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Universal physics
Universal: different systems share the identical feature

Critical phenomena around phase transition
- large correlation length ξ

Introduction: universal few-body physics

- scaling, critical exponent, ...
- liquid-gas transition ~ ferromagnet

Universal physics in few-body system

E. Braaten, H.-W. Hammer, Phys. Rept. 428, 259 (2006)

- large two-body scattering length |a|
- “scaling”, Efimov effect, ...
- 4He atom (vdW) ~ nucleon (strong)

4He

N. Goldenfeld, “Lectures on phase transitions and the renormalization group” (1992)

N

N

4He

4He
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Two-body system
We consider the low-energy phenomena (1/p ≫ r0) of the 
system with large scattering length (|a| ≫ r0).

V (r)

r0 ruk=0(r)

a < 0

|a| ! 1

f(✓, p) =
X

l

(2l + 1)fl(p)Pl(cos ✓)

! f0(p)

=

1

p cot �0(p)� ip

! 1

�1/a� ip

Introduction: universal few-body physics

N [MeV] 4He [mK]

B2 2.22 1.31

1/2μa2 1.41 1.12

a > 0B2

Consequence: one shallow bound state exists for a ≫ 0
B2 =

1

2µa2
, ~ = 1,

- determined only by a
- scale invariance

a ! �a, p ! ��1p E ! ��2E
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Three-body system: scaling and its violation
Three-body system in hyperspherical coordinates

V. Efimov, Phys. Lett. B 33, 563-564 (1970)

Efimov effect : attractive 1/R2 for identical
                          three bosons

Introduction: universal few-body physics

Volume 33B, number  8 P H Y S I C S  L E T T E R S  21 December  1970 

ENERGY LEVELS ARISING FROM RESONANT T W O - B O D Y  FORCES 
IN A THREE-BODY SYSTEM 

V.  E F I M O V  
A.F.Ioffe Physico-Technical Institute, Leningrad, USSR 

Received 20 October  1970 

Resonant  two-body fo rces  a re  shown to give r i s e  to a s e r i e s  of levels  in t h r e e - p a r t i c l e  s y s t e m s .  The 
n umbe r  of such levels  may be very large.  Poss ib i l i ty  of the exis tence  of such levels in s y s t e m s  of three  
a - p a r t i c l e s  (12C nucleus) and three  nucleons (3ti) is d i scussed .  

The  r a n g e  of n u c l e o n - n u c l e o n  f o r c e s  r o i s  
known  to be  c o n s i d e r a b l y  s m a l l e r  t han  the  
s c a t t e r i n g  l e n g t s  a. T h i s  f ac t  i s  a c o n s e q u e n c e  of 
the  r e s o n a n t  c h a r a c t e r  of n u c l e o n - n u c l e o n  f o r c e s .  
A p a r t  f r o m  t h i s ,  m a n y  o t h e r  f o r c e s  in  n u c l e a r  
p h y s i c s  a r e  r e s o n a n t .  The  a i m  of t h i s  l e t t e r  i s  to 
e x p o s e  an  i n t e r e s t i n g  e f f e c t  of r e s o n a n t  f o r c e s  in 
a t h r e e - b o d y  s y s t e m .  N a m e l y ,  f o r  a ' " r  o a 
s e r i e s  of bound  l e v e l s  a p p e a r s .  In a c e r t a i n  c a s e ,  
the  n u m b e r  of l e v e l s  m a y  b e c o m e  in f in i t e .  

Le t  us  e x p l i c i t l y  f o r m u l a t e  t h i s  r e s u l t  in  the  
s i m p l e s t  c a s e .  C o n s i d e r  t h r e e  s p i n l e s s  n e u t r a l  
p a r t i c l e s  of e q u a l  m a s s ,  i n t e r a c t i n g  t h r o u g h  a 
p o t e n t i a l  gV(r). At c e r t a i n  g = go two p a r t i c l e s  
ge t  bound  in t h e i r  f i r s t  s - s t a t e .  F o r  v a l u e s  of g 
c l o s e  to go ,  the  t w o - p a r t i c l e  s c a t t e r i n g  l e n g t h  a 
i s  l a r g e ,  and  i t  i s  t h i s  r e g i o n  of g t h a t  we s h a l l  
con f ine  o u r s e l f  to. The  t h r e e - b o d y  c o n t i n u u m  
b o u n d a r y  i s  s h o w n  in the  f i g u r e  by c r o s s - h a t c h i n g .  
The  e f f e c t  we a r e  d r a w i n g  a t t e n t i o n  to i s  the  f o l -  
lowing .  As  g g r o w s ,  a p p r o a c h i n g  go ,  t h r e e - p a r -  

-~1 ~ 

Fig. 1. 

g<g. g>g, 

The level  spec t rum of three  neutra l  spinless  
par t i c les .  The scale is not indicative.  

t i c l e  bound  s t a t e s  e m e r g e  one a f t e r  the  o t h e r .  At 
g = go ( in f in i t e  s c a t t e r i n g  l eng th)  t h e i r  n u m b e r  i s  
i n f in i t e .  As  g g r o w s  on b e y o n d  go, l e v e l s  l e a v e  
in to  c o n t i n u u m  one a f t e r  the  o t h e r  ( s ee  fig.  1). 

The  n u m b e r  of l e v e l s  i s  g i v e n  by the  e q u a t i o n  

N ~ 1 l n ( j a l / r o )  (1) 
7T 

All  the  l e v e l s  a r e  of the  0 + kind;  c o r r e s p o n d i n g  
wave  funcLions  a r e  s y m m e t r i c ;  the  e n e r g i e s  
EN .~ 1/r o2 (we u s e ~ = m  = 1); the  r a n g e  of t h e s e  
bound  s t a t e s  i s  m u c h  l a r g e r  t han  r o. 

We wan t  to s t r e s s  tha t  t h i s  p i c t u r e  is  va l id  f o r  
a ,-, r o. T h r e e - b o d y  l e v e l s  a p p e a r i n g  at  a ~ r o 
o r  wi th  e n e r g i e s  E ~ 1 / r  2 a r e  not  c o n s i d e r e d .  

T h e  p h y s i c a l  c a u s e  of the  e f f ec t  i s  in the  
e m e r g e n c e  of e f f e c t i v e  a t t r a c t i v e  l o n g - r a n g e  
f o r c e s  of r a d i u s  a in  the  t h r e e - b o d y  s y s t e m .  We 
can  d e m o n s t r a t e  t ha t  they  a r e  of the  1/1~ 2 kind;  
R 2 = r 2 2  + r 2 3  + r 2 1 .  T h i s  f o r m  i s  v a l i d  f o r R  2: 
r o. Wi th  a ~ o0 the  n u m b e r  of l e v e l s  b e c o m e s  in -  
f i n i t e  a s  in the  c a s e  of two p a r t i c l e s  i n t e r a c t i n g  
wi th  a t t r a c t i v e  1 / r  2 p o t e n t i a l .  

Our  r e s u l t  m a y  be  c o n s i d e r e d  a s  a g e n e r a l i z a -  
t i on  of T h o m a s  t h e o r e m  [1]. A c c o r d i n g  to the  
l a t t e r ,  when  g--~ g o '  t h r e e  s p i n l e s s  p a r t i c l e s  do 
h a v e  a bound  s t a t e .  We a s s e r t  t ha t  in f ac t  t h e r e  
a r e  m a n y  s u c h  s t a t e s ,  and  f o r  g = go  t h e i r  n u m -  
b e r  i s  i n f in i t e .  

Note  t ha t  the  e f f e c t  d o e s  not  d e p e n d  on the  
f o r m  of t w o - b o d y  f o r c e s  - i t  i s  only  t h e i r  r e s o n a n t  
c h a r a c t e r  t h a t  we r e q u i r e .  

F r o m  eq. (1) one  f i n d s  t ha t  the  m a g n i t u d e  of the  
s c a t t e r i n g  l e n g t h  at  w h i c h  (N+ 1)s t  l e v e l  a p p e a r s  
i s  a p p r o x i m a t e l y  e~ t i m e s  ( ~ 2 2  t i m e s )  l a r g e r  
t h a n  t ha t  f o r  Nth  one.  T h u s ,  if we a s s u m e  tha t  
the  t h r e e - b o d y  g r o u n d  s t a t e  a p p e a r s  at  a ~ t o ,  
the  f i r s t  e x c i t e d  l e v e l  f r o m  t h i s  0 + - s e r i e s  wi l l  

563 

2

1(r12, r3,12) $ (R,↵3, r̂12, r̂3,12)

3

r12

r3,12

hyperangular variables Ω
(dimensionless)

hyperradius

- infinitely many bound states
- discrete scale invariance --> limit cycle

P.F. Bedaque, H.-W. Hammer, U. van Kolck, Phys. Rev. Lett. 82, 463-437 (1999) 

For r0/a -> 0, system is scale invariant.
V (R,⌦) / 1

R2

1/a

�|E|1/2
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Experimental realization
Experimental realization by ultracold cesium atoms

Introduction: universal few-body physics

T. Kraemer et al., Nature 440, 315 (2006)

- tuning a by magnetic field (Feshbach resonance)

Universal theory <==> data (three-body recombination rate)

large |aP| !
rVP (r)

VQ(r)
B
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Hadrons with a large scattering length
Hadron systems (r0 ~ 1 fm) with a large scattering length 

These are the examples of accidental fine tuning.
Is there a “Feshbach resonance”?

Introduction: universal few-body physics

=> 3H

- nucleon system

p+n
d

2.2 MeV apn ~ -22 fm (1S0)
      ~ 5 fm (3S1)

V. Efimov, Phys. Lett. B 33, 563-564 (1970)
E. Braaten, H.-W. Hammer, Phys. Rev. Lett. 91, 102002 (2003)

- charmed meson system (D~cū, cd)̄
E. Braaten, M. Kusunoki, Phys. Rev. D 69, 074005 (2004)

X(3872)
D0+D̅0*0.1-0.5 

MeV?
aD0D̅0* ~ 6-14 fm

=> not bound

p n

n

D0 D0

D̅º*
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Introduction to pion
Yukawa: pion mediates the nuclear force

Tuning pion interaction

H. Yukawa, Proc. Phys. Math. Soc. Jap. 17, 48-57 (1935)

Nambu: spontaneous breaking of chiral symmetry
Y. Nambu, G. Jona-Lasinio, Phys. Rev. 124, 246-254 (1961)

- pseudoscalar particle

- lightest hadron (~ 140 MeV)
- isospin I=1
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Pion interaction
Interaction <- chiral low energy theorem

Tuning pion interaction

The scattering lengths are proportional to
- 1/fπ2 ~ spontaneous breaking of chiral symmetry
- mπ ~ explicit breaking of chiral symmetry

- S-wave ππ scattering length
S. Weinberg, Phys. Rev. Lett. 17, 616-621 (1966)

aI=0 / �7

4

m⇡

f2
⇡

, aI=2 / 1

2

m⇡

f2
⇡

repulsiveattractive

In nature, the scattering lengths are small:
- aI=0 ~ -0.31 fm, aI=2 ~ 0.06 fm / QCD scale ~ 1 fm

<-- explicit symmetry breaking is small.
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Tuning pion interaction
If we can adjust mπ or fπ, |a| increases by mπ ⤴ or fπ ⤵

Tuning pion interaction

aI=0 / �7

4

m⇡

f2
⇡

, aI=2 / 1

2

m⇡

f2
⇡

Can |a| be extremely large?

- low energy theorem ~ Born approximation
- sufficient attraction --> bound state in I=0 --> diverging |a|

σ meson: resonance in ππ scattering

- experimentally established
- chiral partner of π

- scalar particle
- isospin I=0 σ

ππ(I=0)
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Increase pion mass

2mπ

Lattice QCD and chiral effective field theory (EFT)

Tuning pion interaction

T. Kunihiro et al. (SCALAR Collaboration), Rev. Rev. D70, 034504 (2004)
C. Hanhart, J.R. Pelaez, G. Rios, Phys. Rev. Lett. 100, 152001 (2008) 

physicalheavy pion

mσ

large |a| !

σ pole

bound σ
resonance σ

mπ ⤴

==> Numerical experiment (lattice QCD)!
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Decrease pion decay constant
Chiral symmetry restoration ~ reduction of fπ

==> Real experiment (in-medium symmetry restoration) !

Tuning pion interaction

physical

mσ > 2mπ

restoration

mσ = mπ < 2mπ

large |a| !

mσ = 2mπ

T. Hyodo, D. Jido, T. Kunihiro, Nucl. Phys. A848, 341-365 (2010)

fπ ⤵
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Isospin symmetric three pions
Large scattering length: zero range theory (I=0 interaction)

Three-pion physics

- two-body amplitude: I=0 and I=2
it0(p) =

8⇡

m

i

1
a �

q
p2

4 �mp0 � i0+
, it2(p) = 0

S-wave three-pion system in total I=1
✓
|⇡ ⌦ [⇡ ⌦ ⇡]I=0 iI=1

|⇡ ⌦ [⇡ ⌦ ⇡]I=2 iI=1

◆
=

✓
1/3

p
5/3p

5/3 1/6

◆✓
| [⇡ ⌦ ⇡]I=0 ⌦ ⇡ iI=1

| [⇡ ⌦ ⇡]I=2 ⌦ ⇡ iI=1

◆

I = 0

I = 0

=
1

3

L =
X

i=1,2,3

�†
i

✓
i@t +

r2

2m

◆
�i + v

������

X

i=1,2,3

�i�i

������

2

I = 0

" #
I = 0

coupled-channel effect

= + + . . .
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Isospin symmetric three pions

Eigenvalue equation (eigenvalue B3 for eigenfunction z(|p|))

z(|p|) = 2

3⇡

Z 1

0
d|q| |q||p| ln

✓
q2 + p2 + |q||p|+mB3

q2 + p2 � |q||p|+mB3

◆
z(|q|)q

3
4q

2 +mB3 � 1
a

Factor 1/3 difference from the identical boson case

Three-body scattering equation

Three-pion physics

E � k

k E � p

p

iT =

E � k

k E � p

p

E � k � p +

E � k

k

E � q � p

p

E � p

E � q

q

iT

iT (E; k, p) = iG(P � k � p)�
Z

q
T (E; k, q)tK(P � q)G(q)G(P � q � p)

Eigenstate: homogeneous equation with pole condition

T on(E; |k|, |p|) ! z⇤(|k|)z(|p|)
E +B

3
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Spectrum in the isospin symmetric limit
Result: one universal three-pion bound state

B3 =

1.04391

ma2
for 1/a > 0

No resonance for all a
<-- interchange of Riemann sheet = sign flip of a

B3 ! B3e
i✓ , 1

a
! 1

a
e�i✓/2

Resonances?
- phase rotation of binding energy = phase rotation of a

c.f. B2 =
1

ma2

Negative a: virtual state

<-- rotation of B3 by 2π = sign flip of a
J.R. Taylor, “Scattering theory: the quantum theory on nonrelativistic collisions” (1972)

Three-pion physics

-1.0

-0.5

E

-1.0 -0.5 0.5 1.0

1/a

 -B2
 -B3
 -V2
 -V3

0

-1.0

-0.5

E

-1.0 -0.5 0.5 1.0

1/a

 -B2
 -B3

0
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With isospin breaking
In nature, mπ± = mπ0 + Δ with Δ > 0
- In the energy region E ≪ Δ, heavy π± can be neglected.

cutoff ~ 1/r0

Identical three-boson system with a large scattering length
--> Efimov effect

z(|p|) = 2

⇡

Z 1

0
d|q| |q||p| ln

✓
q2 + p2 + |q||p|+mB3

q2 + p2 � |q||p|+mB3

◆

⇥ z(|q|)q
3
4q

2 +mB3 � 1
a

f⇤(|q|)

Universal physics at E ≪ (2mΛ)1/2 
<-- Efimov parameter κ*

Three-pion physics

2

1

-1

-2

E'

2-2 1/a'
0

 -B2
 -B3
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Efimov resonances
Resonance solution is now possible.

-12

-10

-8

-6

-4

-2

0

Im
 [m

E/
g *

2 ]

-12 -8 -4 0
Re [mE/g*

2]

- phase rotation of binding energy = phase rotation of a
  and Λ + proper treatment of singularity in fΛ(|q|)

B3 ! B3e
i✓ , 1

a
! 1

a
e�i✓/2 and ⇤ ! ⇤e�i✓/2

Efimov bound state --> resonance

Three-pion physics

2

1

-1

-2

E'

2-2 1/a'
0

 -B2
 -B3
 Re R3
 - Im R3

2

1

-1

-2

E'

2-2 1/a'
0

 -B2
 -B3
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Coupled-channel effect
Two universal phenomena : existence of the coupled channel

Three-pion physics

-1.0

-0.5

E

-1.0 -0.5 0.5 1.0

1/a

 -B2
 -B3
 -V2
 -V3

0

2

1

-1

-2

E'

2-2 1/a'
0

 -B2
 -B3
 Re R3
 - Im R3

λ < 2.41480 2.41480 < λ < 3.66811 3.66811 < λ

discrete scale 
invariance

scale invariance

no universal 
bound state

Both can be realized in three-pion systems.

z(|p|) = 2

⇡

Z 1

0
d|q| |q||p| ln

✓
q2 + p2 + |q||p|+mB3

q2 + p2 � |q||p|+mB3

◆
z(|q|)q

3
4q

2 +mB3 � 1
a

�

D0 D0

D̅º*

λ = 4
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Interpolation by model
A model with finite mass difference Δ = m± - m0

L =
X

i=0,±
⇡†
i

✓
i@t +

r2

2mi
�mi

◆
⇡i +

g

4

⇡†
0⇡

†
0 � 2⇡†

+⇡
†
�p

3

⇡0⇡0 � 2⇡�⇡+p
3

Lowest Efimov level --> universal bound state

universal 
(isospin 
symmetry)

universal 
(isospin 
breaking)

- E ≪ Δ : Efimov states, (Λ ≫) E ≫ Δ : single bound state
- cutoff for the Efimov effect is introduced by Δ.

Three-pion physics

-1.5

-1.0

-0.5

E

0.80.60.40.2-0.2-0.4

1/a

 -B2
 -B3

0

Efimov
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Implication in hadron physics
Two-body ππ bound state (σ) --> at least one bound state in 
three-body channel with I=1 and J=0 channel: π*

When the σ softens, π* also softens simultaneously.
- caveats for the σ softening in practice: final state 
interaction, mixing with quark number fluctuation, ...

-1.0

-0.5

mE |mE|3

-1.0 -0.5 0.5 1.0

1/(a|a|3)

 B2
 B3

0

-2

-1

1

2

sgn(E)|mE/g*
2|1/4

-2 -1 1

sgn(a)|1/ag*|
1/4

0

 B2
 B3

Remnant of universal bound state : π*(1300)
M = 1300 ± 100 MeV, Γ = 200-600 MeV, 
Γ(π(ππ)s-wave)/Γ(πρ) ~ 2.2

Realization and consequences
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Large ππ scattering length (I=0) can be 
obtained by mπ ⤴ or fπ ⤵.

Universal phenomena with large a:

Consequence in hadron physics: 

Universal physics of three pions

Summary

T. Hyodo, T. Hatsuda, Y. Nishida, arXiv:1311.6289 [hep-ph]

Summary

- single bound state (isospin symmetry)
- Efimov states (isospin breaking)

- realization in lattice QCD
- simultaneous softening of σ and π*


