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It is well-known that a continuous real function, that is defined on
an open set of R, has an indefinite integral. How about multivariable
functions? For the sake of simplicity we restrict ourselves to smooth
functions, i.e. functions that have continuous partial derivatives of all
orders.

We begin with functions of two variables. Let f : U — R? be a smooth
function defined on an open set of R2.

Question: Is there a smooth function F': U — R such that

oF oF
3—951 = f1 and 8—952 = f2
where f = (f1, f2)?
Since
0’F O’F

31’181‘2 - 81‘231’1

on _ 0k ()
81‘2 B 81‘1

The correct question is therefore whether F' exists, assuming f = (f1, f2)

we must have

satisfies (). Is (*) also sufficient?
Example: Consider the function f : R? — R? given by

f(%'law):( 2 -1 )

2 272 2
T+ x5 o]+ 15

It is easy to show that (x) is satisfied. However there is no function
F:R? — {0} — R that satisfies (x)!

This example suggests that the answer to the question depends on the
“shape” of U. Instead of searching for further examples or counterexam-
ples, we will define an invariant of U, which tells us whether or not the
question has an affirmative answer, assuming the necessary condition
(). This invariant is called the first de Rham cohomology group and
denoted H'(U). Tt can be shown that H'(R?* — {0}) is nonzero, which
explains the example above.

0 0: “From Calculus to Cohomology” by I. Madsen and J. Tornehave.
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