SUM FORMULAS FOR DOUBLE POLYLOGARITHMS OF HURWITZ
TYPE AND SOME APPLICATIONS

HIROFUMI TSUMURA

1. INTRODUCTION

In this note, we introduce sum formulas for double polylogarithms of Hurwitz type
including well-known sum formulas for double zeta values. Also we give certain weighted
sum formulas for double polylogarithms, further for double L-values. Moreover we give
certain sum formulas for partial double zeta values attached to congruent conditions.

For the details in this note, see the joint-papers: Matsumoto-Tsumura [8] and Essouabri-
Matsumoto-Tsumura [3].

2. VARIOUS SUM FORMULAS FOR DOUBLE ZETA VALUES

1
We recall various sum formulas for the double zeta value ((p,q) = Z Pt
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This was extended to the relevant result for multiple zeta values by Guo and Xie [5].
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Based on these facts, we aim to prove sum formulas for double polylogarithms of Hurwitz

type as follows.

Theorem 2.1 ([8]). For k € N, z € C with |z| <1 and b € (0,1],

x™ mtn htl x™
cos(bm — +
( >{mz;1m(m+n+b)k+1 ; m(m + n + b)k+1 ;T;(n+b)k+2 (m+n+0b)
n>0 n>0 n>0

pmtn " k+1 o
B Z (n+b)(m +n + b)ktl + Z (m —b)(m + n)k+1 ZZ (n+ b)k+2=v(m + n)v }

m>1 m>b v=2 m>b
n>0 n>0 n>0
sin(br) " b "
o7 {2m<m+”+b)k+2_2 (m+n+bk+2+§:1§>: n + b)Y (m +n + b)k+3-v
7;270 7;270 v n>0
B Z mern B Z :L.m+n B Z "
b mtn+b)2 < (n+b)2(m+n+b)k L= (m—b)2(m+n)kH!
n>0 n>0 n>0
xn
Lk }
7;7 m — b) m—l—n)’l‘C+2 z_: ; (n+ b)k+H1=v(m + n)v+2
n>0 n>0
_ sin(b > " (b > " 2 5in (b)) "
_778111( W)ZW+2COE( W)Z(n+b)k+2 — - Z(n+b)k+3 (*)
n=0 n=0 n=0

Note that the case (b,z) = (1,1) implies the ordinary sum formula.

Corollary 2.2 ([3]). For k € N and = € C with |z| <1,

k+1
xn
v — Li(k + 2:2),
WZZI m(m + n)k+1 MZN (m m(m +n)k+t VZQ ; nk+2=v(m + n)v ( )
n>1 n>1 n>1

where Li(s;x) = )_,~; a"n~%. Furthermore, for a primitive Dirichlet character x,

k+1

> Lu(v k42— vix0,x) + Lu(k + 1,1 x0) — La(k + 1,15 X, x0) = L(k +2; %),
v=2

where xo is the trivial character, L(s,x) = }_,,~; x(m)m~* is the Dirichlet L-series and

Li(s1, 82591, 2) := Z ¢1(m1)1/12 m2 Z m)i m—i—n)’

82 51
o1 m1 m m+n
n>1
P1(m1 — mo ¢2 ma)
Lm(31732;w17w2) = Z Z s s
m1 m ms2 m+n 1
mi1>mo>1 m21

n>1

are double L-series first studied in Arakawa-Kaneko [2].
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Theorem 1 holds as a functional relation among holomorphic functions for b € D.(1),

where we fix a sufficiently small € > 0 and let
D.(1)={beC||b—1] <e}.
By differentiating Theorem 1 in b and b — 1, we obtain

Corollary 2.3. For k € N and x € C with |x| <1,
k+1

x" x"
Svy FhA) Y
k+2— 1 k+2
— ‘o 2=v(m + n)vt = m(m + n)k+
n>1 n>1
" a;m—l—n > "
+ Z m2(m + n)F Z m2(m + n)F Z nk+3"
m>1 m>1 n=

n>1 n>1

Corollary 2.4. For k € N and a primitive Dirichlet character x,
k+1
> vLu(w+1E+2-vix0,x) + (k+ 1) Lu(k +2, 15X, X0)
v=2

In particular,
k
ST vCw+1,k+2—v)+2(k+ 1)C(k+2,1) = C(k +3). (%)

v=2

Note that (%) can also be derived from the result of Arakawa-Kaneko multiple zeta-

function in [1] as follows.

Arakawa-Kaneko multiple zeta-function

1 [e%¢) tsfl ) _
f(kl,...,k‘r;s) = 'lel,...,kr(l —e€ )dta
0

I'(s) et —1
where .
. Zmr
lel,,..,kr (Z) = Z TS (kl, o ke € N)
O<my<--<my. 01 M

Indeed Arakawa-Kaneko showed that

E2k+1)=—Ck+1,2) — (k+1)C(k +2,1) + C(2)C(k + 1);
k+1
E2ik+1) =) v+ Lk+2-v).

v=1

Combining these results, we obtain (x).

Remark 2.5. Arakawa-Kaneko essentially gave general form of relation formulas including
(x) for ‘multiple zeta values’, by using the analytic property of their ¢-function and the
duality of MZVs.
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By differentiating Theorem 1 in b one more time, we can obtain

k
viv—1) (k+1)(k+2)
S Doy 1y oy EEDEEY

2
v=3
+(k+1)(k+2)((k+3,1) =((k+4) (k > 3),

C(k+2,2)

which is given from their result on £(1,2;k + 1).

3. SKETCH OF THE PROOF OF THEOREM 2.1

First we prepare the following functional relation.

Theorem 3.1. Forbe R with0 < b <1, x € C with |z| <1 and s € C with Rs > 1,

" mm+n
cos(bw){ . — .
T; m(n+b)s(m+n+0b) n; m(n +b)(m+n+b)
n>0 n>0
+
; (n+ b) (m+n) }
n>0
_ sin(b ){ Z " B Z gt
T mn+b)(m+n+b)? 4 m(n+b)*(m+n+b)°
n>0 n>0
+
mZ:b (n+ b) (m+mn) }
n>0
" " sm
=7sin(br) » ———— — 2cos(bn)
T;) (TL + b)s+1 ng;) (n + b)s+2 z>: n + b 5+3°
Proof. Assume Rs > 1. By
M
_ (—1)™sin(m#) 0
Jm SRS = 8 e (m)

we have

NE

(—1)™ sin(m0) 9) 5 (—)ranlhr

21 ( lim -+ —
M—o0 m 2
m=1

Hence we see that

m+n n z(m+n+b )6 m+n$nez( m+n-+b)0
lim E E 2 — lim E E 2
M M
T m=1n>0 m(n +b)® T =1 n>0 m(n + b)?
m;én+b

N ZGZ n " mG _ _ ano (n+a;1’)bs+1 (b = 1)
(n +0)* 0 (b#1),
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where the change of order of summation is possible (see [6]). Denote the left-hand side by
J(#) and the right-hand side by Cp, respectively.
Multiply by (i/27)6 on the both sides and consider the integration

" areydn = X0 [T gap —o.
27 J_, 2 J_,

This gives that

n

x sin(bm) x
b _
cos( W)mz;l m(n + b)*(m +n + b) T W; m(n + b)*(m +n + b)2
n>0 n>0

n

x sin(br) x
—cos(bm) ) m(n +b)*(m +n +b) 5 mz: m(n + b)*(m +n + b)2

n

m>1 >1
n>0 n>0
m#n+b m#n+b
>t >t
— 7 sin(bm) ————— — 2cos(bn) —_—
+1 +2
= (n+b)* = (n+b)*
sin(bm) x"
+ g =0
+3 ’
T (n+0)°
which further converges absolutely for s > 1. This completes the proof. g

Sketch of the proof of Theorem 2.1. Letting s = k € N in (3.1) and using repeatedly the

partial fraction decomposition

1o (1, 1) 1
Xy \X Y/)X+4+Y’

Then former three terms in the parentheses on the left-hand side of (3.1) is

k+1 n
X
~ (3.2)
VZ:MZ;I n+ b)kt+2- (m+n+b) Z m(m + n + b)k+1
n>0 n>0

n

-2 : -2 :
(n+b)(m+n+bF1 L= m(m+n+ bkt

m>1

n>0 n>0
k1 o
R D
v=2 m>b m>b
n>0 n>0
We can similarly decompose the other terms, so we obtain Theorem 2.1. O

Fix k € N, z € C with |z| > 1, assume 0 < b < 1, and differentiate the both sides of (x)
in Theorem 2.1 with respect to b.
It should be noted that on the left-hand side of (x) in Theorem 2.1,

n

T 1
2 T = gy Ak T ) —bm+n)k+2’

m>b m>2
n>0 n>0
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n

z" 1 T
D TR R — e g Pk T L)+ ) e

m>b m>2
n>0 n>0
" 1
E = i(k+2;2)+ E
k+2 k+2
= (m —b)(m +n)k+ x(l—b) = m —b)( m+n) +
n>0 n>0

are not continuous at b = 1. Hence we consider g(b) = g (b; x) defined by
cos(brr) sin(br) k sin(brr)

90) = T (1 — D)2 (1 =)
Let k € N and z € C with |z|] < 1. Then we can easily check that g(b) = gx(b;x) is

holomorphic for b € D.(1) = {b € C||b— 1| < £} and satisfies

(1) = ELith+2:0), ¢(1) =~ Lifh+ 150), ¢"(1) =~ LiGk + 2,2
g - T I I g - 31_ ’ ) g - 3.’E ) .

Li(k+1;z) + Li(k+1;2) + Li(k + 2;x).

Namely (x) holds as a functional relation among holomorphic functions for b € D.(1).
Therefore we can differentiate the both sides of (x) in Theorem 2.1 with respect to b,

and can prove Corollaries 2.3 and 2.4.

4. SUM FORMULAS ATTACHED TO CONGRUENT CONDITIONS

Theorem 4.1. Let N be odd positive. For k € N and x € C with |z| <1,

n

k n .
2_,:{ > nu(m+n)k+2—u}+ > m(m + n)F

m,n>1 m,n>1
m=n (mod N) m=n (mod N)
>y S S YT
v=1 m,n>1 ny(m + ’]’L)k+2*y m,n>1 (m + ’I’L)k+]'
m=—2n (mod N) m=—2n (mod N)
xm—‘rn xm—&—n
N E : k+1 Z k+1
m,n>1 (m+n) m,n>1 (m+n)
m=—2n (mod N) m=—2n (mod N)

(e} m

2 T T
— % Litk+2:aN)+ L~ .
Nk+2 ik +227) + N W; sin(2mm /N )mk+1
Ni{m

Note that the case N =1 and x = 1 implies the ordinary sum formulas.

In the case N = 3 and = = 1, we see that m = —2n (mod 3) implies m = n (mod 3).
Let x3(m) = (2/4/3) sin(2mm/3) be the quadratic character of conductor 3. Then we have
the following.

Corollary 4.2. For k € N,

zk:{ 3 ! }— Lk +2) 4 Lk + Lixs)
n?(m +n)k+2—v [~ 3k+2 373 1 X3)

v=1 m,n>1
m=n (mod 3)
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In particular when k =1,

3 n(mi ot 3703 + =L

m,n>1
m=n (mod 3)

Sketch of the proof of Theorem 4.1. Similarly to Theorem 3.1, we obtain

z" x" xm+n
Z mns(m +n) * Z mns(m +mn) Z mn(m + n)*
m,n>1 m,n>1 m,n>1
m=n (mod N) m=—2n (mod N) m=—2n (mod N)
2 Li(s 4+ 2;2) + u OOE o (%x)
= ———= LS T -
Ns+2 ’ N & sin(2mm/N)ms+1
Nim

for s € C with R®s > 1, by letting b = 1, n = e2™/N for an odd positive integer N, z = n~2@

in (x%) and using

N-1 N(N-1)
Z ap—an — N2 (N | ’I’L)
a=0 pTn—1 (N 1n).

where p = n,7%. Then, setting s = k € N in (%x) and using the partial fraction decompo-
sition, we obtain the proof. O

5. THE CASE OF A GENERAL DEPTH

First we consider the triple L-values.

Theorem 5.1 ([3]). For K € N with K > 3 and a Dirichlet character x,

Z Z x(m1)
k1

k k
k1ko>1, k3>2 | my,me,maeN 41 (m1 + ma)k2(mq + ma + mg)ks
k1+ko+k3=K

+ ¥ 3 x(mz) — x(ma + mo)

mi(my + mz)k2 (my +mg + m:s)k3

ko>1, k3>2 m1,ma,m3EN
ky+kg=K—1

3 x(m3) — x(my +ms3) — x(ma + m3) + x(m1 + ma + ms3)

_l’_
my(my 4+ ma)(my + ma + mg)K—2

m1,ma,m3EN

— x(m)

K

m=1

Note that when y = x¢, we obtain the ordinary sum formula for triple zeta values. The
method of this proof is essentially the same as in the case of double series, though the
calculation is much harder.

From the double and triple cases, we expect the following result.
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Conjecture 5.2 ([3]). Forr € N and K € N with K > r,

)3 > K

k

ki,onke_121, kr22 | my,ma,...,mr€EN mll(ml + m2)k2 (ml + mg + m3)k3 o (Z;:l m])kr
k4 Fkr=K

x(mz) — x(m1 +my)
+ Z Z ml(ml +m2)k2(m1 + my _|_m3)k3 (Z;Zl mj)kr

kg,..oskp—121, kr>22 | my,ma,...,m,€N
kot +hkp=K—1

3 3 x(m3) — x(m1 +m3) — x(ma2 +m3) + x(m1 +ma + m3)

_|_
my(my + ma)(my + mg + mg)ks - .. (Z§:1 m;)hr

kg,...;kp_121, kr>2 | my,ma,....,m,€N
kgt +hkp=K—2

>

mi,ma,....mr €N
m=1
For example, the case K = r+1 (hence the only possible choice is (k1, ko, ..., kr—1,ky) =
(1,1,...,1,2)) implies that
3 S x(mg) =305 g x(myy +myg,) 4+ (=1 I (30 my)

—1
s (m )+ e ) (S mg) (S my)?

_ i x(m)
- r+1"°
m=1 m
In particular when x = xo, this coincides with the well-known formula

¢(2,1,1,---,1) =((r+1).

X(mr) - Zj<r X(mj + m?“) =+ Zj1<j2<r X(mjl + mj, + m?“) -

my(m1 + ma)(m1 + ma + mg) - - (Z;Zi my) (32— my) KT

6. CONCLUSION REMARKS

At the end of this note, we list several remarks as follows:
(1) Can the result for double L-values in Corollary 2.4 be given from the property of
Arakawa-Kaneko &-L-function?
(2) Are there certain connections between our results for multiple L-values and the
cyclic sum formulas for multiple L-values? Indeed, can Conjecture 5.2 be given

from the cyclic sum formulas for multiple L-values?
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