
GMA.doc by Shigeru Wakita - 1 - 22/11/02 21:05

 I   

 
 
 

(
)

A. 

  ( )
 ( ),  ( ),  ( ), ( ( )),  ( ( )),  (

),  ( ),  ( ),  ( ),  ( ), ( ( )), (
( )),  ( ),  ( ),  ( ),  ( ),  ( ), ( )

 
a(n) n a(n+1)=ra(n), a(1)=a

r a 1

(i) n : a r a(n) n a(n)
a(n)=arn 1 n S(n)

                                                       
1 0,1,2

S(n)=a ar ar2+ + arn 1

S(n) r rS(n) S(n) S(n) rS(n)
(1 r)S(n)=a(1 rn) r 1  

S(n)=a(1 rn)/(1 r)
r=1 S(n)=an

(ii) : (i) (a(n)) S |r|<1
S (i) n

rn |r|<1 n 0

S = a ar ………+arn-1+………= a

r1

 
100 1

110 110
100 1 110

P (100 ) r(1 )
A ( 110 ) P(1 r)=A P

= A
r1

  [ ]: 
A P A

r (0<r<1) A/(1+r)
1/(1+r)

2

                                                       
2 1



GMA.doc by Shigeru Wakita - 2 - 22/11/02 21:05

P= A
r1 21

A
r 31

A
r

...... = 1
11 1

1

A
r

r

= A
r

 

ax2+bx+c=0,(a,b,c ) x
b b ac

a

2 4

2

x2+(b/a)x+c/a =0,
(x+(b/2a))2 (b/2a))2 c/a

 : 
x y (x+y)/2 xy ( x=y )

A-1  x y (x+y)/2 xy

 ( )

Y L1 K

 
(mapping, map) 2

f : X  Y
X x X Y ( ) f(x) Y

x y
(dependent variable)

 U X  Rn R
U: X  R

2 X  R2 n n
1

 f k k
R k R x  R k

f(x)  R f: R k  R

 
 (set)A (element)x ( )x A, (x A)

 (Proposition)
 x (x): (x) x  (All )
 x (x): (x) x  (Every )
 >0,  : 0 (>0)

 R :  ( )
 R : { x R |x 0} 
 R : { x R |x>0} 
 Rn : n ( )  (Vector (Linear) Space)

n (n R R  R   R)
 N : 
 Q : 
 C : 



GMA.doc by Shigeru Wakita - 3 - 22/11/02 21:05

B. 

 ?

(Marginal 1 )

( ) 2 3

[ ] 

[ ] 10
( ) 10

x

0
lim
x

f f x
x

 
x, a I x a a

f(x) b x a f(x) b
lim
x a

f(x)=b b f(a) f (x) x a

f I 1 x a

lim
x a

f (x)=f(a)

3

                                                       
3 

  1/2n n 2n

1/2n lim 1/2 0n
n

 
: I x=a

( ) ( )lim
x a

f x f a
x a

a

h=x a lim
( ) ( )

h

f a h f a

h0

f’(a)

: 

f’(a)
f I x x

f f’(x) f
df

dx
f

dy

dx
, ,  ( y=f(x))

x (x a) y (f(x) f(a))

 e

, 1lim 1
n

n
e

n
( 2.7128)

e ex ( exp(x)) )

ex e

                                                                                                                                         
- - (1981)

x

f(x)

1 



GMA.doc by Shigeru Wakita - 4 - 22/11/02 21:05

ax d a
dx

a a
h

x

h

x h x( ) lim
0

a a
h

x h x a a
h

x h( )1 a
h

h 1 1

ax lim
h

x h xa a
h0

a
a

h
x

h

h

lim
0

1

a
h

h 1 1 a a=(1+h)1/h

lim( ) /

h

hh
0

11 e n 1/h

 

B-1  y=exp(ax)
dy dx

y
/ x y y exp(ax)

 

[1: ]   f(x)=xn (n ) f’(x)=nxn-1    =  LaK1 a

     
[2: ]   f(x)=logx f’(x)=1/x      
[3: ]   f(x)=ex f ’(x)=ex         
[4]   f(x)=logax f’(x)=1/(xloga)
[5]   f(x)=ax f ’(x)=axloga

( )

 1 ]: x f(x)

x=a f  ’(a)
f(x)=3x2 f'(x)=6x

x=50 f(50)=300

 2 ]: x=D(P)(P: x:

)
dx x
dP P

/
/

x=20 2P x=10
1

B-2  x=P 
B-3  

Y L1 K (WL/Y)

 
(1)  f(x)=f1(x)+f2(x) f‘(x)=f1’(x)+f2’(x)
(2)  f(x)=fl(x) f2(x) f‘(x)=f1’(x) f2’(x)
(3)  f(x)=fl(x)f2(x) f‘(x)=f1’(x) f2(x)+f1(x) f2’(x)

(4)  f(x)= f x
f x

1

2

( )
( )

f‘(x)= f x f x f x f x
f x

1 2 1 2

2

( ) ( ) ( ) ( )
( ( ))2

(5)  y=f(x), z=g(y) dz

dx
g f x f x( ( )) ( )

 
f(x)

f(x) f(x0)+f’(x0)(x x0)

 lim
( ) ( )

x x

f x f x
x x0

0

0

x  x0

f(x0)

f'(x)

  x

f(x) f'(x0)

0 0 0( ) ( ) ( )( )f x f x f x x x



GMA.doc by Shigeru Wakita - 5 - 22/11/02 21:05

x,y

f(y)=f(x)+Df(x)(y x)+(1/2) (y x)2D2f(w)

w x y

e

ex =1
2 3 4 5

2 3 4 5x x x x
! ! ! !

.......

 
( )

log(x)  log(y)  (x y)/y
log(xt+1)  log(xt)  (xt+1 xt)/xt

 e ( ) logex ln x

B-4  log(x)  log(y)  (x y)/y



GMA.doc by Shigeru Wakita - 6 - 22/11/02 21:05

C. 

 

III-1 f(x)
f(x)

f’(x)=0 x0

f’(x) x x
( ) f(x) ( )

f’(x)=0
f(x) x0

f’(x)=0
x f’(x)=0

 

III-2 (Pf(L)) WL

(Pf(L) WL)
L

 
f(x) f’(x)

f’’(x)
f’(x) x

f’’(x) f’(x)
III-1 f’(x)=0

x0 x
x0

III-3
x0

x0

f ’(x)=0
f ’’(x) 0

(  x f’’(x) 0
)

D. 

 
1

u(c1,c2) f(x,y)
x y

1

f(x
)

x

f '(x0)=0

f(x
)

x

f(x
)

x

III-1           

WL

Pf(L)

Pf '(L)

L

Pf(L) -WL

L
L*

III-2: 

  x0

f''(x0)

f'(x)

III-3  f’(x)



GMA.doc by Shigeru Wakita - 7 - 22/11/02 21:05

x y f
x

x

y x

 1 [ ] : u(x1, x2)= x1
1/2x2

1/2

1 x1  
1/2

2

1 1

1
2

xu
x x

2 x2

1/2
1

2 2

1
2

xu
x x

 2 [ ]:

2 Pf(L,K)

y=L1/2K1/4

L  y
L (1/2) L 1/2K1/4

K  y
K (1/4) L1/2K 3/4

(Pf(L,K) WL rK) L K

P y
L W 0,   P y

K r 0

L K
2 2 (L* P4/(32rW3),

K* P4/(64r2W2))
B-5  III-2 3
B-6  y=L3/4K1/4

L/y, K/y

                                                       
4 R2 G 2 f

y=f(xl,x2)( (x1,x2)  G y R )

 
2 f y=f(xl,x2) x1 x2 1 a=(a1,a2) x=(x1,x2)

|| || ( ) ( )x a x a x a1 1
2

2 2
2 (1)

4

x a ( x a 0) x a
x a 0 f(x1,x2)  f(a1,a2)=0 (2)

f a=(a1,a2)
: R2 G y=f(x1,x2) G a=(al,a2)

lim
( , ) ( , )

h

f a h a f a a

h0

1 2 1 2 a f

x1
f
x a

1
( )

f
x a

f a h a f a a

hh1 0

1 2 1 2( ) lim
( , ) ( , )

a f x2
f

x a
2

( )

: a=(a1,a2) G f(x1,x2) G
f
x a

1
( ) , f

x a
2

( ) x=(x1,x2)

f G f
x1

f
x2

: y=f(xl,x2) R2 G
h=(hl,h2,),a=(a1,a2) y=f(x1,x2) x=a (

)  h 0
g h( )

0 f(a+h)  f(a)  f(a1+h1,a2+h2) f(a1,a2)

= f
x a h f

x a h
1 2

( ) + ( )1 2
g(h)=g(h1,h2):R2 R

h=(h1,h2) dx=(dx1,dx2)

a dy f
x a dx f

x a dx= +1 2
1 2

( ) ( )

y=f(x1,x2) G

dy f
x dx f

x dx= +1 2
1 2



GMA.doc by Shigeru Wakita - 8 - 22/11/02 21:05

 
1

 1: [ ] u(c1,c2)

 c1
1

u
c

 1 2
1 2

= +u udu dc dcc c u (du=0)

2

1 21

/
u udc
c cdc

c1 c2

2

1 21

/
u udc
c cdc

1

2

P
P

1 2
1 2

u uP Pc c 1

 2: [ ]: 
x1 x2 y=f(x1,x2)

dy f
x dx f

x dx= +1 2
1 2

(dy=0)

dy f
x dx f

x dx= 0 = +1 2
1 2

dx
dx

f
x

y
x

2

1 1 2
/

=

 
x2 y2 xy 0

y  

 x2 y2 xy 0 dy
dx

(2x y)dx (2y x)dy 0

dy
dx

2
2

x y
y x

 

f(x) 2
f(2x) 2f(x)

f(tx)=tkf(x)
k

0 1
f(x)

kf(x)= 
1

f
x

x1+ +
n

f
x

xn

(k 1) W

r f
L

W, f
L

r

f(L,K)

f(L,K)= f fL K
L K

 = WL rK

* 



GMA.doc by Shigeru Wakita - 9 - 22/11/02 21:05

F( K, L)  F(K,L)
1 1

  1 F(K,L)

B-7  y=L3/4K1/4

E. 

 

f
g

f+ g

0=g(x1,x2) y=f(x1,x2) 3
L(xl,x2, )

L(x1,x2, )=f(x1,x2)+ g(x1,x2)

3 (a )=(al,a2, )

L
x

f
x

g
x1 1 1

0 (1)

L
x

f
x

g
x2 2 2

0 (2)

L =g(x1,x2) = 0 (3)

L(xl,x2, )
( ) 5

  [ ]: 
Plxl+P2x2=I u =x1

ax2
1 a

g(x1,x2)=I Plxl P2x2=0

L(x1,x2, )=x1
ax2

1 a+ (I (P1x1+P2x2))

(1) L
x1

=ax1
a 1x2

1 a P1=0,

(2) L
x2

=(1 a)x1
ax2

a P2=0,

(3) L =I Plxl P2x2=0

3 (x1,x2, ) 3 (1)(2)

                                                       
5 



GMA.doc by Shigeru Wakita - 10 - 22/11/02 21:05

x2
1 1

2

1 a P x
a P

=0 (3)

x1=aM/Pl, x2= (1 a)M/P2

=

x1

x1 x1 (p1,p2, I)

B-8  u c1
2/4c2

1/4c3
1/4

 
a max f(x,a) a

x x(a) M(a) = f(x,x(a))

( ) ( , ) ( , ( )) ( , ( ))dM a f x a dx f x x a f x x a
x a adada

(4)

a x
x

 max f(x) s.t. y g(x) 0 L(y) f(x) (y g(x))
dL L
dy y

 

x 0 x=0
f‘(x)=0
(Corner Solution)

  (Concave Function)
f(ax1+(1 a)x2)>af(x1)+(1 a)f(x2)

 (Convex Function)
f(ax1+(1 a)x2)<af(x1)+(1 a)f(x2)

(1) (Divisibility)
(2) (Differentiability)
(3) (Convexity)

 

x* *
L(x, )=f(x)+ {b g(x)}

L
x f g( *) * ( *)x x 0 (5)

x

)

(x 0)



GMA.doc by Shigeru Wakita - 11 - 22/11/02 21:05

L b g(x*)  0 (6)

* * ( *)L b g x 0 (7)

* 0 (8)
x*

(6)
[b g(x*)] (7)

0 [b g(x*)] [ (b g(x*))]
0

(cusp) (degenerate)

 

(Constraint Qualification)

(Regularity Condition)

(saddle point) L x L x L x( , *) ( *, *) ( *, )



GMA.doc by Shigeru Wakita - 12 - 22/11/02 21:05

: 

1

1

(1) RA W

(2) RW W

(Constant

Relative Risk Aversion: CRRA)

u c
c

c
t

t

t

( )

log

1 1
1

1

1
(A)

 u’(c)=c

(Isoerastic Utility Function)

(Constant Absolute Risk Aversion:

CARA) (>0)
u c ct t( ) exp( )1 , >0, RA= (B)

1 e0=1

0

( )

(Precautionary Saving)

CARA

(Harmonic Mean)
1

1 1 1 1
1

1 1

1 2 3 1
x x x x n xn ii

n
...... ( )

( )

( ) ( )

u c y by b R
b
byt A( ) , ,2 0

2
1 2

(C)



GMA.doc by Shigeru Wakita - 13 - 22/11/02 21:05

II  

(a) 
(b) 

(c) 

[A] 
[B] 

2 2 2

 
x1,x2

 (x1,x2)

 1

2

x
x

* 
a (a1, a2) b (b1, b2) a b (a1 b1, a2 b2)

( , ) 2

a11,a12,a21,a22
11 12

21 22

a a
a a

2 2 (Matrix) ( 1 ( ) )

y1=a11x1+a12x2, y2=a21x1+a22x2

1

2

y
Y

y
, 11 12

21 22

a a
A

a a
, 1

2

x
X

x

Y=AX

 

(1) : 11 12

21 22

a a
a a

11 12

21 22

b b
b b

= 11 11 12 12

21 21 22 22

a b a b
a b a b

 

(2) : AB= 11 12

21 22

a a
a a

11 12

21 22

b b
b b

= 11 11 12 21 11 12 12 22

21 11 22 21 21 12 22 22

a b a b a b a b
a b a b a b a b

 AB BA 6 

                                                       
6 A m×n B n×m n m AB BA

a

a

ba+bb

x

y



GMA.doc by Shigeru Wakita - 14 - 22/11/02 21:05

(3) (2) : 11 12

21 22

a a
a a

11

21

b
b

= 11 11 12 12

21 11 22 21

a b a b
a b a b

(4) : 11 12 11 12

21 22 21 22

a a ba ba
b

a a ba ba

  

 

2 2 A= 11 12

21 22

a a
a a

(Determinant) det A det

A=a11a22 al2a21

 1
 ( ) (Determine)

2

(1) 2 2 A= 11 12

21 22

a a
a a

 (a11,a12) (a21,a22)

1
(2) c1=a11x1+a12x2,c2=a21x1+a22x2

x1= a c a c
a a a a

22 2 12 1

11 22 12 21

,x2= a c a c
a a a a

11 2 21 1

11 22 12 21

det A

( )

  11 12

11 12

a a
a a

 
1 ax c a x a 1c

I
1 0
0 1

2 2

A= 11 12

21 22

a a
a a

A 1 AA-1=A-lA=I

A det A=a11a22 al2a21 0 A 1

det A

A 1= 22 12 22 12

21 11 21 1111 22 l2 21

1 1
det

a a a a
a a a aA a a a a

: 1 2 i 1
j aij, j xi

ci

a11x
1
+a12x2+c1=x1

a21x1+a22x2+c2=x2

11 12

21 22

1
1

a a
a a

1

2

x
x

= 1

2

c
c

AX=C

C=(c1,c2)
xi A= A 1

AX=C A 1AX=A-1C det A=(1 all)(1
a22) al2a12 0 A A-1

(Leontief) 



GMA.doc by Shigeru Wakita - 15 - 22/11/02 21:05

 
2 2

(1) ( )

(2) 2 ( )
(3) 2 ( ) 0
(4) 2 ( ) 0
(5) i ( ) 2

2 2
(6) 1 ( )

A ( ) 1 0
0 A ( ) 1

0=x1+2x2 0=2x1+4x2 (1,2) (2,4)
1

(det A det A-1)

 
A n×n x ( 1

) n
Ax= x

 A (Characteristic Value Eigenvalue)
 x A (Characteristic Vector Eigen Vector)

A
7

 
2 (x0, y0)

Ax= x
A

1 11 12
1

1 21 22

t t
t t

t t

x a a x
X AX

y a a y

Xt+1 AXt= Xt xt+1 xt  yt+1 yt

 
Ax= x (A

I)x=0 x (A I) (Homogeneous)
x det(A I)=0

( ) A I
0 n

                                                       
7 

(ax0+by0, cx0+dy0)

x

y

(x0, y0)

(ax0+by0, cx0+dy0) (x0, y0)



GMA.doc by Shigeru Wakita - 16 - 22/11/02 21:05

det[A I] n (Characteristic
Polynomial) n n+b1

n 1+
+bn=0 (Characteristic
Equation)

 A  1, 2 n
x1,x2, xn

 2 2
2 2

det(A- I)= det 11 12

21 22

1 0
0 1

a a
a a

det 11 12
11 22 12 21

21 22
( )( )

a a
a a a a

a a
=0 (9)

2 ( ( ) )

2 (a11+a22)+a11a22 al2a21=0 (10)

(a11+a22) A (Trace) tr(A) a11a22
al2a21 A det(A)

1 2

2 4
,

( ) ( ) dettr tr
2

A A A (11)

  
x xa b
y yc d

2 (a d) ad bc 0

 0
0 ( A I

) (A I)x=0

11 12 1

21 22 2

0
0

a a x
a a x

  11 1 12 2

21 1 22 2

0( )
0( )

a x a x
a x a x

(12)

x2 ( 2 (a11+a22)+a11a22 al2a21)x1=0
x1 0

 

A 1, 2 2 1

1

x
y

2

2

x
y

Ax = x
11 12

21 22

a a
a a

1

1

x
y

= 1
1

1

x
y

11 12

21 22

a a
a a

2

2

x
y

= 2
2

2

x
y

11 12

21 22

a a
a a

1 2

1 2

x x
y y

= 1 2

1 2

x x
y y

1

2

0
0

1 2

1 2

x x
y y

X X-1

XAX-1= 1

2

0
0

(XAX-1) (XAX-1)  XAX-1XAX-1  XA2X-1



GMA.doc by Shigeru Wakita - 17 - 22/11/02 21:05

1

2

0
0

1

2

0
0

=
2

1
2

2

( ) 0

0 ( )

 
 

 
A’=A x’Ax x (Quadratic Form)

x x’Ax>0 x’Ax (Positive Definite)
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2

                                                       
16 (Farmer(1999, p.29) )
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det(A- I) det ( )( )
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c d
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