measurements that follow. The neutral mass is dominated by the mass-
difference measurement, but is pulled up somewhat by the less well-
determined but considerably higher direct-mass measurement. It is possi-
ble, in fact, that AUBERT 08BN is seeing a different Σc .

Σc(2800)++ MASSΣc(2800)++ MASSΣc(2800)++ MASSΣc(2800)++ MASS
VALUE (MeV) DOCUMENT ID

2801+4
−6 OUR FIT2801+4
−6 OUR FIT2801+4
−6 OUR FIT2801+4
−6 OUR FIT

Σc(2800)+ MASSΣc(2800)+ MASSΣc(2800)+ MASSΣc(2800)+ MASS
VALUE (MeV) DOCUMENT ID

2792+14
− 5 OUR FIT2792+14
− 5 OUR FIT2792+14
− 5 OUR FIT2792+14
− 5 OUR FIT

Σc(2800)0 MASSΣc(2800)0 MASSΣc(2800)0 MASSΣc(2800)0 MASS
VALUE (MeV) DOCUMENT ID TECN COMMENT

2806+5
−7 OUR FIT2806+5
−7 OUR FIT2806+5
−7 OUR FIT2806+5
−7 OUR FIT Error includes scale factor of 1.3.

2846±8±102846±8±102846±8±102846±8±10 AUBERT 08BN BABR B− → pΛ+
c

π
−

Σc(2800) MASS DIFFERENCESΣc(2800) MASS DIFFERENCESΣc (2800) MASS DIFFERENCESΣc (2800) MASS DIFFERENCES

mΣc (2800)
++ − m

Λ+
c

mΣc (2800)
++ − m

Λ+
c

mΣc (2800)
++ − m

Λ+
c

mΣc (2800)
++ − m

Λ+
c

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

514 +4
−6 OUR FIT514 +4
−6 OUR FIT514 +4
−6 OUR FIT514 +4
−6 OUR FIT

514.5+3.4
−3.1

+2.8
−4.9514.5+3.4

−3.1
+2.8
−4.9514.5+3.4

−3.1
+2.8
−4.9514.5+3.4

−3.1
+2.8
−4.9 2810+1090

− 775 MIZUK 05 BELL e+ e− ≈ Υ(4S)

mΣc (2800)
+ − m

Λ+
c

mΣc (2800)
+ − m

Λ+
c

mΣc (2800)
+ − m

Λ+
c

mΣc (2800)
+ − m

Λ+
c

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

505 +14
− 5 OUR FIT505 +14
− 5 OUR FIT505 +14
− 5 OUR FIT505 +14
− 5 OUR FIT

505.4+ 5.8
− 4.6

+12.4
− 2.0

505.4+ 5.8
− 4.6

+12.4
− 2.0505.4+ 5.8

− 4.6
+12.4
− 2.0

505.4+ 5.8
− 4.6

+12.4
− 2.0 1540+1750

−1050 MIZUK 05 BELL e+ e− ≈ Υ(4S)

mΣc (2800)
0 − m

Λ+
c

mΣc (2800)
0 − m

Λ+
c

mΣc (2800)
0 − m

Λ+
c

mΣc (2800)
0 − m

Λ+
c

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

519 +5
−7 OUR FIT519 +5
−7 OUR FIT519 +5
−7 OUR FIT519 +5
−7 OUR FIT Error includes scale factor of 1.3.

515.4+3.2
−3.1

+2.1
−6.0

515.4+3.2
−3.1

+2.1
−6.0515.4+3.2

−3.1
+2.1
−6.0

515.4+3.2
−3.1

+2.1
−6.0 2240+1300

− 740 MIZUK 05 BELL e+ e− ≈ Υ(4S)

HTTP://PDG.LBL.GOV Page 1 Created: 5/30/2017 17:20

decay
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Idealization
Zero coupling limit (ZCL)

Unitary limit: tuning ms/c in ZCL

Two neutrons with a flavored meson

Varying ms —> mc

- coupling to decay channels are switched off

VP (r)

strange, unbound charm, bound

r

large |a| !

- aK-n < 0 (attractive), aD0n > 0 (repulsive, with bound state)
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Model extrapolation
Contact interaction model with extrapolation parameter x

- x=0 : K-n, x=1 : D0n

Two neutrons with a flavored meson
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x [dimensionless]

Re a0
Im a0

with decay channels ZCL (without decay)

- With decay channel, remnant is not very clear.
- In ZCL, unitary limit at mK = 1337 MeV (x~0.6)

K-n D0n K-n D0n

U. Raha, Y. Kamiya, S.-I. Ando, T. Hyodo, arXiv:1708.03369 [nucl-th]
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Two-body universality
Check of universality: |kh-ka|/mπ

Universality governs the system near D0n even with decay

Two neutrons with a flavored meson
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K-n D0n K-n D0n

kh =
p

2µEh- full eigenmomentum:
- universality prediction: ka =

i

a

h
1 +O

⇣rs
a

⌘i
, rs ⇠ 1/m⇡
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Three-body system
Two neutrons with a flavored meson

Implication for real world:
—> D0nn state may exist as a resonance at physical point.

- RG limit cycle in the asymptotic expressions: Efimov effect

- as(nn) —> ∞ and ad(nK) —> ∞ 
Asymptotic behavior of K-nn/D0nn system at unitary limit:

- as(nn) fixed and ad(nK) —> ∞ 
1 = C1

2⇡

s

sin[s arcsin(a/2)]

cos(⇡s/2)
) s0 = 0.327675

1 = C1
2⇡

s

sin[s arcsin(a/2)]

cos(⇡s/2)
+ C2

4⇡2

s2
sin2[s arccot(

p
4b� 1)]

cos2(⇡s/2)
) s0 = 1.01156

Three-body equations for K-nn/D0nn system

d(nK)

n

n

d(nK)

a = + a + b

d(nK)

n

K(x)

s(nn)

b = + a
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Hadron-hadron interactions can be tuned by 
changing quark masses.

Increase mud : unitary ππ (I=0) scattering                     
—> Efimov effect in π0π0π0 

Decrease mc (+ZCL) : unitary D0n scattering        
—> Efimov effect in D0nn 

Remnant of Efimov physics may be observed 
as a three-body resonance in nature.

Summary
Summary

T. Hyodo, T. Hatsuda, Y. Nishida, Phys. Rev. C89, 032201(R) (2014)

U. Raha, Y. Kamiya, S.-I. Ando, T. Hyodo, arXiv:1708.03369 [nucl-th]


