00'9‘2007' 8 - I"] No. @
1F B (A B AT A M T £ W onu

XJ’C\QSSiFy noONLCon - ot iye Pkoée,cj’ive SL,LF\%.@S

© q- projective plane ATV 1990
@ 9 - ku\ed Su,b{:ace N
@ & Suk‘FOLCe finite over its center

‘ools

®© Bloww wp  Von den Bergh 200 | L o
@ Tntersection TheG\-y Cmith Qo001 V

IV Quantum Ruded Laface

@ Bil’nodu\e .
Def X, Y :Q-schemes

M s X-T-bimodule £y ~@M:ModX > MadY odjoirt
= Hem(i1,7) ModY —> Moad X) poir

E%. R)S‘-Hh%S , X=9Pecl:{,Y=gpecS E
M:R-S-bi modu,le, SM:X-T- bimodule
ea, X = scheme , M e Med X

— QM Mod X —> Mod X
Hom M, =) : Mod X —> Mod X

Q. O« :Mod X — Meod X s '.demwy
X 2 Y;;Z, : QLE,;C}‘,\GM&S

M- X;Y‘blmod_w_‘ - M®N i LT Dimo ! o
N : Y*Z‘bimoduﬁ; = VRN s Ao L bimedide
—QMAND = (- gMHaN

_ Hom, (M, =) = Home M, Hom (NL=))
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M= X -Y- bimedule
j_orf (=M Mad X —>MadY s defired by the formula
Hom (Tory (-,M3,TY = Excty (=, Hom (M, 1))
VI e MdY - injectives

@ Quoh'\'um proje(j"lve SPCLCQ Burd\e

Xt hoetherian 9 - echeme,

Def Ais groded X-dlgebra € A=A, A X-bimodule

st. A'i. ®XA} ﬁA\'w‘} (mu\'ﬂp\?caﬂon\)
Oox — % PAs  Cunit)

M : graded A-amodule & tl= @Zma CMe Mad X
st MioA; — Mg
Proj A = (TailsA, ACAY
£ Proi A — Mod X+ stiuchure amap

T ModX 825 @ ModA — > Tails A adpint
fx T TailoA —2 5 GMod A L 25 ModX [ pair

Def. (—,Smith D X Z-scheme
A guartum projective S\;qée burdle /X

IS —Pbo&A where A is o poetherion  £lat \&%ulak
_connected X -ofgebra .
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Da NO.®
connected * A =0 | Ag=ox
ke%uJ,C&- : To&ff (-,)=0 Vi»ao o
Clot  * ~QA : ModX — GrMod A is exact

hoetherion : —QA - Mod X —> gkh’*oc\ A .

Ko (X)) = Ko(mod X ) : Grotherdieck group ofF X o
\Hlm (— , Seith ) : :

—

X * hoetherion smooth progrec‘t?ve, scheme

Proj_A ;g - P?‘O%QC‘\'.IVE space burdle /X :

KoOXD [, ¥
ﬁ {(O(‘R‘O}A> >_| (-1 H A(@ (t)>

M € %r*modA ~ Hilbert series of M is o
H, = 1 IMilt e KOOl -

1€l

Ae%. /;\’ hOEThﬁ,HQh Y‘E%,UL\QP‘ Conmeched‘ F\)‘OQ%QBVQ
. /A S .
= KPRgAd =y~

'eg. m - Prog’rﬁ[%,“‘,xn] o -

e 77t B .
—DKOUP)*(U 0 ) - o
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Rer:;!.\( _2_( : ’Pt-oé,.ec.‘\'ﬁv.e 79:}19;*\@.
P -
X = —Pro} B(X, DD ( RO D) gometimes re%u.\&b )
R) Quertum Ruled Sustoce 7 ” -

X : S‘fmgoﬂx Pro}ec‘\‘jve carve

Y s ruded swefoce /X ) ,
& =P SE) where € i o lecally free
sheof of rank Q - N

Sﬁ(f‘:) © o symmeTtric o,\gebrg on S o;zeh ®;<7,

| ) - .
TE/(@ TE®)=Cefect™e--
) Q@ € ¢ o E;Joco,ﬂy %eheko:i‘e,d b\/

- oY ~Yoll . 7
R commuctati v_E.;h" ng o
R-bimodule = R®R -,modpg‘e -
X = SpecR ) )
X -bimoduwle = Spec(ROR ) - maedule
1

X = X :

Def (Artin - Von den Bergh. )
IL‘ cohe rertt @x’ bimodpde M 1S Q cohekeh*

@x X hwoc\u\ e s.t. Qe 'Fir;j'\‘e 1=1,9

PR \9‘*??”
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I this case
—@M = Pri (pr¥*(->g M) }deoivc\‘ Pk
Hom, (M, =) = Prix (Hom (M, pr‘(=2)) ]
Therefore ¥l is a X - bimedule
A={.p|peX} S X X

Ox & Y Ox
¢« coherent Ox-bimodule
€ is lowlly free of rank b
f;? Prig & are \oco.\\\/ free of rank
1=1,2 . o
= 3 % ¢ Nocally,_free Ci-bimodale of rank =

5.4, —®F s left odioint fo —®F o
—@F g H%M ad}oirdr to —®% . N
QC 0% s pondegenerote |

& Qet —»cefte’t — @=L isoms
ToQ —— ot ot —> Go=C.
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Def. (Von den Begh, Potricd

A quentum ruled surface in PE)=Roi A where
€ = locally free Ox-bimodule of rank U

@QE T ®E * nondegemerate invertible (g -hbimodule

nvedible 3@~
Q@ oQ =0 )
QLeQ =G,
4 =TEY @) =
Thm | — Ko (X)) [+] )
KOC{—PCE )D - ( [CBXj - [PPQ*E]JC + [pkb*@]_t‘l .
QIP@) = -F*OX

W = FF (W0, ©Q ) C2)
Then (Serre duality )
— i, Q-1 X
B, (M, Wy ) 2= Extrpe, (G, , MO
: VM e mod [PCED)
V  lntercection Tﬁeoh\/ -

X : noetherian ¥ -scheme /R

X i Ext - finite 2 dirm Bxt (MLND <00
a VM, N € mod X
Vi
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A XY = sup i ] By (M,NDEO |, IM, NeEmod X ¥
X = Ext - finite & hd(Xx) <00, -

Ciler Form (M, N = Y610 dimg, Bty (M, N

con extend )
C, ) elX) x Ko(XY — 72

IM], INT € ko (X) )

In‘\‘ekgec'\'lon multi Pllcr\‘\/ of M1 and INT is defined b#
[MT-[NT = ™ (M3, Tnd) o

Thm Chan) X : smocth projective va»ie+y/%

C,DC X : subschemes -
dimC +dimD £ dimX = C-D =[G [G]

C-D =Y, 1Y dim, Tor ; P(C%P,CSDP) -

PeCnD

[M]-[N] =[N]'[M1 M,E € mod X

é'ﬂ» gewe Vinghnh,% conded—ure, 7777

%ﬁ{a.mcﬂt dimD < dim X } ’ B

= C D=0
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Def D eWPe X
Op = 1O -Gy eka (XD
C, D eWPic X
C-D =-(Cc , Op )
Gef. X is Gorenstein ‘i; A KE€WPic X - cononical

divisor
—_ : P
ot Bk (5, Gk 2Bty (@, -

Ih_m_i 3< = Gorenstein I : canonical divisow
D€ WPic X
.C(R"emcann ~Roch )

X (%@ =2(D-D—K-D)++R

7,;,77Po. = X(GH = | (/X(—\: (GXJ: ) , )
Culer cheracteristic

(Adjunction Formule)
: 29-2 =D-D+k-D
TR TSy

><j Smgo'kh proged*u've cukhve

P )y: 9 - l;bul ed SLA—F‘FQ,QQ, 7/ X

Thm (1) PCE) is Ext - finite (Myman}
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-Prog A

'F FP(E) ——> X strucTuwe movp -
. gection owc {: H = [@P@] [C—C)lpca (- l)] 6 K; (TP(E ))
- fiber of o closed ot peX £'p =TFC]- ,F*(@x,,(ﬂ?)ﬂi

- guosi- caromcol divisor K =[00, 116, ]€ Ko(X>
([ G ] ~[Ge, KT ) © O (0
= [ O] - [ Opee,)
Thm. (=, Seith) p,g € X cloged pts
e f9 =0 o F¢ N
p-H=H-p = |
H-H = deq (PRx € )

CRC fPCE)~ /i l‘\ ®P|CX > /v X o

- Thm, CAc\j[wnch‘Ion - Formuda )

D=+ o D=H o
= 29-9 =0-D +D-K
d =1 - XSG

Thm, K~ -9H +(28-9-e)£7'p: numerically eguivelent

1:900 . e--HH
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Thm, ‘“fj T ode Cice” | ég.l X: Colobi Yoww )
tho,  K-K =30-9), 2=90X)

Appendix  Clossiticotion of Quortum Ruled Suufoces
O Clossity locally free bimedule of ronk Q /X
Q €, F :locally free bimodile of rank 9, wL\enP(E)“‘P(F)
® Find invoriontof PE) (e =-HHX) |
Thm F=LotoM

L, M inverible = PEHYXEP(E)

M, N Ox-bimodule

MON = Pryy (pPr M XF; FND G- bimeddle

Cce couwn l"LOHleiZQ %

C
-~ e = *H-H in\,og\»io.n‘k (
I

de% (p}ﬁa*g )

If € s decompogable
I

Lo L, M locally free of ronk 1
PEYZEP(Ocel ), L 5o dnvertible Ox-bimoddle
, {lrweﬁ‘ ble Cx b\modw\es} > WPic X, X:smocth

o, £ projective curve
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bote - - wo. | |

fo=P*, &G , ={cp,opnlpeX]
(X,0, %) - P(O,0%,) -

, Ques'f town

P(@x‘@fg) %ﬂ)(@x(’b[vlt ) ﬁ (X7O;£«)—?TX7M; T)

Thm, A C,LY=AN, 0L L) o
& 3AT: X s X

O Tt ~

® X -~ X o o
o'\ (@ ko’ - o
X o~ 5 X -

Thm, GrMod AXO, 2) & G Med ACK, 00 87)
& FT X 25X

A -
? \ o i):
st O TR f | ﬁ A AT AS regulorr

%&A %’ng A’

© X- = X7 o A lo|l=C
o @ M ST s
T, 3 ] ’ngAff"ProgA’
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