MORSE HOMOLOGY OF MANIFOLDS WITH BOUNDARY
REVISITED

MANABU AKAHO

ABSTRACT. This re-certifying paper describes the details of the Morse
homology of manifolds with boundary, introduced in [1], in terms of han-
dlebody decompositions. First we carefully observe Riemannian metrics
and Morse functions on manifolds with boundary so that their gradi-
ent vector fields are tangent to the boundary; secondly we confirm the
stable manifolds and the unstable manifolds of critical points, and rig-
orously construct handlebody decompositions; and finally we re-certify
that our Morse homology of manifolds with boundary is isomorphic to
the absolute singular homology through connecting homomorphisms.

1. Introduction

Inspired by H. Hofer [3] and symplectic field theory [2], the author in-
troduced a variant of Floer homology in [1] for Lagrangian submanifolds
with Legendrian cylindrical end in a symplectic manifold with concave end,
which can be thought as an infinite dimensional version of the following
Morse homology of manifolds with boundary.

Let M be an n-dimensional oriented compact manifold with boundary N.
Denote by Ny, Na,..., N, the connected components of N. We fix a collar
neighborhood N x [0,1) C M, and denote by r the standard coordinate on
the [0, 1)-factor. Then we consider a Riemannain metric g on M \ N such
that, fori =1,...,m,

g\Nix(o,U(ﬂC, r) = 7“291\@- () + dr ® dr,

where gy, is a Riemannian metric on V;, and we consider a Morse-Smale
function f on M \ N such that, for i =1,...,m,

f|Ni><(0,1)(x7 r) = Tszi(ﬂf) + ¢,

where fn, : N; — R is a Morse-Smale function on V; and ¢; € R is a
constant.

Let Cri(f) be the set of the critical points p € M \ N of f with Morse
index k, and Cr,':(fNi) the set of the critical points v € N; of fn, with
Morse index k and fn,(y) > 0, and similarly let Cr_ (fn,) be the set of
the critical points § € N; of fyn, with Morse index k and fy,(6) < 0. We
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put Crif (fn) == U™, Cri (fn,) and Cry (fn) == Ui~ Cry. (fn,). Then we
define our Morse complex. Let CMy(f) be a free Z module

CM(f):= D e D v

peCTi(f) yeCrE (fn)
and Ok : CMy(f) — CMi_1(f) a linear map, for p € Cri(f),

Op = >, MW+ D M)

p'€CrL_1(f) yeCr [ (fn)

and for v € Cr (fn),
ak7 = Z Z ﬁN(’% 5)11-/\/1(53 p)p

peCri_1(f) deCr,_(fN)

+ > > N, OEIMG, Y)Y

Y eCr | (fn)6€CT,_ (fn)

+ ) N
'Y/GCT]JJ,1 (fn)

We give the precise definition of J; in Section 7. An important remark is
that 6 € Cr, (fn) is not a generator of C' My (f). Then our main theorem is
that:

Theorem 1.1. (CM.(f),0s) is a chain complex, i.e. Jx_1 0 0 = 0, and
the homology is isomorphic to the absolute singular homology of M.

As a corollary we obtain the following Morse type inequalities.

Corollary 1.2.
§Cri(f) + 4Cry (fn) > dim Hy,(M;R).

There are several remarks on other related Morse homology. In [4], mo-
tivated by Seiberg—Witten Floer homology, Kronheimer—Mrowka also ob-
served Morse homology of manifolds with boundary; they considered the
double of a manifold with boundary and involution invariant Morse func-
tions. In [5] F. Laudenbach also studied Morse homology of manifolds with
boundary; his gradient vector field are also tangent to the boundary and his
Morse complex counts trajectories of pseudo-gradient vector fields.

This paper consists of the following sections: first, in Section 2 we care-
fully observe Riemannian metrics and Morse functions on manifolds with
boundary; in Section 3 we confirm the stable manifolds and the unstable
manifolds of critical points, and fix their orientations; then, in Section 4 we
rigorously construct handlebody decompositions, and in Section 5 we intro-
duce relative cycles of critical points, which is a new technique and very
important for the future applications; moreover, in Section 6 we prepare
moduli spaces of gradient trajectories; and finally, in Section 7 we recall our
Morse complex of manifolds with boundary, introduced in [1], and re-certify
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that our Morse homology is isomorphic to the absolute singular homology
through connecting homomorphisms. Although it is important for Floer
theory to consider compactifications of the moduli spaces of gradient trajec-
tories, we do not mention them in this paper; the reader may refer to [1].

2. Riemannian metrics and Morse functions

In this section, we carefully observe Riemannian metrics and Morse func-
tions on manifolds with boundary so that their gradient vector fields are
tangent to the boundary.

Let M be an n-dimensional oriented compact manifold with boundary N.
We denote by Ny, Ns, ..., N,, the connected components of N. Fix a collar
neighborhood N x [0,1) C M, and denote by r the standard coordinate on
the [0, 1)-factor.

Let g be a Riemannian metric on M \ N, and f a smooth function on
M\ N. Just for simplicity, we consider g whose restriction on the collar
neighborhood is

9Inix(0,1) = agn; + dr @ dr,
where a : (0,1) — R is a smooth function and gy, is a Riemannian metric
on NV;. On the other hand, for the gluing analysis of gradient trajectories in
Morse homology, we require the gradient vector field X of f with respect to
g to be the following form on the collar neighborhood under the coordinate
change of r € (0,1) and ¢ € (—00,0) by 7 = e’

0
Xf‘Nix(foo,O) = XfNi +h iaa

where fyn, and hy, are smooth functions on N;, and X fn, 18 the gradient
vector field of fy, with respect to gy, on N;. Note that

0 0
X hy,— =X hn.T—.
In; + ot In; + Nzrar

Lemma 2.1. Suppose that N is connected. Let g be a Riemannian metric
on N x (0,1) such that

g =agy + dr ® dr,

where a : (0,1) — R is a smooth function and gy is a Riemannain metric
on N, and let f : N x(0,1) = R be a smooth function whose gradient vector
field Xy with respect to g is

0
Xr=Xy¢, +hnr—,
f In NT or
where fn and hy are non-constant smooth functions on N, and Xy, is the
gradient vector field of fn with respect to gy on N. Then

g = (Ar*+ B)gn +dr @dr,
f = (A +B)fy+Cr’+D,
where A #0,B,C, D € R are constants.
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Proof. We write f = f(z,r), fv = fv(x), hy = hy(z) and a = a(r) for
(z,7) € N x(0,1), and we denote by dy the exterior derivative on N. From
g and Xy,

9(Xy,") = a(r)dn fn(z) + hy(z)rdr
On the other hand,

df(@,r) = dy f(x,r) + 2L éﬁ’r)dr.
So we have
dnf(z,r) = dn{a(r)fn(2)}, (1)
WED — oy )

Since N is connected, and from (1),

fz,r) = a(r)fn(z) + c(r),

where ¢ = ¢(r) is a smooth function on (0, 1), and then

of(x,r)  da(r) de(r)
or  dr In(@)+ dr - (3)
From (2) and (3),
_ 1da(r) 1dce(r)
hiv () = r o dr fN(x)—i_; dr ~
Since we assume that fxn(z) and hy(z) are non-constant smooth functions,
1da(r) _ o4
rodr
1d
1 ce(r) _ o0
r dr

where A # 0 and C € R are constants, and hence
a(r) = Ar’+ B,
c(r) = Cr?’+D,

where B, D € R are constants. Then we obtain

g(z,r) = (Ar’+ B)gy(z) + dr @ dr,
f(z,r) = (A'r2 + B)fn(z) + Cr? + D.

Corollary 2.2.

0
Xr=Xypy + 2(AfN + C)T’E
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We call a Riemannian metric g on M \ N cone end if g satisfies
2
g‘Nix(O,l) =T7gN; + dr @ dr,
where gy, is a Riemannian metric on N;, and we call a Morse function f on
M\ N cone end if f satisfies
2
flnx©0) =7 fN;, + ey
where fyn, is a Morse function on N; and ¢; € R is a constant. On the other

hand, in [1] we used Riemannian metrics g and Morse functions f on M\ N
such that

gln;x©1 = TIN, + r~tdr @ dr,
flnyxo = rfn, +ci,
which we called horn end. The following lemma implies that there is no

essential difference between cone end and horn end for our purpose; the case
of a = 0 is cone end, and a = —1 is horn end.

_ N2
Lemma 2.3. Fora+2#0 and a+2 # 0, let 772 = (%) rt? gy =

2 _ 2
<%) gn and fn = (%) fn. Then

gy +rdr @ di = Ty +rtdr @ dr,
FR2E e = 2Ry 4e
Proof. Direct computations. ([l

Moreover, instead of cone end or horn end, we can also use Riemannian
metrics g and Morse functions f on M \ N, or M, which satisfy

.g|N1-><(0,1) o (7“2 + 1)gn, + dr @ dr,

flvixony = (@ +1)fn, +c
since their gradient vector field on N; x (0,1) is completely the same as the
one of cone end: 5
Xf|N¢><(O,1) = XfNZ + 2fN1T§

We call such Riemannian metrics and Morse functions doubling end.
We remark that, for all the types of pairs of a Riemannian metric and a
Morse function above, we can define their Morse complex in the same way.
In this paper we use cone end.

Lemma 2.4. Let f be a cone end Morse function. If v € N; is a critical

point of fx;, then fx,(v) # 0.

Proof. Since df |n,x(0,1) = r2dfn, +2r f,dr and the critical points of a Morse

function are isolated, f;(y) # 0. O
Hence we can divide the critical points = of fy, into two groups; one is

fn,(x) >0, and the other is fn,(z) < 0.
Moreover we have the following lemma:
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Lemma 2.5. Let g and f be cone end. Then there is no map u : R —
M\ N which satisfies du/dt = — X ou with lim;_,_ u(t) € N; x {0} and
im0 u(t) € N; x {0}

Proof. Suppose that a map u : R — M \ N satisfies du/dt = — Xy o u with
limy s — oo u(t) € N; x{0} and limy_,oc u(t) € N; x{0}. Since du/dt = —Xsou,
limy oo f(u(t)) > limi oo f(u(t)), which contradicts limy—_ o f(u(t)) =
limy o0 f(u(t)) = ¢;. O

On the other hand, there may exist

e a non-constant map u : R — N; which satisfies du/dt = =Xy, ou,
and '

e amap u : R :— M \ N which satisfies du/dt = —X; o u with
limy—, oo u(t) € N; x {0} and limy_,o0 u(t) € N; x {0} if ¢; > ¢;; this
was pointed out by T. Nishino and Y. Nohara.

We remark that, although their proofs need slight modifications, Lemma
2.4 and Lemma 2.5 also hold for horn end and doubling end.

3. Stable manifolds and unstable manifolds

First we prepare notation. Let M be an n-dimensional oriented compact
manifold with boundary N as before, and g and f a cone end Riemannian
metric and a cone end Morse function on M \ N, respectively. We fix an
orientation of N so that, for an oriented basis {v1,...,v,—1} of T, N and an
outward-pointing vector vo,; € T,M, the orientations of {Vout, V1, ., Un—1}
and T}, M coincide.

We define Cry(f) to be the set of the critical points p € M \ N of f with
Morse index k, and C’r,j(fNi) the set of the critical points v € N; of fy, with
Morse index k and fy,(y) > 0, and similarly we define Cr, (fn;) to be the
set of the critical points § € N; of fx, with Morse index k and fu,(d) < 0.
We put Crif (i) i= U, O (fx,) and Cri (f) i= Usy Cry (Fa).

Let X be the gradient vector field on M\ N of a cone end Morse function
f with respect to a cone end Riemannian metric g. Then the restriction of
Xy on the collar neighborhood is

0
Xf|N7;><(0,1) = XfNZ + 2szTE

Hence we define a vector field X s on M by

<, .- Xy, onM\N,
f= XfN-’ on NiX{O},

and denote by p, : M — M the isotopy of —Yf, i.e. @, is given by dp, /dt =
—X o, and py(z) = z.

Let BY := {(z1,...,m;) : 22 + -+ + 7 < 1} be the k-dimensional open
ball, and OB := BF \ B*. Moreover, we define the k-dimensional open
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half-ball H* = {(z1,...,2) : 22 + -+ 27 < l,2p > 0} and OHF :=
{(.CCl,... ,xk) € HF . T = 0}

Now we define stable manifolds and unstable manifolds for critical points.
For p € Cri(f), we define the stable manifold S, of p by

Sp = {x €M: t£+moo¢t(x) :P}a

and the unstable manifold U, of p by
Up = {x e M: t_l}r_nw@(w) = p} .

Since X s is tangent to N, S, and U, are contained in M \ N. Note that S,
is diffeomorphic to B" %, and Up is diffeomorphic to B*. Moreover, Sy, and
Up intersect transversely at p. We fix orientations of S, and U), so that the
orientations of 7,5, © T,U, and T),M coincide.

Next, for v € C’T,j( In;), we define the stable manifold S, of v by

Sy = {a: € M: lim g,(z)=(v,0) € N; X {0}},

t——+o0

and the unstable manifold U, of v by

Uy = {x €eM: tl}ir_nm@(x) = (7,0) € N; x {0}} .

Since fn, () > 0, S, is contained in M, and U, is contained in N; x {0} C M.
Note that U, is diffeomorphic to BF, S, is diffeomorphic to H n=k and
S, N (N; x {0}) is diffeomorphic to 9H" ¥ = Bn~1=k Moreover S, and U,
intersect transversely at (,0) € N; x {0}.

We fix orientations of S, and U, so that the orientations of T', S, ® T, U,
and T, M coincide. Moreover, we fix an orientation of S, N (NV; x {0}) so that,
for an oriented basis {v1, ..., vp—1-k} of T, (SyN(NN; x {0})) and an outward-
pointing vector vy € T, M, the orientations of {vout,v1,...,vp—1-%} and
TS, coincide. Then the orientations of T, (S, N (N; x {0})) @ T,U, and
T, N; coincide.

Similarly, for § € Cr, (fn,), we define the stable manifold S5 of J by

Ss == {x eM: tlgnoo@(x) = (4,0) € N; x {0}} ,
and the unstable manifold Us of § by
Us == {x e M: lim g,(x)=(50) € N; x {O}}
t——o0
Since fn,(d) < 0, Ss is contained in N; x {0} C M, and Us is contained in
M. Note that Sj is diffeomorphic to B~ '=*, Uy is diffeomorphic to H**+1,

and Us N (N; x {0}) is diffeomorphic to dH**+! = B¥. Moreover, Ss and Uy
intersect transversely at (0,0) € N; x {0}.
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We fix orientations of S5 and U so that the orientations of T5Ss @ T5Us
and TsM coincide. Moreover, we fix an orientation of UsN(N; x {0}) so that,
for an oriented basis {v,_g,...,vn} of T5(Us N (N; x {0})) and an outward-
pointing vector vy, € Ts M, the orientations of {vout, Un—k, - - - , vy} and T5Us
coincide. Then the difference of the orientations of T5S5®Ts(UsN(N; x {0}))
and T5N; is (—1)"F—1,

4. Handlebody decompositions

Let M be an n-dimensional oriented compact manifold with boundary N
as before, and g and f a cone end Riemannian metric and a cone end Morse
function on M \ N, respectively. Moreover we assume that f satisfies the
Morse—Smale conditions in the following sense:

e for p,p’ € Up_o Cri(f), Up and S intersect transversely in M \ N,

o for 0,0 € U2, Ori (fn,) UUrZ) Cry (f:), Up and Spr intersect
transversely in N;,

o for p € Up_o Cri(f) and v € U2, Cr(fn), Up and S, intersect
transversely in M \ N,

o for § € U2, Cry (fn) and p € Ui, Cri(f), Us and S, intersect
transversely in M \ N, and

o for § € Ui, Cr. (fn,) and v € Ur=s Crif (fn,;) with ¢; > ¢j, Us and
S, intersect transversely in M \ N.

In fact we can prove that generic cone end Morse functions satisfy the above

Morse-Smale conditions by the standard generosity arguments.
Recall that X is the vector field on M defined by

<. ._ [ X5 onM\N,
P77\ Xy, on N; x {0}

We call a map u : R — M a gradient trajectory from z to y if du/dt =
—X ¢ ou with limy—,_ u(t) = x and limy_,o u(t) = y. Then we can prove
the following lemma:

Lemma 4.1. Let f be a cone end Morse-Smale function on M \ N. For
p € Cri(f) and p' € Cri(f), there is no non-constant gradient trajectory
from p top' if k <.

Proof. Let u : R — M be a non-constant gradient trajectory from p to p'.
Then the image of u is contained in U, N S,y. Since U, and S, intersect
transversely in M \ N so that dim U, N S,y = k — I, and since the dimension
of the image of u is 1, there is no such gradient trajectory if £ —1 < 0. [

Similarly we can prove the following lemma. We omit the proof:

Lemma 4.2. Let f be a cone end Morse-Smale function on M.

(1) For 0 € Crif (fn,)UCr; (fn,) and 0 € Cr" (fn,) U Cry (fn,), there is
no non-constant gradient trajectory from 0 to 0" if k < 1.

(2) For p € Cri(f) and v € Cr(fn), there is no non-constant gradient
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trajectory from p to v if k <.

(3) For 6 € Cr.(fn) and p € Cri(f), there is no non-constant gradient
trajectory from 6 top if k+1 <.

(4) Foré € Cry (fn,) and~ € Cr} (fn,) withi # j, there is no non-constant
gradient trajectory from & to v if k+1 < L.

Now we construct a handlebody decomposition of M:

Theorem 4.3. Let f be a cone end Morse-Smale function on M\ N. Then
there exists a sequence of open subsets M71t=M =0c M°c M'C
M'C.--C M™C M™ =M such that
o OMF .= MK\ ]\ﬁand OMF = W\M’“ are smooth and transversal
to X, where M* and MPF are the closures of M* and M* in M,
respectively,
o foré e Cr,_,(fn), OMF* =1 and Uy intersect transversely, and Uy \

MF =1 s diffeomorphic to the k-dimensional closed half-ball,

o MKE-1Q U(SECT;Z_l(JiN) Us is a deformation retract of M*; )

e forp € Cri(f), OM* and U, intersect transversely, and U, \ M* is
diffeomorphic to the k-dimensional closed ball,

o for~y e Cr,j(fN), OM* and U, intersect transversely, and U, \ MF
s diffeomorphic to the k-dimensional closed ball, and

o MFU Upec%(f) UpU UVECT;r(fN) U, is a deformation retract ofm.

We call the sequence M~! = ¢ c M  c M' ¢ --- ¢ M" = M a
handlebody decomposition of M.

Proof. We construct M* and M* inductively. For p € Cro(f), let (x1,. .., zy,)
be a local coordinate centered at p in M and B.(p) := {22 + --- + 22 <
€2} € M; and for v € Crf(fn), let (y1,...,Yn—1) be a local coordinate
centered at v in N and B:(y) = {y} + -+ y2_; +r? < €2} C M. Here
we put OB:(vy) == {y7 + - +y2_, + 1% = &%, r > 0}. Then we may take
e to be small so that the closures of B.(p) and B:(y) in M are mutu-
ally disjoint, and 9B.(p) and 9B.(y) are transversal to Xs. We define

MO .— Upecro(r) Be(p) U UWGCTS’(fN) B.(v), and then

e Upecro(r) Up U U«/eCr()*(fN) U, is a deformation retract of MO, and

e OM?Y is smooth and transversal to Yf.
This is the first step of £ = 0 to construct the handlebody decomposition of
M. Suppose we have M ' =M =0 c MO c M' c M' c --- c M1 C
MF* =1 as in the theorem. Since dM* 1 is smooth and transversal to Yf, for
6 € Cri_y(fn),

e OM*~1 and Us intersect transversely,
and moreover, since f is Morse-Smale,

e Us \ M* ! is diffeomorphic to the k-dimensional closed half-ball,
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where the k-dimensional closed half-ball is diffeomorphic to {y3+---+yZ |+
r? < 1,7 > 0}. Hence we may attach half k-handles for 6 € Cr;_,(fn) to
M*=1 and obtain M* so that

o Mk-1u UéeCr,;_l(fN) Us is a deformation retract of AZ*, and

e OMP* is smooth and transversal to Yf,
where the half k-handle is diffeomorphic to {y% +-- -—i—y,%_l +r2<1,r> 0} x
B" % and the attaching map is from {y3+-- ‘+y,%_1 +r2=1,r>0}xB"*
to OM*1. Since OMPF is transversal to Yf,

e for p € Cri(f), OM* and U, intersect transversely, and
o for v € Cr,j( fn), OM* and U, intersect transversely,

and moreover, since f is Morse—Smale,

o U,\ M?* is diffeomorphic to the k-dimensional closed ball, and
o U, \M k¥ is diffeomorphic to the k-dimensional closed ball.

Hence we may attach k-handles for p € Cry(f) and v € Cr (fn) to MF
and obtain M* so that

o MkU Upech(f) UpU UVECT,j(fN) U, is a deformation retract of MF,

and
e OMPF is smooth and transversal to Yf.

Then these M* and M* satisfy the conditions as in the theorem. Therefore
we obtain the handlebody decomposition M~ =0 c M* c M* C --- C
M™ = M by induction. O

5. Relative cycles

In this section we introduce relative cycles of critical points to define our
Morse complex on manifolds with boundary. This new technique is also very
important for the future applications.

First we confirm notation. Let M be an n-dimensional oriented compact
manifold with boundary N as before, and g and f a cone end Riemannian
metric and a cone end Morse-Smale function on M \ N, respectively. More-
over,let M1 =M"=Q0c M c M'c M' c---Cc M™ C M" = M be
the sequence of open subsets constructed in Theorem 4.3.

Let BY := {(z1,...,2x) : 22 + -+ + 27 < r?} and OB := BF\ BF,
and similarly, let HY = {(21,...,2%) : 23 + - + 22 < %, 75 > 0} and
OHF .= {(x1,...,2) € HF : 23, = 0}.

For 0 < ¢ < 1, we define a diffeomorphism p. : M — p.(M) C M
so that p.(z) = x for ¢ [0,e) x N, and p.(z,7) = (x,r/2 4+ ¢/2) for
(x,r) € N x [0,e/2).

For p € Cr(f), we fix a diffeomorphism v, : Bf — U, with 1,(0) = p.
Since dM* and U, intersect transversely, and UP\M k is diffeomorphic to the
k-dimensional closed ball, there exists 0 < r, < 1 such that wp(ﬁB,]?p) c MF*.
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We call the restriction wp|B—k : B{?p — U, a relative cycle for p, and denote
P

by o) : Biffp — U,p. Note that o0, is an embedding, and S, and the image of
oy intersect transversely and positively at p. Similarly, for v € C r,':( fn), we
fix a diffeomorphism v, : Bf — U, with ¢,(0) = 7. Since

o MkU Upecri(p) Up Y UveCr,j(fN) U, is a deformation retract of MF,

and

e U, \ M* is diffeomorphic to the k-dimensional closed ball,
there exist 0 < ¢ < 1 and 0 < r, < 1 such that p, o 1,Z)7(Bfw) C M* and
Pe © ww(aBﬁ) C M*. Note that, since dMF is smooth and transversal to

Xy, pi(peo %(537’%)) is contained in M*, for t > 0, where ¢; is the isotopy
of —X . Moreover, since € > 0 and

e MK-1U UéeCr,; () Us is a deformation retract of W, and

e OM*~! are smooth and transversal to Yf,

there exists T, > 0 such that o7 (pc o 1/17(83,’%)) C M*1. Now we define
a map o : Biffw U (8]3,"?7 x [0,Ty]) — M as follows: first we glue Bi,’f7 and
837]?7 x [0,T,] by the natural identification of GBZF7 C Bi,’?7 with 0B7’fﬂ{ X
{0} C 8Bfﬂ{ x [0,T,]; and then we define oy by oy(z) := pe 0 9y (x) if
x € BE, and o,(x,t) := @i(p- 0 Py(2)) if (2,t) € OBE x [0,T,]. We call
oyt BF U (8Bff7 x [0,7y]) — M a relative cycle of v. Note that oy is a
piecewise embedding, and S, and the image of o intersect transversely and
positively at p:(7).

6. Gradient trajectories

Let M be an n-dimensional oriented compact manifold with boundary
N as before, and g and f a cone end Riemannian metric and a cone end
Morse-Smale function on M \ N, respectively.

Let p,p’ € M\ N be critical points of f, and u : R — M \ N a map which
satisfies du/dt = —Xy o w with limy—,_ o u(t) = p and limy_,o u(t) = p’. We
call such u a gradient trajectory from p to p/, and moreover, we call such
u up to parameter shift an unparameterized gradient trajectory. We define
M(p,p’) to be the set of the unparameterized gradient trajectories from
p to p’. Since an intersection point x € Sy N Up(anp) corresponds to the
unparameterized gradient trajectory from p to p’ through x, M(p, p) can be
identified with S,y N Up(an?p). Let p € Cri(f) and p' € Cri_1(f). For x €
Sy ﬂap(ﬁpr), we define €, := 1 if the orientations of TxSprEBTmap(anfp) and
T, M coincide, and €, := —1 otherwise. Then we assign €, to u € M(p,p’)
passing through z € Sp/ﬁap(E)pr), and put fM(p,p’) := Za:esp,map(aB’;p) €,

which is nothing but the intersection number of S, and op(Opr).
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Similarly, for p € Cry(f) and v € Cri{_,(fn), we define M(p,7) to be
the set of the unparameterized gradient trajectories u : R — M \ N which
satisfies du/dt = —Xyou with limy_,_ o u(t) = p and lim;_ u(t) = (7,0) €
N x {0} € M; and we define §M(p,7) to be the intersection number of
S, and ap(aB,’fp); and moreover, for 6 € Cr;_,(fn) and p € Crip_1(f), we
define M(p,7) to be the set of the unparameterized gradient trajectories
w : R — M\ N which satisfies du/dt = —Xy ou with lim;,_u(t) =
(0,0) € N x {0} € M and limy_,cu(t) = p; and for 6 € Cr,_,(fn,)
and v € C'T’,j_l(fNj) with ¢; > ¢, we define M(4,7) to be the set of
the unparameterized gradient trajectories v : R — M \ N which satis-
fies du/dt = —X§ o u with lim;,_u(t) = (6,0) € N; x {0} € M and
limy 00 u(t) = (7,0) € N; x {0} C M; and we define M (6, p) and §M(9, )
to be the intersection numbers, similarly.

On the other hand, for v € Cr}(fn,) and 7 € Cri (fn,), we de-
fine N (7,7’) to be the set of the unparameterized gradient trajectories
u : R — N; which satisfies du/dt = _XfNi ou with limy, o u(t) = v and
limy 00 u(t) = 4. We fix a diffeomorphism 1., : B¥ — U, with ¢, (0) = 7.
Let 0 < r < 1. For x € S,y N, (0BF), we define ¢, := 1 if the orientations
of T;,S, & Tytp,(0BF) and T, M coincide, and €, := —1 otherwise. Then
we assign €, to u € N(y,7/) passing through = € S, N ¢, (BF), and put
IN(v,7) = ersvlﬁzpy(@Bﬁ) €z, which is nothing but the intersection num-

ber of S, and 1 (9BF). Similarly, for § € Cry (fn,) and &' € Cr_,(fn,),
we define NV(4,0") to be the set of the unparameterized gradient trajectories
u : R — N; which satisfies du/dt = —XfNi ou with limy,_ u(t) = ¢ and
limy 00 u(t) = ¢’; and we define §A(d,0”) to be the intersection number of
Ss: and s(0OBF).

For v € Crf(fn,) and § € Cri_,(fn,), we define N(7,0) to be the
set of the unparameterized gradient trajectories v : R — N; which sat-
isfies du/dt = _XfNi owu with lim;,_ o u(t) = v and limy_oo u(t) = 4.
For x € S5 N wy(ﬁBf) C N, let vy, € T, M be an inward-pointing vec-
tor, {vi,...,Vp—k+1} an oriented basis of T,Ss, and {v,_gyt2,...,vn} an
oriented basins of Ty, (0BF). We define €, := 1 if the orientations of
{v1, ..., Uk, Vin, Vn—k+2, - .., vn} and T, M coincide, and €, := —1 other-
wise. Then we assign €, to u € N(v,§) passing through = € S5 N 1), (0BF),
and put N (7,6) = X e 5,00, (0Bk) -

We remark that, for § € Cr; (fn,) and v € Cri_,(fn,), there is no map
u : R — N; which satisfies du/dt = —XfNi ou with limy—,_ o u(t) = 6 and
limy 00 u(t) = 7y since fn;(d) <0 < fn, (7).
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7. Morse homology of manifolds with boundary

Finally we recall our Morse homology of manifolds with boundary, intro-
duced in [1], and re-certify that the Morse homology is isomorphic to the
absolute singular homology through connecting homomorphisms.

Let M be an n-dimensional oriented compact manifold with boundary
N as before, and g and f a cone end Riemannian metric and a cone end
Morse-Smale function on M \ N, respectively. Moreover, let M~! = ) C
M® c M' C --- ¢ M™ = M be the handlebody decomposition of M as in
Theorem 4.3. Then, owing to the conditions of M¥,

@peCrk(f) Z[Jp] @ eayecrz'(fl\,) Z[J'y]a l= k7

0, otherwise,
o (4)

where [0},] and [0,] are the relative cycles o), : (Bf?p,@B,’fp) — (M*, M+

and o, : (B,’f7 U ((‘9]9,"?7 X [O,TW]),(?BfW x {Ty}) — (M*, M*=1).

We denote by 6 : Hy(M* M*1,7) — Hy_(M*', M*=2,Z) the con-
necting homomorphism. The connecting homomorphisms satisfy d_1 06, =
0, and we obtain a chain complex (H,(M*, M*~1;7Z),6,). Because of (4) we
can prove that the homology of (H.(M*, M*~%;7Z),d,) is isomorphic to the
absolute singular homology of M in the same way as CW decompositions.

On the other hand, for a relative cycle [0 : (X,0%) — (M*, M*~1)], the
connecting homomorphism ¢ can be written as

H(M* M*1,7) = {

Oplo : (2,0%) — (MF, M) = [0 : (0%,0) — (M*1, MF=2)].

Since S, and the image of o, intersect transversely and positively at p, we
may think of S, as the dual base of [o,], and similarly since S, and the
image of o intersect transversely and positively at p.(v), we may think of
S, as the dual base of [0,]. Hence §;, can be written as

Skl : (2,0%) — (M*, M*1h)]
= > HSna@D)ol+ Y #(S,Na(9)o),

pECTE_1(f) veCri_(fn)

where (S, N o(0X)) and §(S, No(0X)) are the intersection numbers of S,
and 0(0%), and Sy and o(0%), respectively. This description was essentially
given by J. Milnor in [6].

Now we define a free Z module CM(f) by

CMy(f):= P Zpo & 2z,

peCTL(f) YECT (fN)

which is isomorphic to Hy,(M*, M*~1; Z) by identifying p and v with the rela-
tive cycles [o}] and [o,], respectively, and define a linear map 0y : CMy(f) —
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CMp-1(f) by, for p € Cri(f),

Op = > MW+ D M)
p'€Cri_1(f) veCri_ (fn)
and for v € Cr (fn),
Oy = Y, > N OEM(Sp)p

peCrr_1(f) seCry_ | (fN)

+ ). > N, M5, Y)Y
vy eCry | (fn)deCr,_ (fN)
+ > NG
v'ecri_ (fn)
Again our main theorem is that:

Theorem 7.1. (CM.(f),0s) is a chain complex, i.e. Jx_1 0 0 = 0, and
the homology is isomorphic to the absolute singular homology of M.

Proof. We already know CM(f) = Hy(M*, M*~1;7Z), and hence we show
that 0y = 0. For p € Cri(f), by the descriptions of the connecting homo-
morphisms and the moduli spaces of gradient trajectories,

Ok[op]
— S Sy NaOR el - 3D HS, N ey (OR )]
p'€Cre—1(f) 7€Cr,j71(fN)

= > M@yl + Y. Moy

p'€Cri—1(f) veCrt_ (fn)
Hence Oxp = 0x[op] under the identification of p and v with [o)] and [o,],
respectively. L
Recall that the relative cycle o : Bff“‘7 U (8Bf7 x [0,T,]) = M for v €
CT‘]—:(fN) is given by o, (x) 1= p. oY (x) if x € Bﬁ’w, and o (z,t) := @i(pe 0
Py (x)) if (x,t) € 8BfW x [0,7;]. Then, for v € Crif(fn), ko] can be
written as
Okloy] = Z 8(Sp N ‘TW(an7 xA{T5})[op]
pECTE_1(f)
+ Z #(Sy N Jv(anﬂ, xA{Ty})[oy].
VIGCT:_l(fN)
Let v € Cri(fn,). For p € Cry_1(f), an intersection point z € S, N
07(83,15; x {T}) corresponds to a pair of

e a gradient trajectory u : (—oo,ry] — N; which satisfies du/dt =
_XfNi owu with limy_,_ o u(t) = 7, and
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e a gradient trajectory v : [0,00) — M \ N passing through x which
satisfies dv/dt = —Xov with v(0) = p-(u(ry)) and limy_,o v(t) = p.

As e — 0, v breaks into two pieces:

e one is a gradient trajectory u’ : [0,00) — N; which satisfies du’/dt =
— Xy, ou’ with w/(0) = u(ry) and limy, oo u(t) = 6 € Cry_(fn;),

and
e the other is an unparameterized gradient trajectory v’ : R — M \ N
which satisfies dv'/dt = —Xy o v' with limy,_v'(t) = (4,0) €

N; x {0} and lim;_,o, v'(t) = p.

Note that v and u’ give an unparameterized gradient trajectory u” : R — N;
which satisfies du” /dt = —Xpy, ou” with limy—, o, u”(t) = v and limy_, o0 u” (¢)
= 0. Then an intersection point z € S, N 07(8B,’f7 x {T,}) gives (u",v') €
N(7,08) x M(4,p). Conversely, by the gluing analysis, (u”,v") € N(v,d) x

M(4,p) gives x € S, N oaY(@BffW x {T,}). Hence

8(Sp N0y (OB, x {T5}) = tN (v, 6)§M (8, p).

Let v € Crif (fn,). Ity € Cri_(fn;) with ¢; > ¢;, an intersection point
reSyn Uy(anf7 x {T}) corresponds to a pair of
e a gradient trajectory u : (—oo,7,] — N; which satisfies du/dt =
— Xy, 0w with limy_, o u(t) = v, and
e a gracziient trajectory v : [0,00) — M \ N passing through z which
satisfies dv/dt = — X o v with v(0) = p(u(ry)) and lim;_o v(t) =
(7',0) € Nj x {0}
As e — 0, v breaks into two pieces:
e one is a gradient trajectory v’ : [0,00) — N; which satisfies du’/dt =
— Xy, ou’ with w/(0) = u(ry) and lim;oc u(t) = 6 € Cr_(fN,),

and
e the other is an unparameterized gradient trajectory v’ : R — M \ N
which satisfies dv'/dt = —Xy o v’ with limy,_v'(t) = (4,0) €

N; x {0} and lim; o v'(t) = (7/,0) € N; x {0}.

Note that v and v’ give an unparameterized gradient trajectory u” : R — N;
which satisfies du” /dt = — Xy, ou” with limy—, o u”(t) = v and limy_, o0 u” (¢)
= ¢. Then an intersection point z € S,/ N 07(835W x {T,}) gives (u”,v") €
N(v,8) x M(8,7'). Conversely, by the gluing analysis, (u”,v") € N(v,6) x

M(0,") gives z € Sy N Uv(an7 x {Ty}). Hence

8(Sy Moy (OB, x {Ty}) = tN (7, 8)EM(6,7).

If v € Cr{_,(fn,), an intersection point @ € S,/ N (LY(E)BffW x {T,}) corre-
sponds to a pair of
e a gradient trajectory u : (—oo,7y] — N; which satisfies du/dt =
_XfNi ou with limy—,_ o u(t) =, and
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e a gradient trajectory v : [0,00) — M \ N passing through x which
satisfies dv/dt = — X o v with v(0) = p.(u(ry)) and lim; o v(t) =
(’7/,0) € N; x {O}
This time, as € — 0, v converges to a gradient trajectory v’ : [0,00) —
which satisfies dv'/dt = — X, ov" with v/(0) = u(r,y) and limy_,o v'(t) =
because, if v converged to a plair of the following two maps:

2 =

e a gradient trajectory u : [0,00) — N; which satisfies du’/dt =
—Xjy, © o' with «/(0) = u(ry) and lim;_cu(t) = 6 € Cr_ (fn,)s
and

e an unparameterized gradient trajectory v’ : R — M \ N which
satisfies dv” /dt = —Xy o v” with lim¢,_o v"(t) = (6,0) € N; x {0}
and lim;_,o v"(t) = (7/,0) € N; x {0},

the existence of such v” contradicts Lemma 2.5. Note that u and v give an
unparameterized gradient trajectory u” : R — N; which satisfies du”/dt =
— X, ou” with limy_,_ v (t) = v and limy_,oc v”(t) = 7'. Then an inter-
section point © € S,y Mo, (9B) x {T,}) gives u” € N'(v,7'); and conversely,
u" € N(v,7') gives € Sy N 07((331‘?7 x {T,}). Hence

1(Sy N 07(837{“7 x {T,}) = tN (v, 7).

Therefore, we obtain

Sloy] = > > IN(7,80)iM(S,p)[oy)

pECTR_1(f) deCr,_(fn)

Sy Y NG OEMEG Aoy

Y eCr_ | (fn)6€CT,_ (fn)

+ ) NG )oy),

W’EC’r,j_l(fN)

which implies that dyy = dx[0] under the identification of p and ~ with [o})]
and [o,], respectively. O

REFERENCES

[1] M. Akaho, Morse homology and manifolds with boundary. Commun. Contemp. Math.
9 (2007), no. 3, 301-334.

[2] Y. Eliashberg, A. Givental, H. Hofer, Introduction to symplectic field theory. GAFA
2000 (Tel Aviv, 1999). Geom. Funct. Anal. 2000, Special Volume, Part II, 560-673.

[3] H. Hofer, Pseudoholomorphic curves in symplecticzations with applications to the
Weinstein conjecture in dimension three. Invent. Math. 114 (1993), no. 3, 515-563.

[4] P. Kronheimer, T. Mrowka, Monopoles and three-manifolds. New Mathematical
Monographs, 10. Cambridge University Press, Cambridge, 2007. xii+796 pp.

[5] F. Laudenbach, A Morse complex on manifolds with boundary. Geom. Dedicata 153
(2011), 47-57.

[6] J. Milnor, Lectures on the h-cobordism theorem. Notes by L. Siebenmann and J.
Sondow Princeton University Press, Princeton, N.J. 1965 v+116 pp.



MORSE HOMOLOGY OF MANIFOLDS WITH BOUNDARY REVISITED 17

DEPARTMENT OF MATHEMATICS AND INFORMATION SCIENCES, TOKYO METROPOLI-
TAN UNIVERSITY, 1-1 MINAMI-OHSAWA, HACHIOJI, TOKYO 192-0397, JAPAN
E-mail address: akaho@tmu.ac.jp



