BOUNDED COHOMOLOGY AND VOLUME RIGIDITY OF
HYPERBOLIC 3-MANIFOLDS

TERUHIKO SOMA

ABSTRACT. We present a rigidity theorem for hyperbolic 3-manifolds M =
H3/T with a Kleinian surface group T' in terms of the fundamental class [wys]
in the bounded cohomology HE(M7 R). Under some conditions, we show that
a homeomorphism ¢ : M — M between hyperbolic 3-manifolds M, M’ are
bi-Lipschitz if the pseudo-norm ||[was] — ¢*([war/])|| in HE(M;R) is less than
the volume of a regular ideal simplex in the hyperbolic 3-space. We see that
the separation constant is best possible.

Let f : M — M’ be a proper degree-one map between oriented hyperbolic
3-manifolds of finite volume. Gromov and Thurston [Thl, Chapter 6] proved that
f is properly homotopic to an isometry if and only if Vol(M) = Vol(M'). In the
proof, they use the simplicial volume |[[M]]| of M, that is, the simplicial norm of the
fundamental homology class [M] of M. In this paper, we consider the case when
M is a hyperbolic 3-manifold M with the proper homotopy type equivalent to a
hyperbolic surface of finite area. Then, since the volume of M is infinite, we can
not use the volume as an invariant. So we use the fundamental class in bounded
cohomology instead of simplicial volume. The bounded cohomology Hy(X,R) is
a homotopy invariant of a topological space X introduced by Gromov [Gr]|, which
has the naturally defined pseudo-norm || - ||, see Section 3. When M is an oriented
hyperbolic 3-manifold, we consider the 3-cocycle wys : C3(M) — R such that,
for any singular 3-simplex o : A% — M, wys(o) is the oriented volume of the 3-
simplex straight(c) obtained by straightening o. It is a well know fact in hyperbolic
geometry that the supremum norm ||wys|| of wys is equal to the volume of a regular
ideal simplex v3 = 1.01494... in H3. So wjs represents the fundamental bounded
cohomology class [wyr] € Hp (M, R) of M with ||[w]|| < vs.

Throughout this paper, we denote by ¥ an oriented complete hyperbolic surface
of finite area. Possibly ¥ has parabolic cusps. We only consider the case that any
hyperbolic 3-manifolds M admits a proper homotopy equivalence ¢ : ¥ — M,
which is called a marking of M.

We prove the following theorem by using Connecting Lemma (Lemma 5.1) to-
gether with Ending Lamination Theorem [Mi, BCM].

Theorem A. Let M, M’ be hyperbolic 3-manifolds with markings ¢ : ¥ — M,
VX — M’ respectively. Suppose that either the (+) or (=)-end € of M with
respect to 1(X) is totally degenerate. If

(0.1) e (fwa]) = " ([war DI < vs
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holds in H3(X,R), then there exists a marking and orientation-preserving homeo-
morphism po : M — M' and a neighborhood E of £ such that po|lg : E — E' =
wo(E) is bi-Lipschitz. In particular, ¢ defines the bijection between the components
of Ecusp and those of Ef,,-

Here we say that the end £ is totally degenerate if any genuine sub-end of £ is
simply degenerate and set Eé{l)sp =EON Mc(fl)sp. A genuine end of M is an end of
M with respect to a maximal cusp of M, see Section 1 for the strict definition.

Theorem A says that the fundamental bounded cohomology class keeps the data
of the placement of parabolic cusps in a neighborhood of a totally degenerate end.
Thus the following corollary is obtained immediately from Theorem A together
with Sullivan’s Rigidity Theorem [Su].

Corollary B. Under the assumptions in Theorem A including (0.1), suppose more-
over that all genuine ends of M are simply degenerate. Then ¢ is properly homo-
topic to an isometry. In particular, o*([wn]) = /*(war]) in HP (X, R).

Now we consider the case when the data of the placement of parabolic cusps in
M is known in advance. Then ¢ define the bijection between the genuine ends & of
M and those of M’, where £ is possibly geometrically finite. Then, by reforming
Theorem A, we have the following result which asserts that the structure of M
is uniquely determined by the fundamental bounded cohomology class up to bi-
Lipschitz.

Theorem C. Let M be an oriented hyperbolic 3-manifold with a marking of X.
Suppose that there exists an orientation-preserving homeomorphism ¢ from M to
another hyperbolic 3-manifold M’ inducing a bijection between the components of
Meusp and those of M. If

(0.2) lwnr] = " ([war DIl < vs
holds in H}(M,R), then ¢ is properly homotopic to a bi-Lipschitz map.

Remark 0.1 (Best possibility of separation constant). We refer to Soma [So2,
Theorem A], Ohshika-Miyachi [OM, Section 6], Farre [Farl, Corollary 1.5] and
so on for precedent results relating to our theorems. In those papers, theorems
similar to ours are obtained in suitable settings and under certain conditions with
some separation constants as vz in (0.1) or (0.2). However, the practical values of
those constants are not presented there and they depend more or less on either the
geometric structure on M or the topological type of ¥. On the other hand, our
separation constant is not only concrete but also best possible. In fact, by [So3],
if at least one of genuine ends of M is simply degenerate, then |[[wa]|| = v3. In
contrast, if M’ has no simply degenerate ends, then [wy/] = 0 in HP (M',R). So
we have
[war] = @™ ([war DI < llwnm]ll + ll* (lwrr DI = ws,

but ¢ is not properly homotopic to a bi-Lipschitz map since any simply degenerate
end is not bi-Lipschitz to a geometrically finite end.

Remark 0.2 (Volume rigidity). We use volume arguments in the proof of the
above theorems, which show that corresponding ends of F and E’ have the same
ending lamination. Then Ending Lamination Theorem implies that E and E’ are bi-
Lipschitz. This means that the latter half of our argument may not be consistent
with the title 'volume rigidity’ of our paper. It would be possible to prove our
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theorems only by using volume arguments as in [So4] together the classical (or
standard) theory of hyperbolic geometry by Thurston, for example see [Thl], [Th2,
Part 1]. However we relied on the established rigidify theorem by Minsky et al. for
ensuring completeness of our proofs.

The fundamental group 7 (X) is naturally identified with a Fuchsian group T’
in PSLy(R). We denote by R®)(T") the set of representations p : I' — PSLy(C)
which map each parabolic element of T' to a parabolic element of PSLy(C). The
holonomy pp; : T' — PSLy(C) of a hyperbolic 3-manifold M with a marking
t:Y — M is a discrete and faithful element of R®)(T"). We set R(®)(T") = R(T")
if ¥ has no parabolic cusps. Farre [Far2] defined the bounded volume class [Vol(p)]
of p in HF(I',R) = H}(X,R). Then [Vol(pa)] is equal to t*([wa]) if pas is the
holonomy as above. In the case when . is a closed surface, he presented a rigidity
theorem in terms of [Vol(p)] for representations p € R(I') such that p(I') contain
no parabolic elements. His rigidity theorem also concerns a separating constant
but it may depend on the topological type of ¥. Here we propose the following
question asking the existence of a concrete separating constant which is valid in
volume rigidity theorems of representations.

Question. Does there exist a concrete constant v > 0 satisfying the following
condition? If it exists, is it best possible?

Let p be any element of R(®) with ||[Vol(p)] — [Vol(par)]|| < v in HP(T',R). If
either the (4) or (—)-end of M with respect to ¢(X) is totally degenerate, then p
is faithful and discrete. Moreover, if the both ends are totally degenerate, then p
and pjs are conjugate in PSLy(C).

1. PRELIMINARIES

In this section, we present fundamental definitions and notations in forms suit-
able to our arguments. Refer to Thurston [Thl], Benedetti and Petronio [BP],
Matsuzaki and Taniguchi [MT] and so on for other notations concerning hyperbolic
geometry and to Hempel [He] for 3-manifold topology. For a closed subset A of a
metric space X = (X,d) and any r > 0, the r-neighborhood {y € X |d(y, A) < r}
of A is denoted by N,.(A, X) or N,.(A) for short.

Throughout this paper, we suppose that I' is a torsion-free finitely generated
Kleinian group, that is, T' is a discrete subgroup of PSLy(C) = Isom™ (H?). Then
the quotient map p : H? — M = H3/T is a universal covering and M has a
Riemannian metric so that p is locally isometric. Then M is called a hyperbolic
3-manifold.

Fundamental notations and definitions. For a u > 0, the pu-thin part Miyin(,.)
of M is the set of points © € M such that there exists a non-contractible loop [ in M
of length < 24 and passing through 2. The complement Miyici(,)y = M \Int Mipin(p)
is called the p-thick part of M. By the Margulis Lemma [Th1l, Corollary 5.10.2],
there exists a constant p, > 0 independent of M, called a Margulis constant, such
that, for any 0 < p < p., each component of My, is either an equidistant
tubular neighborhood of a simple closed geodesic, called a Margulis tube, in M or
a parabolic cusp of type Z or Z x Z. In this paper, we fix the constant p with
0 < p < ps and set Mipick(u) = Minick and Minin() = Mihin for short. Let Mcysp
be the union of cuspidal components of Minin and Miybe = Minin \ Meusp- In other
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words, Miybe is the union of Margulis tube components of M;yi,. We say that the
complement Myain = M \ Int Mcysp is the main part of M.

As was stated in the introduction, we suppose that ¥ is an oriented hyper-
bolic surface of finite area. Let M be an oriented hyperbolic 3-manifold admit-
ting a marking ¢ : ¥ — M, which is supposed to be a proper embedding with
t(Bcusp) € Meusp- Then each component of Mcysp is a Z-cusp. Let Mcugp) be the
union of components of Me,sp meeting ¢(Xcysp) non-trivially. We consider a union
Meysp« of components of Mcys, containing M(cusp) and set Myaine = M \ Mousps-
By Scott-McCullough’s Core Theorem [Sc, MC], there exists a compact connected
submanifold Chyains 0f Mmains such that (i) the inclusion Cryaine € Mmains 1S &
homotopy equivalence, (ii) Crains NV is a non-contractible annulus in 9V for
any component V of Meysps and (iii) Caine NV’ = 0 for any component V'
of Meusp \ Meusp«- A connected submanifold C, of M is called a finite core of
(M, Meysps) if Ci N Miaine = Ciaine and C, NV is the union of geodesic rays
emanating from the points of Cihains NV for any component V' of Chains-

For a finite core Cy of (M, Myain«), any component E of M \ IntC, is considered
to be a neighborhood of some end £ of Myain«. Then £ is called an end of M
with respect to the finite core C, or simply an end of M if it does not cause any
confusion. Note that ¢ = C, N E is a properly embedded incompressible surface
in M. Any cusp in F of M disjoint from ¢ is called an accidental parabolic cusp of
E. We say that £ is an genuine end of M if £ has no accidental parabolic cusps. A
genuine end €& is called geometrically finite if the finite core C, can be taken so that
C. is locally convex in a neighborhood of X¢ in M. According to Bonahon [Bo], if
a genuine end £ is not geometrically finite, then there exists a sequence of closed
geodesics A} in E tending toward £ and freely homotopic in E to a simple closed
curve A, in Yg. Such a genuine end is called simply degenerate. Note that E is
homeomorphic to Xg x [0,00) when & is simply degenerate as well as geometrically
finite , see [Thl, Theorem 9.4.1] and [Bo, Corollaire C].

If we suppose that ¢(¥) is a degenerate finite core of M, then M has two ends
with respect to ¢(X). One of them is called the (+)-end of M if it is adjacent to the
closure of the component of M \ «(X) which is in the (+)-side of ¢(X) with respect
to the orientation of M, and the other is the (—)-end

A finite core Crax of M is mazimal if Cryax meets all components of My, non-
trivially. From the maximality of Cpax, an end £ of M is genuine if and only if it
is an end with respect to Chax. For any end &; of M with respect to a finite core
C,, a genuine end &;; is called a genuine sub-end of &; if a neighborhood of &; in M
contains a neighborhood of &;;. See Figure 1.1. A end of M is totally degenerate if
any genuine sub-end of £ is simply degenerate.

2. NORMALIZED MAPS TENDING TOWARD SIMPLY DEGENERATE ENDS

Suppose that M is a hyperbolic 3-manifold admitting a marking embedding
t: X — M. In this section, we consider the case that the (+)-end &£ of M is totally
degenerate. Then there exists a sequence {f,}52, of pleated maps f, : ¥, — E
satisfying the following conditions, where F is the neighborhood of £ with respect
to ¢(X). Here we set Fnain = E N Muyain, Ethick = E N Minick and so on.

e For a sufficiently large R > 0, Nr(fn (1)) "Nr(fas1(Zns1)) N Emain = 0 (n =
0,1,...) and fr11(Xp41) is closer to £ compared with f,(X,,).
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Figure 1.1. &, &4 are genuine ends with respect to the finite core C\. For i = 2,3,
V; is an accidental parabolic cusp of &;. &1, &2 are genuine sub-ends of &;.

o If £,,(2) meets a component V of Fiupe non-trivially, then X, contains a simple
geodesic loop [ such that f, (1) is the geodesic core of V.

e Each f, is unwrapped with respect to any component V' of Fi,pe disjoint from
fn(3y), that is, f, is properly homotopic to an embedding in E\ V.

These conditions imply that, if f,(2,) NV # @ for some component V of Fiype,

then f,,(3,,) NV = ( for any m # n. If necessary passing to a subsequence of

{fn}, we may also assume the following.

e For any f, and any component V' of Ecusp \ E(cusp)s fn(En) NV is an annulus,
where E(cusp) = E N M(cysp)- See Figure 2.1.

(%) J1(%1) f2(E2) J3(%3)

Figure 2.1. Vi, V5 represent components of Mcsp), Va2, V3 components of Eyype
with geodesic cores cq, c3 and V; an accidental cusp of €. N; = Nr(fi(2:)) N Egnick
fori=1,2,3. &, & are simply degenerate sub-ends of £.

The preimage F,, = f, ' (Finick) is a sub-surface of ¥,, contained in ¥, tnick such
that 3, \ IntF,, is a deformation retract of ¥,, ¢hin. Modify the Riemannian metric
on Fipicex in a small neighborhood of N, = Ng(fn(Zn)) N Einick so that AN, is
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locally convex in N,,. By Freedman-Hass-Scott [FHS]|, there exists an embedding

hyn, i F(hy,) — N, which has least area among all piecewise smooth maps h’, :

F — N, properly homotopic to f,|r, in Eipick and such that each component

of hp:/(OF') is a simple geodesic loop in the Euclidean surface FEpick. Let ﬁl :

in — F be the embedding satisfying the following conditions.

e The domain in contains ﬁn = F(h;) as a sub-surface and f"'ﬂ = hnlF(h,)-

e Let C be a component of 5, \ IntF,. If f,(C) is contained in M cusp), then Fn(O)
is a totally geodesic parabolic cusp. If fn(C’) lies in either an accidental cusp of
& or a component V of Eiype, then ﬁL(C ) is a smoothly embedded ruled annulus
in V consisting of shortest arcs in V' connecting the components of 9V.

We say that ﬁ is a normalized map associated with f,,. Then f]n has a piecewise

smooth Riemannian metric induced from the hyperbolic metric on F via fn The

advantage of normalized maps over pleated maps is that J/‘\n are embeddings.

The following lemma is proved immediately from an argument of bounded ge-
ometry together with [Thl, Proposition 8.12.1].

Lemma 2.1. The following (1)—(3) hold, where constants means that they are
independent of n.

(1) There exists a constant ag > 0 with Area(in) < ayp.

(2) There exists a constant dyg > 0 with diam(C) < dy for any component C' of
in \ Intﬁn.

(3) For any d > 0, there exists a constant vo(d) > 0 with Vol(./\/d(j?n(fln))) < wp(d).

Again by an argument of bounded geometry, there exists a constant r = r(X) > 0
such that, for each n, 3, contains a disjoint union H(f,,) = A;U- - -UA,, of mutually
disjoint simple loops satisfying the following conditions.

e For each component A; of H(fn), lengthg (A;) <.

e For each annulus component A of in \ Intﬁn, ANH, is the geodesic core of A.

e The closure G of each component of %, \ H(f,,) has bounded geometry and the
Euler characteristic —1.

We say that H(ﬁl) is an r-hoop family (for short hoop family) of .

3. BOUNDED COHOMOLOGY AND SMEARING CHAINS ON 3-MANIFOLDS

We denote by A™ a regular n-simplex of edge length 1 in the Euclidean n-space.
Let C*(X) be the dual space of the singular chain-complex C,(X) of a topological
space X with real coefficient. Consider the subspace C;(X) of C*(X) consisting of
bounded cochains, that is, ¢ € CJ/(X) means that

le]] = sup{|e(o)| | 0 : A" — X is a singular n-simplex } < oo.

Since the coboundary operator §" : C™(X) — C""1(X) satisfies 6"(CJ*(X)) C
CP (X)), the bounded cochain complex (Cj(X),d;) with 67 = &*
the bounded cohomology

Cr(X) defines

Hy' (X, R) = Z(X) /By (X)
with the pseudo-norm

lloe]| = inf {||c|| | ¢ is an element of Z}'(X) with [¢] = o}
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for « € H(X, R), where Z*(X) = (67)7(0) and B (X) = & 1(Cy 1 (X)).

Suppose that M = H3/T" is a hyperbolic 3-manifold as in Section 1. Then the
quotient map p : H® — M is a locally isometric universal covering. A singular
k-simplex o : AF — M is called straight if its lift 5 : AF — H3 to H? is straight,
that is, & is the affine map with respect to the Euclidean structure on A and the
quadratic model on H®. For any singular k-simplex & : A¥ — H?, let straight(c) :
Ak — H3 be the straight map with straight(c(v;)) = &(v;) for all vertices v,
(j = 0,1,...,k) of AF. We note that the image straight(5)(A*) is a (possibly
degenerate) straight k-simplex in H3. For a singular k-simplex o : AF — M, the
map straight (o) = postraight(c) : A¥ — M is called the k-simplex obtained by
straightening o, where o : AF — H3 is a lift of 0.

The oriented volume of a C' singular 3-simplex o : A> — M is defined by

Vol(o) = [ o"(€),

where Qy is the volume form on M. We say that o is non-degenerate if Vol(o) # 0,
and positive (resp. negative) if Vol(o) > 0 (resp. Vol(o) < 0).
Let wps be the 3-cocycle on M defined by

wpr (o) = Vol(straight (o))

for any singular 3-simplex o : A% — M. Since |wys(0)| is less the volume w3
of a regular ideal 3-simplex in H? for any singular 3-simplex o : A3 — M, wy,
represents an element [wys] of H (M, R) with [[[wa/]]| < vs. We say that [wa] is
the fundamental (bounded cohomology) class of M.

For any smooth manifold N, let C*(A*, N') be the topological space of C'-maps
A¥ — N with C'-topology. We denote by Cj(N) the R-vector space consisting
of Borel measures p on C'(AF, N) with the bounded total variation ||u| < oco.
An element of C(N) is called a k-chain. The boundary operator dy : Cx(N) —
Ci—1(N) is defined naturally. Thus we have the chain complex (C.(N), 0).

Now we consider the case of N = M. Take the base point z of H? and suppose
that yo = p(xo) is the base point of M. Let pmgaar be a left-right invariant Haar
measure on PSLy(C), which is normalized so that, for any bounded Borel subset U
of H3,

(3.1) pHaar({a € PSLo(C) | axg € U}) = Vol(U).

From the invariance of pia.,, we know that the quotient map ¢ : PSLy(C) —
P(M) =T\PSL3(C) induces the measure [ifaar o0 the quotient space P(M). That
is, Haar(¢(A)) is equal to ppaar(A) for any Borel subset A of PSLy(C) with AN
vA =0 if vy € '\ {1}. For any point z € H® and a € P(M), a e x denotes the point
of M defined by p(azx) for an a € PSLy(C) with ¢(a) = a. Note that the point
does not depend on the choice of a € ¢~!(a). Thus the map

o: P(M)xH? — M

is well-defined. For any singular 3-simplex o : A®> — H?® and a € P(M), the
singular 3-simplex ae o : A3 — M is defined by po (o) for an o € PSLy(C) with
q(a) = a.

Let 0 : A3 — H? be a non-degenerate straight 3-simplex. Suppose that
smears (o) is the Borel measure on C'(A3, M) introduced in [Thl, Section 6.1],
which satisfies the following conditions.
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e The support supp(smear;(0)) is {a @ o |a € P(M)}.
e For any closed non-empty subset X of P(M),
(3.2) smeary(o)({aeo|a € X}) = lingaar(X).

We denote the inner center of the straight 3-simplex o(A3) in H?® by o(c). For
any non-empty almost compact subset X of M, the restriction of smeary (o) to
{aec|a€ P(M) with aeo(c) € X} is denoted by smearx (o). By (3.1) and (3.2),
its total variation is

(3.3) ||smearx (0)|| = Vol(X).

In particular, smearx (o) is an element of C3(M). Set o_ = poo for an orientation-
reversing isometry p on H? with p(o(c)) = o(c). Consider the element zx (o) of
C3(M) defined by

(3.4) zx (o) = %(smearx(a) — smearx (o_)).
Then, by (3.2) and (3.3), we have ||zx (o)|| = Vol(X) and
zx(0)({aeo|a € P(M) withaeo(o) € X}) = %VO](X).

For a Borel measure w on C'(A3, M), let supp(® (w) be the subset of C' (A2, M)
defined by

(3.5) supp(Q) {T\D ‘T € supp(w) and D € (A® (2)}

where (A?’) (2) is the set of 2-faces of A%. By the definition, supp(agw) C supp® (w).
Let { fn}n ~o be the sequence of normalized maps fn: 8, — E given in Section
2. For any m,n with m < n, we denote by E(fm, fn) the closure of the component

of £ \ J/C\m(im) U ﬁn(in) bounded by fm(im) U fn(in)

Lemma 3.1. Under the notation as above, let X = E(fpm, fr). Then supp(dszg(0))
is contained in supp(2)(zN2(a)? M) (0)) and ||03z5(0)|| < 8uo(2) holds, where vo(2)
is the constant given in Lemma 2.1 (3).

Proof. The volume of any (real) straight 3-simplex A in H? is less than vy =
1.014916. .. . On the other hand, since the volume of a 3-ball in H? of radius one
is m(sinh 2 — 2) = 5.11093.. ., the radius of the inscribed ball in A is less than one.
Let D be any element of (A%)2). For any a e o with a e o(c) € X, there exists
b e P(M) with beo(o_) € No(X, M) and such that aeo|p = beo_|p. See Figure
3.1. Similarly, we have a e o_|p = b e o|p. In general, we can not expect that
beo(o_) is contained in X. However, if a e 0o(c) € X \ No(X, M), then be o(c_)
is an element of X. These facts imply that supp(dzzg(0)) C supp(Q)(zNQ(a)?’M)).

Since X = fin(Sm) U fn(Sn), we have by Lemma 2.1 (3)
o040 (@) = VLN (Fi S) U Fu(B0)) < 200(2).
Since A® has four 2-faces, |93z (0)|| < 4 - 2v0(2) = 8vp(2). O
Since the image 7(A3) of any elemeAnt T =aeo €supp{zg(0)} has ‘longAtails’,
7(A3) is not necessarily contained in X even if a ® o(c) is an element of IntX such

that dist(a ® o(c),dX) is large. So we sometimes need to treat the body (inner
part) and tails (outer part) of 7(A?) separately as in the next section.
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No(0X, M)

Figure 3.1

Remark 3.2. Let X be a topological space and C5™8(X) the singular chain group
of X with real coefficients. The Gromov norm of an element ¢ = Z?:l rio; of
Cine(X) is given by |[lc]| = Y7, |ri|. Let CL(X) be the norm completion of
C3™8(X). Thus C* (X) is a Banach space consisting of elements ¢ = 377, ;0; with
el = Yoo, |7rs] < co. If an element c of C' (M) is a linear combination .- r;0; of
straight 3-simplices o; : A3 — M, then c is identified with the element 221 7500,
of C3(M), where 6,, is the Dirac measure on C*(A3, M) at o;. Then the Gromov
norm Y .-, |r;| of ¢ is equal to the total variation of > :°, 7;0,,. There exists a
sequence {c,,} of locally finite elements in C1(X) with ¢, = Y o, r;0% consisting
of straight 3-simplices o]* with

1
[Vol(a}') — Vol(o)| < =
n

and such that {c,} weakly converges to zx(c) and {0sc,} weakly converges to
O03zx (o). For example see the map A, in [Sol, Section 3]. In our arguments below,
we may use the usual locally finite singular 3-chain ¢, in C**(X) with sufficiently
large n instead of zx (o) if necessary.

4. LINEAR ISOPERIMETRIC INEQUALITY MODULO HOOP FAMILIES

First we define a subdivision of hyperbolic straight simplices. Let A be any
straight 3-simplex in H?® with real vertices vg, v1,v2,v3 and Vol(A) > 1. Consider
the inscribed sphere S(A) of A and S; (i = 0,1,2,3) the round sphere in H?
centered at v; and tangent to S(A). Each S; intersects three edges of A. Let T; be
the totally geodesic triangle in A with the three intersection points as its vertices.
We denote by A; oyt the closure of the component of A\ Ty U---UT5 containing v;
and by Ain, the closure of A\ Agye, where Agyy = Ag out U+ - -UA3 6. We say that
Ainn and Aqys are the inner and outer parts of A, respectively. See Figure 4.1. For
any small positive number ¢, say £ < 1/100, there exists a simplicial triangulation
7(A, €) of A satisfying the following conditions, where 7(A, £)(?) denotes the subset
of 7(A,€) consisting of i-simplices.
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Figure 4.1

e Each element of 7(A,€)®) is a straight simplex.

e For any e € 7(A,6)M with e C Ajn, 0(€) < lengthu(e) < &, where §(¢) is a
uniform constant with 0 < 6(§) < &.

e Each T; is the underlying space of a subcomplex of U?:OT(A7§)(i). Each edge
o of Tj is evenly divided by 7(A,€)©],,,.

e For each edge §j; of A connecting v; with vy, Bjr N Ajun is evenly divided by
(A, 5)(0) |ﬁjkﬂAinn'

o Agut \ ({vo, oouztUTI U U T4) contains no elements of 7(A, £)©).

See Figure 4.2. In fact, such triangulations can be obtained from a fixed simplicial

U1
2
AJ'
2
AJ n Al.out
agy
/812 ﬁ31
2 2
AJ n A2,0\11: A7 N A3.,<)ut
Qo gy
Vo d d V3
ﬁ23

Figure 4.2. The restriction of 7(A, &) to a 2-face A? of A in the Klein model. The
inner hexagonal part is A? N Ainn.

triangulation 7(Ay, &) on a regular ideal 3-simplex A, in H? satisfying the five
conditions as above, where the ideal simplices of A,, are regarded as elements
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of T(Ase, &)@, Since v — 0.015 < Vol(A) < ws, there exists a s-bi-Lipschitz
map & : Agoinn — Ajnn for some uniform constant x close to one such that
a(T(Aso, ) D|a_ . ) extends to a triangulation 7(A, £)|a,.. on Ay, satisfying the
required conditions. We set 7(A, &)inn = 7(A, )| a,,, and 7(A, E)ous = 7(A, )| A,

Suppose that o’ € supp(smear;(0)) and o’ € supp(smear s (o_)) are 3-simplices
with 0'/|A? =0 ‘Af for some 2-face A% of A. Then, for any element D of 7(A, €)@ |A?,
we have

(41) a’\D—a’_|D:O.

Let {ﬁl}j’fzo be the sequence of normalized maps f, : &, — E given in Section
2. For simplicity, we only consider here the pair fo, ]?1 Our argument works for any
pair fm, j?n with m < n. By Lemma 2.1 (2), one can define an (ideal) triangulation
7, (i =0,1) on S, satisfying the following conditions, where H(fz) (i =1,0)is a
hoop family of S
(T1) Each element v of Ti(o) is either a point of H(ﬁ) or an ideal point of &;. See
Figure 4.3.

The cardinality of 7; is uniformly bounded.

There exists a uniform constant d; > 0 such that the d;-neighborhood of any
point z of F(f;) = ffl(Ethick) contained in star(v) for some v € Ti(o), where
star(v) is the union |J, IntD,, for all elements D, of 7; with v as a common

vertex.

)
) For any component [ of H(f;), [N UTZ»(O) consists of just two points.
)
)

We say that 7; is a normalized triangulation on fll with respect to H(ﬁ)

H(fi)tube

ideal vertex

H(ﬁ) \ H(ﬁ)tube

Figure 4.3. The shaded region represents J’Afl(Ethin).

Let H(ﬁ) N ffl(Ethin) = H(f)tube. We consider the unions of closed curves

(4.2) Hi= fi(H(f) and  Hiwve = fi(H(F)tube)
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For simplicity, throughout the remainder of this section, we set fz( 55) = fi(D)
and fi(r;) = {filo); 0 € TZ} A singular 2-simplex o : A2 — f() is called a
2-simplex with respect to fz(n) mod 7"{Z tube if, for any edge e of A2, either o(e) is
an element of fl( U 7'( ) (possibly an ideal vertex) or the restriction ol is an
immersion into 'Hz tube connectlng two points of fz( ) In the latter case ﬁ(e) is
not necessarily contained in fz( Oy T(l)) In either case, ol is called a 1-simplex
with respect to fz(TZ) mod 'Hz,tube Since fl( ) is not necessarlly a closed surface,
any simplicial 2-cycle on ﬁ( Y) with respect to fZ(TZ) mod Hl tube 18 supposed to
represent a class of the locally finite homology group Hi¢:( fl( ), R).

The following lemma shows a sort of linear isoperimetric inequality for f;(7;)
mod H gupe-

Lemma 4.1. There ezists a uniform integer Lo > 0 satisfying the following con-
dition. Letc =€ +ey+ ---+ €, be any contractible 1-cycle on fl( ) such that
each €; is a 1-simplex with respect to fz(Tz) mod ’Hz tube- Then ¢ bounds a simpli-

cial 2-chain w of disk type on fz( ) with respect to fZ(TZ) mod ﬁi,tube such that
@] < Lolle].

Proof. Let D be an (abstract) 2-disk bounded by ¢ and let g : D — E(E) be
a continuous map extending ¢. If necessary deforming g by homotopy rel. ¢, we
may assume that D has a simplicial decomp081tlon 7 such that, for each element
A of 7, the restriction g|a is a simplex on fz( ) with respect to fl(Tl) mod Hl tube-
Then D is divided to sub-disks D1, ..., Dy, Di,...,D; with ko, lo < ||¢|| =n and
satisfying the following conditions.

0

e For each k = 1,..., ko, IntDy, is a component of IntD \ g~ (H Z).
e Foreachl=1,...,ly, Dj is the closure of a component of D\ D U---UDyg,. In
the degenerate case, D] is an arc connecting two vertices of €.

See Figure 4.4. We may assume that, if ' = D;ND; is an arc connecting two vertices
of ¢, then g|p is an immersion. It is possible unless g(b') is a single point. Otherwise,
one can divide € into two contractible 1-cycles ¢; and ¢z with |[¢1]| + ||e2]] = ||€]| by
pinching ¢ along g|y, which reduces the proof to the case of contractible 1-cycles
with smaller Gromov norm.

Let D= Dy U---UDy, and D' = Dy U---UD . Suppose that Dy, is a ‘polygon’
consisting of edges by 1,...,bkm, and arcs by ;,...,b) . such that g(Intbg,) C
fi(2)\ 'H; and 9(b...) C H; for u=1,...,my. Note that by, Possibly consists of a
single point. Set B}, = b}, ; U---Ub}, .. . Any element of 7()|p, not in B}, connects
distinct components of B;c. The number of such elements is at most 2my — 3 up to
proper homotopy on (Dy, g_l(')-A(i) N Dy). By the property (T3) on 7;, any property
homotopy class contains at most five elements of 7(!)| p, . See Figure 4.5 for the case
with maximal edges. Then we have #(7("|p, \?(1)|B;C) <5(2mg —3) < 10myg — 15
and hence #(7()|p, ) < 10my, — 14. So the inequality #(7(?|p) < Zﬁll(lomk —
14) < 10n holds. Since each vertex of 7|p, not in 9D is end points of at least
two elements of 7(V|p, \?(1)|B/ #(TO|pop) < ZZO 15(2my, — 3) < 10n. Since
#(TOprap) = #FV|prap), we have #(7V|p) < 10n +n = 1ln. It follows
that #(7)|p/) < 11n. Thus Lo = 10 + 11 = 21 is our desired uniform integer. [
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Figure 4.4. Simplicial decompositions of Dy and D} with mg =7, #(7O5p,) =16
and #(?(0)|8Dé) = 15. Each square dot p is a point contained in an element e of

7|, with p & 70|, and g(p) € fi(r")

|Hi,tube.

Vo U1 )

Dy,
g|Dk

g(wo) = g(wp)

Figure 4.5. The five blue segments in Dy, represent properly homotopic elements of
71| p, whose g-images are distinct edges of f;(7;).

5. CONNECTION OF SMEARING 3-CHAINS WITH NORMALIZED TRIANGULATIONS

Now we suppose that the constant R given in Section 2 is at least 4 and prove the
following connecting lemma, which plays an important role in the proof of Theorem

A.

Lemma 5.1 (Connecting Lemma). Let o : A> — H? be a straight 3-simplex with
Vol(c) > 1 and X = E(fo, f1). Then there exists a 3-chain z on M satisfying the
following conditions.
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(1) z = zg(0) + @, where @ is a 3-chain on M with |[a| < by for some uniform
constant by > 0. R

(2) For i = 0,1, there exists a simplicial 2-cycle w(r;) on fi(X) with respect to
ﬁ(n) mod ﬁi,mbe representing the fundamental class of ﬁ(Z) and satisfying

03z = Vol(o)(w(r) — w(m)).

In the case when ﬁ(E) N Ecusp # 0, we deform ﬁ temporarily by replacing the
(totally geodesic) parabolic cusps of f;(X) by cusps of constant Gaussian curvature

> —1. The modiﬁeAd map is still denoted by f;. Since r > 4, one can choose such
cusps so that Ny(fo(X)) N Na(f1(X)) = 0. See Figure 5.1. For i = 0,1, let L4,

fo(®) Fy g A(®)
o - . oo | e
totally totally
geodesic geodesic
cusps cusps
modified __ & 7T 7 modified -
cusps cusp cusps
< by >

Figure 5.1

be the closure of the component of N4(ﬁ(2)) \ ﬁ(Z) contained in X and let ¥ be
the closure of X \ (La0U Ly1). The intersection F; = L4; N Y is the union of
components of L, ; adjacent to Y.

Let wy, (k = 2,3) be any k-chain with supp(ws) C supp(zp (o)) and supp(ws) C
supp® (za1(0)). See (3.5) for the definition of supp(®(-). We denote by ws3(&)
the 3-chain obtained by replacing each 3-simplex o’ of supp(wsz) with the sum
Y Der(og)® 0 |p- The subdivision w (o) of ws is defined similarly. By (4.1),
(O3w3)(&o) = F5(w3(&p)). So one can denote it as d3ws(&p). For any closed subset
A of M, we denote by wg|a the sub-chain of wy, consisting of ¢’ € supp(wy) whose
inner center o(o’) is contained in A. In particular, zp(c)|a = za(c). We denote
(O3ws3)[a by O3ws|a shortly.

Proof of Lemma 5.1. The proof is done in five steps. Figure 5.2 illustrates our
process schematically, where w; SN wo means that d3z = wy — wy.

Step 1. For i = 0,1, we set u;(§) = 2N, (i) (0)(&). Let ¢ be any element

UL4,
of supp(zar(0)(&p)) with o(c”) € Ng(ﬁ(E)) NLy,;. See Figure 5.3, where the center
region represents N (f1(X)) N L41. Note that ¢” is represented as ¢'|p for some
o' € supp(zp(0)) and D € 7(0,&)®). From the definition of 7(A, &) together
with elementary hyperbolic geometry, one can prove that distyr(o(c”),0(c”)) < 2.
Here ‘2’ is not essential. We just need a positive uniform constant. Then o(c’)
is contained in N3 (fi(%)) U Ly4,; and hence 0" € supp(u;(&o)|g). Note that the
point o(c”’) is not necessarily an element of L4 ;, which is the reason why we use
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Vol(o)w(o) (63254,0 (U)|N2(fo(z)))(€0) Vol(a)w(r1)

—(03224, (U)‘Nz(fl(z)))(fO) ]

Figure 5.2. The union of blue segments represents z¢,, that of blues and reds does
Ze,, and that of greens does a.

2N, (Frmyocs,; (@) (&o) but not zz, (0)(o) to define ui(&o). See Figure 5.3. By
Lemma 3.1,

s22,,(0)(€0) = (03224, (0) e (r)) (§0) + (032244 ()| ny 7o () (60)-
Strictly, for any 3-chain w on M and any subset A of M, d5w|4 means (Osw)]4.

Li1 Nao(f1(D))

Figure 5.3. The case of o(0”) € Na(f1(£))\ Las.

In general, (Osw)|4 is not equal to d3(w|a). Take a small ¢ > 0 arbitrarily. Since
IntN2(fi(2)) NN (F;) = 0, 93(ui(§o)| ) is represented as the sum

93(ui($0)l g) = (0322, ,(0) | na(r)) (§0) + 1i(€0)
such that t;(§) is the sub-chain of 95(u;(&)|5) consisting of 2-simplices o” €

supp(9s(ui(&o)| ) with o(c”) € IntNa (f;()) or equivalently o(c”) € N.(f;(8)) if
& = &o(e) > 0 is taken sufficiently small. See Figure 5.2.
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Step 2. Since N3 (F;) N IntN2(0X) is empty,
supp(9sz,, 9 (9)Ina(r)) = supp(9325(0) [ ny () = 0-
So, we have 032z, ,(0)|n,(F) = —0329(0)| (). Here we consider a chain homo-
topy zr; between 0sz¢, , (0)|n,(F,) and its subdivision (93z¢, , (0)|a, (7)) (o). Since
Ny (F;) C Nﬁ(ﬁ-(Z)), there exists a 3-chain zp, consisting of 3-simplices whose inner
centers are contained in N5 (F;) and satisfying
83ZFi = _(83’254,1‘(0)|N2(F¢))(£0) + 83254,1'(0—”/\/2(1’7‘,)
= (0322, (0)|no(r) (0) — 0329 (0) | Nu(F)

and

27,1l < 3110522, , (o) Ina (£ (§0) I < 3no(€o)lI0s22.4 . () N (r
= 3n0(£0) Vol(N2(F3)) < 3no(&0)vo(6),

where ng(£) is the cardinality of 7(A, &), vo(6) is the constant given in Lemma

2.1(3) and ‘3’ means that the triangular prism A? x [0,1] is divided into three

3-simplices. Consider the 3-chain

(5.2) ze, = uo(8o)l g — 2m, + 29(0) + 2, + (o)

See Figure 5.2 again. Since z¢, consists of 3-simplices whose inner centers are

contained N (X),

(5.1)

supp(Ds2¢,) C supp'® (260 . (71 () (Fu(s))) -

Ize, = 29 ()|l = luo(€o)l 2 Il + Iz | + 12 | + llua(€o) | 2
(5.3) < 2n0(&0)vo(2) + 6n0(£0)vo(6)
= QTLO (fo)(’l)o (2) + 3'00(6))

In the following two steps, we will define 3-chains Zy and 2z; with 052; = vw(r;) —
t:(&) (i = 0,1) for some constant v > 0, which is shown to equal Vol(o) in Step 5.

Step 3. By (5.2), 83250"/\[&(]?1_(2)) = 83(“”(50”?)'/\/;(}:(2)) Let Wi, inn, Wi,out be
(2)

inn

the 2-sub-chains of Osz¢, |/\/;(ﬁ(2)) corresponding to elements of 7(A,&). ) and

T(A7§0)gi)t respectively. Since 82(83Z£0|N5(ﬁ-(2))) = 0, O2Wj inn = —02W; out- BY
the geometrical boundedness of normalized maps in thick parts, we may assume
that there exists a projection pr; : Ngg(ﬁ(Z)) — ﬁ(Z) which is 2-Lipschitz on
Nae(Fi(2)) N Egniex and with pr;(Noe(fi(2)) N Biwin) C fi(2) N Bynin if necessary
replacing € by a smaller positive number, where ‘2’ is taken as a constant greater
than 1. Here one can retake & > 0 if necessary so that diam(o’(A?)) < e for any
2-simplex o in Wi imn. Since o(c’) € No(fi(%)), it follows that o’(A2) is contained

in Ngs(ﬁ(E)). Then there exists a 3-chain z; jn, on Na. (ﬁ(E)) with

(54) a321'.,inn == pri*(wi,inn) + Pi — Wj,inn,

where p; is the product simplicial complex isomorphic to daw; inn % [0,1] and with
0ap; = 02w inn — O2(Pry, (Wi inn)). By Lemma 2.1 (3),

Ipill < 2[|G2wiinnll < 2 - 3l[wiimnll <2-3-4l|ze0 |, (75l

5 < 24 () Vol (NA(FL(E))) < 24m0(€0)u0(2),
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where ‘2" means that any rectangle is divided into two 2-simplices, ‘3’ any 2-simplex
has three edges, and ‘4’ any 3-simplex has four 2-faces. We retake &y > 0 sufficiently
small if necessary so that the diameter of pr; (o’ (A2%))N Egpicx for any 2-simplex o’ in
Wj inn 18 less than the constant dq given in (T5). By (5.4) together with a standard
argument of simplicial approximation of homology theory (for example see Spanier
[Sp, Section 3.4]), we know that there exists a simplicial 2-chain @; jn, on ﬁ(E) and
a simplicial 3-chain Z; j,, on Ngs(ﬁ(Z)) with respect to ﬁ(n) mod ﬁi,tubc such that
03%;inn = Wi inn + Di — Wi inn, Where p; is the product simplicial complex isomorphic
to p; with 92p; = O2W; inn — O2W; inn- See Figure 5.4 (a). Since any triangular prism

Figure 5.4

is divided into three 3-simplices, one can choose the 3-chain Z; jn, so that
(5.6) 1Zi inn || < 3||wiinn|] < 12n0(&0)vo(2)
holds. See Figure 5.5.

Step 4. If necessary replacing w; out by a usual locally finite singular 2-chain as
in Remark 3.2, we may assume that Ow; out is a locally finite sum of 1-cycles

Cia- Suppose that c¢;, is represented as ey +---+ ¢, for ey,...,e, € Wi()glt, where
Wi out is the minimum simplicial complex containing the terms of w; ou¢. From
the construction of w; oy, there exist isosceles hyperbolic 2-simplices Aq,..., A, €
Wl(at which have a common vertex vy and such that the sum A(¢;) = A1+ --+A4A,

is a 2-chain satisfying 92A(¢ia) = Cia. See Figure 5.4 (b). Thus ¢;, is a 1-cycle in
OoW; inn = —02W; ouy contractible in E. Since ﬁ(Z) is incompressible in E, 02W; inn
is also a locally finite sum of 1-cycles ¢;, contractible in ]?Z(E) By Lemma 4.1,
Cio bounds a simplicial 2-chain @(c¢;q) of disk type in ﬁ(E) with respect to ﬁ(n)
mod ’fli,mbc such that |@(cia)|| < Lol|Ciall < Lolliall. Let @; ous be the sum of all
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v(c1a)

v(cig)

0(c1p)
W1 ,inn _—— %

Figure 5.5. The gray region represents N25<ﬁ(2)). Each white dot represents a
1-cycle either in 02w inn = —02wW1 out OF I DoW1 inn = — D211 out-

W(ci,a)’s. Then, as (5.5),
||{Di,0ut|| < LO Z ||Cioc|| < LOHCiaH = LOHaZwi,out” = LOHaZU)i,inn”
(o7
< 4Lono(&o)vo(2).

Thus W; = W; inn + Wi out is a locally finite simplicial 2-cycle on ﬁ(E) with respect
to f;(7:) mod H; supe with [|@s]| < 4(Lo + 1)no(&0)ve(2).

Consider the 3-chain 6(c;,) obtained by suspending the 2-sphere cycle A(c;qo) —
D(Cia) +W(cia) with a vertex o(c;q ). See Figure 5.5 again. Then we have 030(c;o) =
A(¢ia) + P(Cia) — W(cia) and [|0(cia)|l < (Lo + 3)||cia|l. Here ‘3(= 2 + 1)’ means
that [|p(cia)|| < 2||ciall and [|6(cia)ll < |lciall- Let Zious be the sum of all 6(c;q)’s.
Then

(5.7) [Ziouell <Y (Lo +3)lciall < 4(Lo + 3)no(&0)vo(2)-

We set Z; = Zj inn + Ziout- By (5.6) and (5.7),
(5:8) [zl < 12n0(€0)v0(2) +4(Lo + 3)n0(E0)vo(2) < 4(Lo + 6)no(&o)vo(2).

In the last step, we will construct a 3-chain z satisfying the conditions (1) and
(2) of this lemma.

Step 5. Let Z,;, be the 3-chain defined by Zg, = —Zp + 2¢, + z1. See Figure 5.2. It
follows from the definition that

33250 = w1 — Wop.
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Consider the 3—chaAin aAdeﬁnedAby a = Z, :z)?(cr) = 20 + 2¢, + 21 — 25 (0). See
Figure 5.2. Since X \' Y C Na(fo(X2)) UN2(f1(X)), by (5.3) and (5.8)
[all < llzg\g (@)l + [1Z0ll + [l2g, — 2 ()]l + Izl
< Vol()? \ 37) +8(Lg + 6)no(&o)vo(2) + 2n0(&o) (vo(2) + 3vo(6))
< 2vp(2) 4 (8(Lg + 6) + 2)no(&o)vo(2) + 619 (&) vo(6) =: bo.

In the case of ﬁ(E) N Ecusp # (0, we deform z by a projection in Eeusp sending
ﬁ(E) N Ecusp to the totally geodesic cusps in Egysp without moving ﬁ(E) NOEcusp-
See the Fcusp-part in Figure 5.1. The deformation is accomplished by a chain
homotopy consisting of 3-simplices each of which has a 2-face belonging to ﬁ)(T(g2))U
ﬁ(Tl(Z)). This shows (1).

Note that

o~

zm(0) = (22(0) + @) + (Zpp 1z (0) = @) = Zg, + (Zpp1ae 2 (9) — @)-

See Figure 5.6. By our construction of Zg,, the boundary 0sZ¢, has the form

Vol(o)w(7) Vol(o)w(ry)
___________ \—I— B L EEE SRR Q ZM(U)(fo)
1\' A§'
> o S e zum (o)
| : 4

Figure 5.6. The union of blue segments represents z ¢ (o) +a =
does ZM\Int)A((U) —a.

¢, and that of reds

v(w(7)—w(79)) for some v > 0. From the definition (3.4) of zps (o) and (3.3), zps(0)
represents the class Vol(c)[M] of the locally finite homology group Hf(M,R).
It follows that v = Vol(c). Thus z = Z, satisfies the condition (2) and hence it is
our desired 3-chain. This completes the proof of Lemma 5.1. (]

6. PROOFS OF THEOREMS A AND C

First we recall the necessary conditions in Theorem A. Suppose that M, M’ are
oriented hyperbolic 3-manifolds with markings ¢ : ¥ — M and // : ¥ — M’
which satisfy

(0.1) e (fwa]) = " ([war DI < vs

in H}(X,R). Since both M and M’ are homeomorphic to ¥ x R, there exists an
orientation preserving homeomorphism ¢ : M — M’ such that ¢ o ¢ is properly
homotopic to ¢/. So (0.1) is rewritten as

(0.2) llwn] = ¢ (WDl < vs
in H}(M,R). Here we consider the case that (+)-end £ of M is totally degenerate.
Let E be the neighborhood of £ with respect to ¢(X) and set E' = p(E).
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For any piecewise smooth proper homotopy equivalences f; : ¥ — M (i =0, 1),
there exists a piecewise smooth proper continuous map Z : X X [0,1] — E with
Jo= Zlsxqoy and f; = Z|§X{1}. Here ¥ is equal to X as a surface but it has the
orientation opposite to that on . Then the bounding volume Volbd(Z) of Z is
defined by

Vol (Z2) = / Z*(Qg),
£ x[0,1]

where Qg is the volume form on E. It is a standard fact in homology theory that
Volbd(Z ) is independent of the choice of the extension Z of f; and fo. Thus one can
set Vol?4(Z) = VoI®d(fy, f1). From the definition, VoIl®d(fy, fo) = —VoI®d(fo, f1)
holds.

Now we are ready to prove Theorem A.

Proof of Theorem A. Recall that M.,gp) is the union of components of Meys, meet-
ing (Xcusp) non-trivially. We denote by Egysps the union of components V' of Ecygp
such that ¢(V') is freely homotopic into E,, in E’. In particular, Ec,sp) is a sub-
union of Eeygp«. One can retake the homeomorphism ¢ so that Et’mp* = ¢(Ecusp)
is a union of components of £, . Let C, be a finite core of M which meets each
component of Eqygp« non-trivially and is disjoint from Eeusp \ Ecusps-

For any sub-end £ of £ with respect to Cy, let E” be the closure of the component
of E\C, adjacent to £°. Since £ is totally degenerate, so is £”. Consider a sequence
{ﬁL}?L":O of normalized maps ﬁl : f]EL — E” satisfying the conditions given in
Section 2, where any @;L admits a marking ¢, : X* — f]?b for a fixed complete
hyperbolic surface X° of finite area. Note that X° is not homeomorphic to ¥ when
Ecuspx # E (cusp) OF equivalently the (+)-end £ is not genuine. Let ’H(fn) be a
hoop family of En, see (4.2). Suppose that 7, is a triangulation on ¥ such that
Tn = tn(Tn) is a normalized triangulation with respect to H( fn) which satisfies the
conditions (T1)—(T5) given in Section 4. We consider the union Hg» = () H, of
Ho = fo(H(Fn)). Let N(H ) be a tubular neighborhood of Hps in M consisting of
mutually disjoint tubular neighborhoods with Vol(A (Hps )) = > N(Hy) < 0.
Note that the normal radius of any components of N'(H,,) converges to zero as
n — oo. From the definition of C,, we know that any accidental cusp of £’ does
not correspond to any cusp of M " via ¢. So, if necessary removing finitely many
entries from {f,}, one can suppose that, for each component I of Hys, ¢(I) is
not freely homotopic into M/ Thus we have a continuous map ¢ : M — M’

cusp”
satisfying the following conditions.

(P1) ¢|M\N(ﬁEh) = @‘M\N(ﬁEbAy
(P2) For each component [ of Hps, (1) is a closed geodesic in M.

Consider a piecewise totally geodesic map f/* : ¥* — M’ properly homotopic
to Yo fp: ZEL — M’ and satisfying the following conditions.

e For any v € T»,(LO), ) =1vo fn(v)

e For any e € T»f(Ll), f*(e) is a geodesic segment in E’ homotopic to v o f,(e) rel.
Oe.

e For any A € % , [rX(A) is a totally geodesic triangle in E' bounded by f/*(0A).

n

Now we need to consider the following two cases.
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Case 1. £ has no accidental cusps.

Let 0 : A> — H? be any straight simplex in H? with Vol(¢) > 1. For any n € N,
suppose that @g , is the connecting 3-chain given in Lemma 5.1 (1) associated with
X = E"(fo, fn) such that ||[@o,,| is less than a constant by > 0 independent of n.
Moreover, for the 3-chain 2z, = 2(0,n)+ag,, on E, 9320, = Vol(o)(w(r,) —w(70))
holds, where w(7,;) (j = 0,1) is the 2-cycle on fnj(EELJ_) as in Lemma 5.1 (2).
There exists the 2-cycle S(7,) on X with respect to 7, mod H(ﬁ,,)tube satisfying
Jnx(S(1)) = w(my,). Then straight(¢.(z0,,)) is a locally finite 3-chain on M’ with

03 straight (¢, (z0.n))

= Vol(o)(straight (1) o f).(S(7a)) — straight(s o fo).(S(0)))

= Vol(o)((f7")«(S(7a)) — (f5")(S(70)))-
Here the equality straight(e o fn)*(S(Tn)) = (f/)«(S(7)) is proved by the fact
that f/* is a piecewise totally geodesic map defined as above. It follows that

wirr (i (20,0)) = Vol(straight (v (20,n))) = Vol(a) Vol (5%, f1).
Hence we have
war (¥4 (2(0,1))) = Wi (Ve (20,n)) — warr (Y (@o,n))
< Vol(o)VoIlPd (f5*, %) + bows.

Consider any bounded 3-cocycle n on M satisfying
(6.2) war] = ¢* ([war)) = [war] = ¥*([war)) = ] in Hy (M,R).
Then there exists a bounded 2-cochain ¢ € Cg(M) with wyy — *wyr + 8%¢ = 1.

Let £” be the end of E’ with respect to ¢(C,) which corresponds to £ via
@. Suppose that £” were either geometrically finite or non-genuine or a simply
degenerate end with ending lamination different from the ending lamination v of £.
Since v is a connected full lamination of X7, if necessary passing to a subsequence,
we may assume that {f/*} either converges uniformly to a pleated map f* : ¥> —

M’ realizing v or diverges to an end of M’ opposite to £”. In either case, B =
sup{Vol®(f&*, ")} < oc. By (6.1) together with Lemma 3.1,

il > v = w*aﬁM/ +6%¢)(2(0,n))
(0, n)]|
. Vol(@)(Vol(E” (fo, ) ~ B) — bovs — 8]lel|vo(2)
B Vol(E*(fo, fn))
Since li_>m Vol(Eb(ﬁ),ﬁl)) = 00, we have ||| > Vol(o) and hence |n|| > v3 by
lettinganT(o) — wv3. Since 7 is any element of Z3 (M) satisfying (6.2), it follows

that ||[war] — ©*(Jwar])|| > w3. This contradicts (0.2). Thus £” must be a simply
degenerate end of M’ with the ending lamination equal to v via (.

(6.1)

Case 2. £ has an accidental cusp.

Let &,...,& (k > 2) be the genuine sub-ends of £ and v; (i = 1,...,k) the
ending lamination of é’f. Then v U --- U vy is realized as a geodesic lamination
in ¥’. Let A’ be a maximal union of simple closed geodesic in X" disjoint from
v U--- Uy, Then, for any component [ of A°, tr (1) is homotopic to a component
of ﬁn,tubc in f]'; (see Figure 4.3) corresponding to a accidental cusp V of &’ and
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hence V' C Ecysp \ Fouspx. From the definition of Egysps, ©(tn (1)) is realized as a
geodesic loop in B’ b Tt follows that vy U--- U, UA® is a maximal lamination in
¥’ realized in E”. As in Case 1, this gives a contradiction. Thus Case 2 does not
occur.

By the results of Cases 1 and 2, we have known that Ecysps = Ecusp, E. =

cusp*
Eéusp and any genuine sub-end of £ and the corresponding genuine sub-end of &£’
are simply degenerate ends with the same ending lamination. Then, by Ending
Lamination Theorem [Mi, BCM], ¢ is properly homotopic rel. M \ IntF to a home-

omorphism ¢ : M — M’ such that ¢o|g : E — E’ is bi-Lipschitz. d

Proof of Theorem C. From our assumption, one can choose the homeomorphism
¢ : M — M’ so that ¢(Meusp) = M(,q,- Let E be a neighborhood of any genuine
end £ of M. Then E' = ¢(FE) is a neighborhood of the genuine end &’ of M’
corresponding to &£ via . If both £ and &' are geometrically finite, then it is
well known that ¢|g : E — FE’ is properly homotopic rel. 9E to a bi-Lipschitz
map from E to E’, see for example [Thl, Subsection 8.3] and Epstein-Marden
[EM] for more details. So it suffices to consider the case when at least one of
£ and &, say &, is simply degenerate. Let p : M©?) —s M© be the covering
associated with 1 (E?) € w1 (M")) and @ : M — M’ a lift of ¢. Then M) has
a submanifold E() such that the restriction p() |50, is an isometry onto E(). Since
P ([wa] =" ([wnr]) = lwyz] — @ (lwgz]), by (0.2)

llwsz) = ¢ (Wi DIl < Nlwnr] = @™ (lwar D] < vs.

By applying Theorem A to the genuine ends of M and M’ adjacent to E and E'
respectively, @[z : E — F'is properly homotopic rel. OF to a bi-Lipschitz map
and hence ¢|g : E — E’ is so rel. OE. Combining these facts, one can show that
@ is properly homotopic to a bi-Lipschitz map. O
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