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Scattering length
Scattering length: amplitude at threshold
- characterizes the low energy scattering
- changes the sign if there is a bound state

Introduction

(In hadron physics we usually adopt the opposite sign
--> positive for attraction, negative for repulsion)

J.J. Sakurai, Modern Quantum Mechanics, p. 415
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Importance of the πΣ scattering length

Simple model extrapolation with KN(I=0) being fixed
 --> large uncertainty at low energy

Y. Ikeda, T. Hyodo, D. Jido, H. Kamano, T. Sato, K. Yazaki, arXiv:1101.5190 [nucl-th]
Structure of Λ(1405) and threshold behavior of πΣ scattering

- πΣ threshold behavior
  --> pole structure
  --> K (Λ*) nuclei

Introduction

10 Y. Ikeda, T. Hyodo, D. Jido, H. Kamano, T. Sato and K. Yazaki

Table I. Summary of numerical results. The model parameters are determined so as to reproduce
a value of the K̄N scattering length with I = 0, aK̄N = −1.70 + 0.68i fm. In each model, pole
1 is found as a resonance located between the πΣ and K̄N threshold. For pole 2, (R), (B) and
(V) denote resonance, bound state and virtual state in the πΣ channel, respectively.

Model A1 A2 B E-dep B E-indep
parameter (πΣ) dπΣ = −1.67 dπΣ = −2.85 ΛπΣ = 1005 MeV ΛπΣ = 1465 MeV
parameter (K̄N) dK̄N = −1.79 dK̄N = −2.05 ΛK̄N = 1188 MeV ΛK̄N = 1086 MeV
pole 1 [MeV] 1422 − 16i 1425− 11i 1422 − 22i 1423 − 29i
pole 2 [MeV] 1375 − 72i (R) 1321 (B) 1349 − 54i (R) 1325 (V)
aπΣ [fm] 0.934 −2.30 1.44 5.50
re [fm] 5.02 5.89 3.96 0.458
aK̄N [fm] (input) −1.70 + 0.68i −1.70 + 0.68i −1.70 + 0.68i −1.70 + 0.68i

have considered two kinds of models with different ways to solve the Lippmann-
Schwinger equation. They are constrained by the K̄N scattering length, in order
to see how these inputs constrain the πΣ threshold behavior and the Λ(1405) pole
positions. The results are summarized in Table I.

First of all, we find that the K̄N scattering length constrains the position of
the pole near the K̄N threshold, which we call the (higher) Λ(1405) pole, well
around 1420 − 20i MeV in all of our models. Thus, the value of the K̄N scattering
length with I = 0 can be one of the important quantities to fix the pole position
of Λ(1405) which strongly couples to the K̄N channel. On the other hand, the πΣ
scattering length and effective range are obtained with very different values. This
is a consequence of different predictions of the lower pole positions. This means
that the K̄N scattering length alone cannot constrain the scattering amplitude at
far below threshold. In contrast, the πΣ scattering length and effective range are
sensitive to the lower pole position, which will give important constraints on the
subthreshold extrapolation of the K̄N amplitude. In models A1 and B E-dep we use
essentially the same interaction kernel but take different off-shell dependence. The
results are qualitatively the same but there are quantitative differences in the πΣ
threshold parameters. Thus, we find that the πΣ threshold quantities can be useful
also to constrain the off-shell dependence of the interaction kernel.

In the model A2 and the model B with energy independent potential, the πΣ
interaction is so strong that they give a bound state and a virtual state, respectively.
In both cases, the πΣ attraction is effectively enhanced by the cutoff parameter.
Though the presence of such a bound or virtual state is in contradiction with the
result of the more refined calculations with the chiral unitary approaches, which
take account of the K̄−p scattering data, it is important to clarify the position of
the lower Λ(1405) pole by experimental observation. This can be done by observing
the sign and order of magnitude of the πΣ scattering length. If the πΣ scattering
length in the I = 0 channel would have a negative value, there could be a bound
state of π and Σ with I = 0. If the scattering length is positive with as large a value
as 5 fm, there is a virtual state below and close to the πΣ threshold. This also shows
the relevance of the πΣ threshold behavior for the subthreshold extrapolation of the
K̄N amplitude.
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Determination of the scattering length
Extraction of hadron scattering length
- shift and width of atomic state (c.f. Kaonic hydrogen)
- extrapolation of low energy phase shift
- final state interaction from heavy particleʼs decay 

isospin violation 
+ threshold cusp 
+ amplitude interference
--> extraction of aI=0 - aI=2

Cabibboʼs method for π-π scattering length
N. Cabibbo, Phys. Rev. Lett. 93, 121801 (2004)

aI=0 - aI=2

ππ scattering case
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Decay process and loop function
Decay diagrams for Λc --> π πl Σl process

Threshold cusp

Figure 1: Decay diagrams for the Λc → π(πΣ)l process. (a): direct decay, (b): decay through
(πΣ)h state. Filled blobs denote the weak process of Λc → ππΣ and the open blob represents the
scattering amplitude of (πΣ)h → (πΣ)l process.

system W , the loop function G(W ) is written in the spectral representation as

G(W ) =
1

2π

∫ ∞

Wth

dW ′ ρ(W ′)

W − W ′ + iε
+ (subtractions) (3)

where the threshold energy is Wth = Mh + mh and the phase space factor ρ(W ) is given by

ρ(W ) =2Mh
q(W )

4πW
(4)

with the three-momentum function

q(W ) =

√
[W 2 − (Mh − mh)2][W 2 − (Mh + mh)2]

2W
. (5)

The real part of the loop function G(W ) depends on the subtractions, but the imaginary part can
be determined only by the phase space function

Im G(W ) = − Mh

4πW
q(W )Θ(W − Wth) (6)

with the step function Θ(x). This means that the imaginary part of the amplitude suddenly
appears at threshold.

If there are only two diagrams shown in Fig. 1, we can decompose the Λc → π(πΣ)l amplitude
into two parts:

M(W ) =M0(W ) + iM1(W )q(W ) for W > Wth (7)

with M0(W ) and M1(W ) being real functions of W which is analytic at the threshold Wth
1. The

amplitude (7) satisfies the condition (6), because the (πΣ)h loop is the only source of the imaginary
part in this process. Physically, the amplitude of the direct process (a) and the real part of the
indirect process (b) are included in M0, and the amplitude corresponding to the imaginary part of
the indirect process (b) is included in iM1q(W ). The function q(W ) can be analytically continued
to W < Wth where it becomes pure imaginary. For later convenience, we define the dimensionless
quantity

δ ≡
√

[W 2 − (Mh − mh)2][(Mh + mh)2 − W 2]

2mhW
=

iq(W )

mh
(8)

1Considering the other contributions, M0 and M1 would be complex amplitudes. Indeed, we will see that
the M1 amplitude has small imaginary part due to the final state interaction. However, since we discuss the
nonanalyticity of W around the threshold Wth, the following argument should hold as far as the imaginary part is
small, Re M0 $ Im M0 and Re M1 $ Im M1.

3

Spectral representation of the loop function
G(W ) =

1

2π

� ∞

Wth

dW � ρ(W �)

W −W � + i�
+ (subtractions) ρ(W ) =2Mh

q(W )

4πW

ρ: phase space, q: three-momentum

Imaginary part of the loop function (on-shell part):
Im G(W ) =− ρ(W )

2
Θ(W −Wth)

amplitude (a) : real
amplitude (b) : real (W < Wth), complex (W > Wth)

scattering length
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Threshold cusp in the spectrum
Real and imaginary part of the amplitude:

on-shell part

--> threshold cusp
It is purely kinematical effect. General phenomena.
M1 amplitude: proportional to the scattering length

Threshold cusp

M(Λc → ππlΣl) =M0(W ) +M1(W )mhδ

δ ~ velocity, vanish at threshold

The πl Σl invariant mass spectrum

|M|2 =

�
(M0)2 − (M1mh)2|δ|2 for W > Wth

(M0)2 + 2M0M1mhδ + (M1mh)2δ2 for W < Wth

- Spectrum is continuous (δ vanishes at threshold)
- Derivative of the spectrum is discontinuous

d|M|2

dW

����
W→Wth−0

− d|M|2

dW

����
W→Wth+0

∝ 2M0M1mh
dδ

dW

W

|M
|2
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Expansion of the decay spectrum --> scattering length
Determination of πΣ scattering length

|M|
2 =






A+B|δ|+ C|δ|2 +O(|δ|3) for W > Wth

A� +B�δ + C �δ2 +O(δ3) for W < Wth

|a| = |B�|
2mh

√
A|Mh(0)

0 |
,

a

|a| =
M (0)

0

|M (0)
0 |

· Mh(0)
0

|Mh(0)
0 |

· B�

|B�|
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Similar approach to πΣ spectrum in Λc -> π (πΣ)
Determination of πΣ scattering length

Σ+(~uus) < Σ0(~uds) < Σ-(~dds)
--> complicated spectrum
To utilize threshold cusp, appreciable mass difference 
between (πΣ)h and (πΣ)l is necessary.

π+Σ− → π−Σ+, π+Σ− → π0Σ0, π+Σ0 → π0Σ+,

Q=0 Q=+1
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Three decay channels
Determination of πΣ scattering length

A lot of Λc in B decay (Belle, Babar) --> feasible?
Structure around the cusp in (πΣ)l + spectrum in (πΣ)h
--> extraction of the scattering length

�π−Σ+ |T |π+Σ− �
��
threshold

=
1

3
a0 − 1

2
a1 +

1

6
a2 ≡ a−+

�π0Σ0 |T |π+Σ− �
��
threshold

=
1

3
a0 − 1

3
a2 ≡ a00

�π0Σ+ |T |π+Σ0 �
��
threshold

=− 1

2
a1 +

1

2
a2 ≡ a0+

where aI is the scattering length in isospin I channel5. Note however that these relation is exact
only in the isospin limit. Although we have three equations, they are not linearly independent
and we have a relation

a−+ − a00 =a0+ (39)

Therefore, in order to determine all three aIs, we need one additional input, such as chiral per-
turbation theory of the lattice QCD determination [20].

Let us look at the decay mode of Λc which leads to these rescattering amplitudes, and check
the branching ratios. Since the charge of the Λc is Q = +1, the possible decay modes are

a−+ :Λc → π+(π+Σ−) → π+(π−Σ+) (40)

a00 :Λc → π+(π+Σ−) → π+(π0Σ0) (41)

a0+ :Λc → π0(π+Σ0) → π0(π0Σ+) (42)

For later convenience, we refer to these modes as the extracted scattering lengths, i.e., Λc →
π+(π+Σ−) → π+(π−Σ+) is called mode a−+. The experimental data [19] of the branching ratios
Γi/Γ for these channels are summarized in Table 1. The mass spectrum is extracted from the
Λc → π(πΣ)l mode, while the Λc → π(πΣ)h mode will help the parametrization of the Mh(0)

amplitude. In most channels, decay modes are experimentally observed with the branching ratio
of the order of several %. If the precise measurement of the πΣ spectrum around the threshold
is performed, it would be feasible to extract the scattering length by the method explained in
Section 2.3, especially for the a−+ and a00 scattering lengths.

Table 1: Decay branching ratios Γi/Γ from PDG [19].

mode Λc → π(πΣ)h Λc → π(πΣ)l

a−+ 1.7 ± 0.5 % 3.6 ± 1.0 %
a00 1.7 ± 0.5 % 1.8 ± 0.8 %
a0+ 1.8 ± 0.8 % not known

3.2 Possible contamination

In this section we consider the possible contamination process of the argument above. First, the
rescattering of the other combination of the final states will occur, as shown in Fig. 3. In the
process (a) the pions are rescattered, while in the process (b), the Σ is rescattered by the “wrong”
pion which is not used to form the mass spectrum.

In order to estimate the effect from these contaminations, we check the kinematics of the decay.
In Fig. 4, we show the Dalitz plot of the Λc → π1π2Σ decay (Left: M2

π1π2
vs M2

π2Σ. Right: M2
π1Σ

vs M2
π2Σ). Since we are looking at the π2Σ threshold energy region, the relevant kinematic region

is the left edge of the Dalitz plot in these figures. For reference, we put vertical dashed lines at
the energy (MΣ + mπ + 20 MeV)2.

5In principle, a1 can be complex, since the πΛ channel lies at lower energy in the I = 1 channel. However, the
transition πΣ(I = 1) → πΛ vanishes at the leading order in chiral perturbation theory. In the following we assume
the imaginary part is negligible.
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Three unknown scattering lengths, two constraints

I=2 scattering length: lattice QCD --> Y. Ikeda et al
a−+ − a00 = a0+

possible decay modes
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Summary

πΣ scattering length is important for 
low energy KN-πΣ amplitude.                              
--> K nuclei and Λ(1405) physics

Threshold cusp in Λc --> ππΣ decay is             
related with the πΣ scattering length.
3 isospin states v.s. 2 decay modes: 
Lattice QCD can help to complete.

πΣ scattering length from Λc decay 

Summary

Y. Ikeda, HAL QCD collaboration, work in progress

Y. Ikeda, T. Hyodo, D. Jido, H. Kamano, T. Sato, K. Yazaki, arXiv:1101.5190, 
to appear in Prog. Theor. Phys.

T. Hyodo, M. Oka, work in progress


