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ABSTRACT

We prove that loop-erased random walks on the finite pre-Sierpinski gaskets can be extended to a
loop-erased random walk on the infinite pre-Sierpinski gasket by using the ‘erasing-larger-loops-
first’ method, and obtain the asymptotic behavior of the walk as the number of steps increases,
in particular, the displacement exponent and a law of the iterated logarithm.
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1 Introduction

Loop-erased random walk (LERW) is a process obtained by erasing loops from a simple random
walk in chronological order. It was first introduced on Z? by G. Lawler ([10]) with the hope that it
would give some perspective to the study of the self-avoiding walk (SAW). Although it turned out
that LERW and SAW are in different universality classes, LERW has been attracting attention,
in particular, because of the close relation to the uniform spanning tree. Two natural questions
concerning the LERW are the existence of the scaling limit and the asymptotic behavior as the
number of the steps tends to infinity. On Z?, the existence of the scaling limit has been proved for
all d and the asymptotic behavior of the walk has been studied in terms of the growth exponent
(expected to be the reciprocal of the displacement exponent). For the scaling limit of LERW on
7%, see, for example, [14] and [15] for d = 2, [9] for d = 3, [11] and [12] for d = 4. For the growth
exponents for LERW on Z4, see, for example, [8], [16] and [13] for d = 2, [18] for d = 3, [11] and
[12] for d = 4.

In this paper, we consider LERW on the pre-Sierpinski gasket and prove the following Theo-
rems 1-3.

Theorem 1 Loop-erased random walks on the finite pre-Sierpinski gaskets can be extended to a
loop-erased random walk X on the infinite pre-Sierpiriski gasket (the precise definition of X and
a more precise statement are given in Section 5).



Let A = (20 + v/205)/15 and v =log2/log A = 0.8375.. . ..

Theorem 2 For any s > 0, there exist positive constants Ci(s) and Ca(s) such that for any
n €N,

Ci(s)n™ = E[|X(n)|*] = Ca(s)n™,
where X (n) denotes the location of the LERW on the infinite pre-Sierpiriski gasket starting at the
origin after n steps and | - | the Euclidean distance.

v is called the displacement exponent. We show also that the growth exponent is equal to 1/v
(Proposition 15).
Theorem 3 There are non-random positive constants C3 and Cy such that
— | X
C3 < lim X (n)]

= w5 g(n)

< Oy, a.s.,

where 1(n) = n*(loglogn)' 7.

Our main tool for the proofs of the above results is the ‘erasing-larger-loops-first’” (ELLF)
method, which was introduced to study the scaling limit, that is, the limit as the edge length
tends to 0. The scaling limit for LERW on the Sierpinski gasket was obtained by two groups
independently, by using different methods. For the ‘standard’” LERW on general graphs, the
uniform spanning tree proves to be a powerful tool, which is used in [17]. By ‘standard’, we mean
the loops are erased chronologically from a simple random walk as first introduced by G. Lawler.
On the other hand, [3] constructed a LERW on the pre-Sierpiriski gasket by ELLF, that is, by
erasing loops in descending order of size of loops and proved that the resulting LERW has the
same distribution as the ‘standard’” LERW. Furthermore, in [4], it is proved that ELLF works
not only for simple random walks, but also for other kinds of random walks on some fractals, in
particular, for self-repelling walks on the pre-Sierpinski gasket introduced in [2]. An important
reason for this flexibility is that the ELLF method is based on self-similarity of the Sierpinski
gasket.

Another advantage of the ELLF method is that it facilitates the extension of LERW to the
infinite pre-Sierpinski gasket by providing a natural definition of two series of probability measures
on sets of loopless paths. The extension is not trivial, for the simple random walk on the infinite
pre-Sierpinski gasket is recurrent. The exact value of the displacement exponent has been deduced
by a scaling argument ([1]). As for the proof of the existence, the authors erroneously wrote in [3]
that Theorem 2 has been proved in [17], however, [17] deals with the scaling limit, not LERW on
the infinite pre-Sierpiriski gasket, and proves the short-time behavior of the limit process X (t):

Theorem 4 (Theorem 7.10 in [17]) For any p > 0, there exist constants Cs(p), Cs(p) > 0 such
that for all t € [0, 1], -
Cs(p) 7 = E[[ X (0] = Co(p) 17,

where | X (t)| denotes the Euclidean distance from the starting point at time t and v = log 2/ log \,

A = (20 + /205)/15.

It is expected that the same exponent governs the long-time behavior of the walk, but no
direct proof has been given. In order to know the displacement exponent, one has to look into
how the scaled number of steps converges as the number of steps tends to infinity, not only the
limit distribution. Thus, the author corrects her error and proves Theorem 2 in this paper by
using the ELLF method.

The structure of the paper is as follows. In Section 2, we fix notation and in Section 3, we recall
the ELLF method of loop-erasing. In Section 4 we establish some results on the asymptotics of
the exit times from a series of triangles, which are used in later sections. In Section 5 we extend
the walk to the infinite pre-Sierpinski gasket and prove Theorem 1. Finally, in Section 6 and
Section 7, we prove Theorems 2 and 3, respectively.



2 Random walk on the pre-Sierpinski gaskets

2.1 The pre-Sierpinski gaskets

Let us recall the definition of the pre-Sierpiriski gasket: let O = (0,0), ap = (3, @), bo = (1,0),
any = 2Nag and by = 2Nb, for N € N. Let F{ be the graph that consists of the three vertices and
three edges of AOagby and define a recursive sequence of graphs {Fy }3_, by

Fyy = FyU(Fy +an)U(Fy +by), NeZy ={0,1,2,...},
where A+a={x+a : v € A} and kA = {kx : © € A}. F}, F| and F} are shown in Fig. 1.
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Fig 1: Fj, F| and F}.
o
Finally, we let F' ]’\5 denote the reflection of F}; with respect to the y-axis, and Fy = U (FyuU
N=1

FiB): the graph Fy is called the (infinite) pre-Sierpinski gasket. Fj is shown in Fig. 2.

Fig 2: The pre-Sierpinski gasket Fp.

Furthermore, by letting Gy and Ey denote the set of vertices and the set of edges of Fy,
respectively, we see that, for each N € Z,, Fy = 2NV F, can be regarded as a coarse graph with
vertices Gy = {2Vx : z € Go} and edges Ex = {2V (2,9) : (2,9) € Ep}. We call a (closed and
filled) triangle which is a translation of AOapsbyr and whose vertices are in Gr a oM —triangle.



2.2 Paths on the pre-Sierpinski gaskets
Define a set of finite paths on Fj starting at O by
W= { w = (w(0)7w(1)77w(n)) : 'IU(O) = 07 (’LU(Z - 1),'11)(@)) € E07 1 é i é n, nec Z+ }

This gives the natural definition for the length ¢ of a path w = (w(0),w(1), ---,w(n)) € W;
namely, ¢(w) = n.
For a path w € W and A C Gg, we define the hitting time of A by

Ta(w) = inf{j 20 w(j) € A},

where we set inf() = co. By taking w € W and M € Z,, we will define a recursive sequence
{TM(w)}, of hitting times of G as follows: Let T3/ (w) = 0, and for i = 1, let

TM(w) = inf{j > TM (w) : w(j) € Gur \ {w(T (w))}};

here we take m to be the smallest integer such that T*, ; (w) = co. Then TM (w) can be interpreted
as being the time (steps) taken for the path w to hit vertices in Gps for the (i 4 1)-st time, under
the condition that if w hits the same vertex in GGy more than once in a row, we count it only
once.

Now, we consider the following two sequences of subsets of W: for each N € Z, let

Wy = {w = (w(0),w(l),---,wn)) e W: wT}(w) =an, n=TN(w)}
be the set of paths from O to ay that do not hit any other vertices in G on the way and let
Vv = {w = (w(0),w(1),---,w(n)) € W: w(T{" (w)) = by, w(T3" (w)) = ay, n=T5" (w)}

be the set of paths from O to ay that hit by ‘once’ on the way (subject to the counting rule
explained above).
Then, for a path w € W and each M € Z,, we define the coarse-graining map Qs by

(Quw) (@) = w(TM(w)), fori=0,1,2,...,m,
where m is the smallest integer such that T ; (w) = oo as above. Thus,

Qurw = (w(Ty! (w), w(T (w)), ..., w(Ty (w)))

is a path on a coarser graph Fy;. For w € Wy UVy and M < N, the end point of the coarse-
grained path is w(TM (w)) = an, and if we write (27 Qpw) (i) = 27 Mw(TM (w)), then 27 M Q pyw
is a path in Wy_ s U Viy_as and £(2=MQpw) = m. In the following, we often write w(TiM) for
w(TM (w)).

Define a family of probability measures Py on Wy, N € N, by assigning each w € Wy,

Zn(w)(i) = w(i), i=0, - 0(w), weWy. (2.1)

This is a simple random walk on Fj starting at O and stopped at the first hitting time of ay
conditioned on the event that the walk does not hit any vertices in G \ {O} on the way. The
factor (1/4)~! comes from this conditioning.



Define another family of probability measures Py on Vi, N € N, by assigning each w € Vi,

Pl = (i)aw”.

(Vn, Py) defines a family of fixed-end random walks Z); on Fy such that
Zy(w)(i) = w(i), i=0,---,4(w), we V. (2.2)

This is a simple random walk on Fj started at O and stopped at the first hitting time of ay
conditioned on the event that the walk hits by ‘once’ on the way.

Note that a coarse grained simple random walk is again a simple random walk on a coarse
graph, namely, if M < N, then the distributions of 2™ Q,;Zx and 27MQ mZYy are equal to
Pn_pr and P)_,,, respectively.

3 Loop erasure by the erasing-larger-loops-first rule

For (w(0),w(1),---,w(n)) € Wy U Vy, if there are ¢ € Gy, i and j, 0 £ i < j < n such that
w(i) = w(j) = ¢ and w(k) # cforany i < k < j, we call the path segment [w(i), w(i+1),...,w(j)]
a loop formed at c and define its diameter by d = max;<j, <,<; |w(k1) — w(k2)|, where | - |
denotes the Euclidean distance. Note that a loop can be a part of another larger loop formed at
some other vertex. Suppose that for a loop [w(i),w(i+ 1), -, w(i + ip)] there exists an M’ € Z
such that

w(i) = w(i+io) € Gapr, d=2M

where d is the diameter of the loop. Let M be the maximum of such M’ and call the loop a
2M_scale loop. By definition, the paths in Wy U Vy do not have any 2V-scale loops. For each
N € Zy, let I'y be the set of loopless paths from O to ay:

I'y ={ (w(0),w(1),---,w(n) e Wy UVy: w(i) #w(j), 05i<j<n, neN}

Note that any loopless path in 'y is confined in AOanby .
We now describe the loop-erasing procedure in a more organized manner than [3]. We start
by erasing loops from paths in W; U V.

Loop erasure for W7 UV}

(i) Erase all the loops formed at O;
(ii) Progress one step forward along the path, and erase all the loops at the new position;

(iii) Iterate this process, taking another step forward along the path and erasing the loops there,
until reaching a;.

Let Lw denote the resulting path, where L : W7 U V] — I'; is the loop-erasing operator. Fig.
3 shows all the possible loopless paths from O to a; on Fjy. Here only the parts in AQOa1b; are
shown, for it is impossible for any path to go into other triangles without making a loop. Note
that w € Wy implies Lw € W1 NT'y, but that w € Vi can result in Lw € W; NT'y, with b; being
erased together with a loop. So far, our loop-erasing procedure is the same as the chronological
method defined for paths on Z¢ in [10].

For a general N, we erase loops from the largest-scale loops down, repeatedly applying the
loop-erasing procedure for Wy U Vi. To describe the procedure, we introduce a ‘step-based’
decomposition of a path based on the self-similarity and the symmetries of the pre-Sierpinski
gaskets. Assume w € Wy UVy and 0 £ M < N. Note that the pair of adjacent 2™ triangles
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Fig 3: The loopless paths from O to a; on Fy.

including (Qpw)(i — 1), (Qunw)(i) and (Qpw)(i + 1) is similar to Fy N (AOapbyr U AOalybl),
where AOaﬁb]\R} is the reflection of AOaprbys with regard to the y—axis. This leads to a unique
decomposition:

(w;wy, - ,wg(q;])), W EWN_yUVN_p, wi €Wy, i =1, £(0) (3.1)

such that @ = 2@ w and that the path segment (w(TM, (w)), w(TM,(w)+1),- -+, w(TM (w)))
of w is identified with w; € W)ys by appropriate rotation, translation and reflection so that
w(TM, (w)) is identified with O and w(TM (w)) with ap;. Note that we may also need reflection
acting only one of the triangle, to be more specific, after identifying the pair of 2 —triangles with
AQOaprbyr U AOaﬁbﬁ[, we may need to reflect the part of the path in AOayrbys with regard to
y = x/+/3 to obtain a path in Wy U Vi, We will use this kind of identification throughout the
paper. We illustrate a simple example of the decomposition for N =2 and M =1 in Fig. 4.

Erasure of the largest-scale loops

(1) Decompose a path w € Wx U Vy as (0;w1, -, wyg)), © = 2~ W=-DQn_jw € Wi U W,
w; € Wyn_1,i=1,---,4(w) as in (3.1) with M = N — 1. Fig. 5(a) shows the original w and
Fig. 5(b) shows Qn_jw.

(2) Erase all the loops from w by following the loop-erasure for W1 U V] to obtain Lo € I'y.
Denote the coarse, loopless path 20V="1 L on Fy_; by Qy_1w (Fig. 5(c)). To be more
precise, Qn_1w can be expressed as

QN—lw = (w(TéV_l)v w(TsJY_l)v to ,’LU(TSJX_l)),
where sy = 0 and for 7 2 1,

. N—-1 N-1
s =suplj WY = w4
(3) Restore the original fine structures to the remaining parts as shown in Fig. 5(d) to obtain a
path w’ € Wy U V. To be more precise, for each step i of Qn_1w, between w(TS]y_l) and
w(TQL—ll), insert the path segment w41 = (w(TY ™), w(TN 1 +1),---, w(Ts]j;f)) chosen
from the original decomposition in Step (1). Note that Qn_1w’ = Qn_1w holds.

At this stage all the 2V ~!-scale loops have been erased. We repeat Procedure (1)-(3) within
each 2V~1 triangle to erase all the 2V ~2-scale loops, and then within each 2¥~2-triangle, and so
on, until there remain no loops.
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To give a more precise description of the procedure, we prepare another kind of decomposi-
tion, a ‘triangle-based’ decomposition. For w € Wy and 0 £ M < N, we define the sequence
(A1,...,Ar) of the 2™ triangles w ‘passes through’, and their exit times {77 (w)}¥_| as a
subsequence of {TM (w)}m 1 as follows: Let 75" M(w) = 0. There is a unique 2Mtriangle that

contains w(T) and w(T1 ), which we denote by A;. For i = 1, define
. . . . ex, M
J(@) =min{j 20 : j <m, T} (w) > T (w), w(T[(w)) ¢ A},

if the minimum exists, otherwise J(i) = m. Then define 77" = T (1)) = T%) (w), and if

(T, EIM) and w(T ()+1) By

J(i) < m let A;1 be the unique 2M -triangle that contains both w

definition, we see that A; N A;y; is a one-point set {w(T ")}, for i = 1,...,k — 1. We denote
the sequence of these triangles by ops(w) = (A1, ..., Ay), and call it the 2 —skeleton of w. We
call the sequence {7} M( )}E_, exit times from the triangles in the skeleton. For each ¢, there
is an n = n(7) such that TewM( ) = TM(w). IfomM( ) =TM (w), we say that A; € opr(w) is

Type 1, and if TiexM( ) = T%Q(w), Type 2. For w € Wy UVy and M < N, if Qpw is similar
to a path in T'x_ps, namely, 27MQuw € T'n_jr, then its 2M skeleton is a collection of distinct
2M _triangles and each of them is either Type 1 or Type 2.
Assume w € Wy UVy and M < N. For each A; in oj/(w), the path segment of w in A; is
defined by
wla, = fw(n), T (w) < n £ T (). (3:2)

Note that the definition of T} " M (w) allows a path segment w|a, to leak into the neighboring 2~
triangles. If Qpw is snmlar to a path in I'y_ps, then w|a, € Wi or w|a, € Vi (identification
implied), according to the type of A;, where the entrance to A, is identified with O and the
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Fig 5: The loop-erasing procedure: (a) w, (b) Qn_1w, (¢) Qn_1w, (d) fine structures restored.

exit with aps. This means that each w such that Q w is similar to a path in I'yy_j; can be
decomposed uniquely to

(om(w); wla,, - wla,), wla, € Wy UV, i=1,--- k. (3.3)

Induction step of loop erasure

Let w € Wy UVy and 1 £ M < N. Suppose that all of the 2V =1 to 2V=M scale loops have
been erased from w, and denote the path obtained at this stage by w’ € Wy U Vy. Note that
QN_pw' is similar to a path in I'y,.

1) Decompose w’ to obtain (on_pr(w'); wi,---wy), w; € Wy_p U Vy_p as given in (3.3).

2) From each w/, erase 2N=M-=1_gcale loops (largest-scale loops) according to the base step

procedure (1)—(3) above to obtain @} € Wy_jr U Vy_ns.

3) Assemble (on_pr(w'); @i, --,@)) to obtain w” € Wi U Vi, which is determined uniquely.
w” has no 2V71 to 2V=M=1_gcale loops.

O
We repeat 1)-3) until we have no loops, and let Lw € I'y denote the resulting loopless
path. In this way, the loop erasing operator L, first defined for W7 U Vi, has been extended to
L:UN—1(WnUVN) = Ux-; v with L(Wy U Vy) = I'y. Note that the operation described
above is essentially a repetition of loop-erasing for Wy U V.
The operator L induces measures Py = PyoL ! and ]3]’\, =P}, o L1, which satisfy Py 'n] =
]5]’\,[1“]\;] = 1. For wy,---,wj, shown in Fig. 3, let

Di = If’l[wz*] = Pilw: Lw =wj], ¢ = P{[wﬂ = P/[w: Lw = w}].



A direct calculation gives ([3]):

p1=1/2, pa=p3=pr=2/15, ps=ps=ps=1/30, ps=py=pio =0, (3.4)
q1=1/9, g2=¢q3=11/90, qs=q5=qe =2/45, g7 =8/45, g5 =2/9, g9 = qr0 = 1/18. (3.5)

Py and PJ’V define two kinds of walks Yy = LZy and Y}, = LZ}, on Fy N AOanby obtained
by erasing loops from the simple random walks Zy and Z},, respectively.

For w € Wy U Vy, we defined Q N—1w in Step (2) for the erasure of the largest-scale loops.
For later use we define QN_Kw on Fy_g for all K = 0,1,---,N. Repeat the induction step
1) 3) K times to have down to 2V =% -scale loops erased and denote the resulting path w’. Let
QN kw = Qn_gw', namely, the coarse path before restoring fine structures. In particular,
QNw = @Qnw and Qow Lw. By construction, the distributions of 2~ (N-K) QN kZN and
2*(N*K)QN_KZ§V equal Py and PK, respectively.

To compare the LERW defined here and the ‘standard’ LERW studied in [17], let us consider
a simple random walk on the finite graph Fy = Fy N AOanby, starting at O and stopped at
the first hitting time of ay. Let us denote this random walk by X N- X N may visit O and by
as many times as it likes, thus it may have 2V -scale loops. If we coarse-grain the walk to obtain
Qn Xy and erase 2V-scale loops chronologically from it, we obtain a loopless walk Q ~Xn, which
is either (O, an) or (O,by,an). By direct calculation we have

PlQnXn = (0,an)]) = ; P[QnXN = (0,by,an)] = !

where P denotes the law of the simple random walk defined above. Random walks Zy and Zy
considered in this paper can leak into neighboring 2V -triangles, which parts are considered to be
folded back into AOayby for Xy. Thus ]5[ . QNXN = (0O,ay)] = Py and P[ - QNX'N =
(0,bn,an)] = Py, and therefore

PoL™! gPN+3PN,

which equals the law of the ‘standard’” LERW.

4 Asymptotic behavior of the exit times

In this section, we look into the asymptotics for the exit times fo’N(YN) and fo’N(Y](,) as
N — oo, which will be used in Section 6.

For w € T'y, let s1(w) and s2(w) denote the number of 2°— triangles of Type 1 (the path passes
two of the vertices) and those of Type 2 (the path passes all three Vertices) in og(w), respectively
Note that TN (w) = £(w) = s1(w) + 2s2(w). Define two sequences, {<I> Y ven and {<I>( }Nen,
of generating functions by:

@(1 .:U y Z PN Sl(w S (’LU)’

wel'n

Z PN sl(w y*? (w), xz,y € C.

wel'

For simplicity, we will write ®(1)(z,y) and ®®)(z,y) for @gl)(az,y) and <I>§2)(a:,y). A crucial
observation is that in the process of erasing loops from Zy41, if we stop at the stage where we
have obtained Ql Zn41 after erasing down to 2'-scale loops, it is nothing but the procedure for
obtaining LZy from Zp, in other words, the distribution of 2_1QlZ N+1 equals Py. The same
holds for 2_16212]/\[+1 and P}, as well. This fact combined with (3.4) and (3.5) leads to the
recursion relations for the generating functions given below:



Proposition 5 (Proposition 3 in [3])
The above generating functions satisfy the following recursion relations for all N € N :

1
oW (z,y) = %(15332 + 8xy + 9 + 222y + 423,

o> (z,y) = 52 4 1lzy 4 2y* + 1422y + 823 + 5xy?);

1
T

29, (e.y) = Y (@ (2,), 2P (2, ), i=12.
In particular, inductively it also holds that for any N, M € N,

o), (x,y) = 00 (@) (2,9), 80 (z,y)), i=1,2.

Define the mean matrix by

—oW(1,1) —a(1,1) 5 5
_ | Ox 0 _
M= | G 1 = . (4.1)
5221 (1) 26 13
v Y 15 15

It is strictly positive, and the larger eigenvalue is given by A = (20 + 1/205)/15 = 2.2878.... The
following is a restatement of Proposition 9 in [3].

Proposition 6 (1) Let Gg\l,)(t) and Gg\%)(t) be the Laplace transforms of )\_NTIm’N(YN) and
)\*Nfo’N(Y](]), respectively, that is,

GWY(t) = Enlexp(—tANTe™ V)],

GO (t) = Bylexp(—tANTY)), teC

where Ey and Eg\, are expectations with regard to Py and PJ’V, respectively. Then they are
expressed in terms of the generating functions as

GY(0) =8P e i= 12, (42)

(2) For each i, GE\? (t) converges to an entire function g;(t) uniformly on any compact set in C
as N — oo. g1(t) and g2(t) are the unique solution to

g1 (A) = @D (gi(t), g2(1)),  g2(At) = P (g1(t), 92(t)), g1(0) = g2(0) = 1.

(3) )\_Nfo’N(YN) and )\_Nfo’N(Y](,) converge in law to some integrable random variables T}
and T3, whose Laplace transforms are given by g1 and g, respectively, as N — oo. T
and T3 have strictly positive probability density functions on (0, 00). E’N[ /\_NTf”C’N | and
EAE\/[ )\_Nfo’N | converge to the expectations of Ty and Ty as N — oo, respectively.

Next we want to obtain the left tail behavior of the scaled exit times and begin by estimating
the Laplace transforms.

Proposition 7 There exist positive constants Cy1, Cyo and tg such that
exp(—Cyas”) < GV (s) < exp(—Cyys”), i = 1,2, (4.3)

for allt >ty and N > log,(t/to).
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Proof. Using (4.2), we rewrite the recursion in Proposition 5 as
G pr(t) = @GN/ NT), GR(/AM)), i =1,2. (4.9)
From the explicit forms of ®) §=1,2 in Proposition 5, it follows that for 0 < z,y < 1,
gz ny)? S0 (z,y) S (xVy)?, i=1,2,

where g1 = 1/9. Repeating this M times, we have

{ai@ryy" oW (@,y) < (@vy?, i=1,2 (4.5)
This combined with (4.4) gives
{a (G /M) AGR (/NN <GV 1) S LGV @A) v G (t/aM)y2 (4.6)

Fix t9 > 0 arbitrarily. Since {G( (to) V G (to)}N , and {( (/\to) /\G( (Mto)}R°_, are strictly
positive sequences and have strictly posmve limits by Proposmon 6 (2 ) there exist constants
c1,c¢2 € (0,1) such that

a(GV o) NG (M) > a1, GV (ko) v G (1) < ca, (4.7)
for all N € N. For any ¢t > tg, choose M € Z_. such that

t
MM < o < AMAL (4.8)

Then, the monotonicity of Gg\i,) combined with (4.6), (4.7) and (4.8) gives

This further leads to

a

The following theorem plays an essential role in the proof of a law of the iterated logarithm
in Section 7.

Theorem 8 (Theorem 5.9 (ii) in [5])
If the Laplace transforms of the scaled numbers of steps satisfy (4.3), the following hold:

(1) There exist positive constants Cy3 and Cy4 such that for any positive sequence {a]\/}jo\,o:1
satisfying lim 2NU)/Yqn = 00 and lim an = 0, the following holds:
N—oo N—oo

lim o/ 10g POANTEN (w) < an ]

N—oo

lim a]VV/(l_V) log lf’](\}i)[)\_NTfm’N(w) San] S —Cyy4, i=1,2.

N—oo

—Cy3

A

[IA

11



(2) There exist positive constants Cys5 — Cy7 such that for any & > 0 and N € N satisfying
(27 )Ne 2 Cus,

PPINTEN () €] £ Crge @022

holds.

Theorem 8 is proved by using an exponential tauberian theorem. Theorem 9 below is a
refrasing of the tauberian theorem (Theorem 2.2) in [7] into a convenient form for our purpose.

Theorem 9 (Theorem A.10 in [5])
Let f1 and fa be concave functions on (0,00), such that the Legendre transforms

F(©) = inf(s€ — fils), €>0, i=1.2,

are non-decreasing and f}(§) > —oo for any & € (0,00).
If a family of Borel probability measures {P,, u > 0} on [0,00) satisfies

fi(s) < lim —llog/oo 5P, [ de |
0

e (4.9)
< uhigo—ilog/o eUER,[dE] £ fols), s >0,
then 1 1
F6(€) £ lim 1o P[10,€]) £ Tim < log P06 £ £1(€), >0

holds, where

s(€) =sup{s >0 : s§ — fa(s) = f1 ()}, €>0, (4.10)
and

€(s) = inf{€ > 0 ¢ s€— f{(6) £ fols)}, 5> 0. (4.11)

Proof of Theorem 8.
We derive (1) from Theorem 9 for i = 1. Let
pn([0,2]) = PPN TN (w) < ane].
1-v)

where {ay} satisfis the assumption in Theorem 8(1). Let Sy = ay /!
{Bn} is a divergent positive sequence. Since

/OOO efﬂst'uN[df] — LGS\}) (BNS> ’

Y anN

, then by assumption

by Proposition 7 we have

2
=

D

4

ho]
/|\

2

[\
g
Q
2%
N————
—

I7AN

s 1 s\
/ e PN [dg] £ — exp (—04.1 (BN> ) ;
0 an an
for N large enough. Thus

1

o o 1 o
~Cuas’ £ lim oo [P pnlde] < T log [ ey [de) £ ~Cuas”
N—oo BN 0 N—oo BN 0

12



Then the assumptions for Theorem 9 hold with u = Sy, P, = un, fa(s) = Cy28” and fi(s) =
C4.18”. In particular,
ff(a;) — _(04.1(1 . V)lfyyy)l/(lfu)xfz//(lfz/)7

and
fo(z) = —(Caa(l — y)lfl’;/’/)l/(lfl/)xﬂ//(lfy).

Since & (s*(z)) = Bx with B being a positive constant depending only on Cy1, C42 and v,
Theorem 9 implies that

1
—Cy327/ ) < lim —— log un ([0, z])

N—oo PN
< Tim ——log un([0,2]) £ ~Cyaz™/0) 2> 0
N—oo DN

holds for some positive constants Cy3 and Cy4. Setting x = 1, the conclusion of Theorem 8(1)
follows. The same proof holds true for i = 2.
For (2), a combination of Proposition 7 and Chebyshev’s inequality gives

VAN () S €] £ e,

1/(1—v)
for s > tp and N > logy(s/tp). The right-hand side minimizes at s, = <C4'1V> , and
Caav

N > logy (s./to) if (207 Ve 2 — 120
0

5 Extension to the infinite pre-Sierpinski gasket

In this section, we show that the loop-erased random walks defined in Section 3 can be extended
to a loop-erased random walk on the infinite pre-Sierpinski gasket. For this purpose, we need
walks from O to by as well as those from O to ay. For each N € Z,, let

Wi = {w = (w(0),w(l), -, wn)) € W: w(T{(w)) = by, n=T{" (w)},
Vi = {w = (w(0),w(1),--- w(n)) € W: w(T{¥ (w)) = an, w(T3' (w)) = by, n =Ty (w)}.

and probability measures P](\,2 ) on W}{, and P](\;L ) on V]{’[ by

@) 1 L(w)—1
Pwl= (7). wewk,

@ 1 L(w)—2
Py [w] = (4) . we Vi

Let Uy =W UVNU W}i, U V]{’, and extend the loop-erasing operator L so that it is defined on
UX_, Un. Let P = Py, PY) = P} and P’ = P¥ o L1, for i = 1,2,3,4. In the rest of the
paper, we will use the same notation I'y for loopless paths in Upy. Define a probability measure
Py on Uy by

P = (P + P+ 55
and denote by Zx the conditioned simple random walk on Fy defined by PyY and let

(PP 4+ Py, (5.1)

Py =P oLt (5.2)

13



Then

and PN[FN] =1.
Let

Q={w=(wy,wi,wa, ) : wg €y, wy €'N, wny|N—1 =wn—_1, N €N},

where wy|ny_1 denotes the path wy stopped at 77" N = Y(wy). Note that Q € Qnez, 2I'~ | which

is the product o—algebra on H I'y. Let B be the o-algebra on ) generated by cylinder sets.

NEZy
Define the projection onto the first N + 1 elements by

TNW = (wo,wl, vo ,wN)
and a probability measure Py 4 on 7N Q by
PﬁrOd[(wO,wl,...,wN)] = PN[O.)N]. (54)

Proposition 10 The sequence {P%°"}, N € Z, defined in (5.4) satisfies:

P][\),TOd[(wo,wl,..., ZPJZ\)Tr—il wo,wl,...,wN,w')], (55)

where the sum is taken over all possible w' € T' 41 such that W'|ny = wy.

Proof. Assume u € Uny1. Let Ay = AOagbg and up = (2_NQNU)|AO be the path segment of
27NQNU in Ag. Then u; € I'g = {(O,ao), (O,bo), (O,bo,ao) (O ag,bo)} Let UT = (O ao) U;
(0,b),v; = (0,bo, ap), v; = (0,a0,bp). Recall that in Step (2) of erasing the largest-scale loops
from u, we obtain QNu, which satisfies 2_NQNU € I'y and whose law under PJ(V) 1 is equal to P( )
In particular, P](\;Zrl[ up = vj | = Pfl)[ vell:va, = U3 |. Let A = AOanby. For w € T'y, we

classify the event {u € Un41 : Lu|a = w} by u;. Fori=1,3,

PY [weTns wla=d]=PY [ueUxi: Luja =]
4

=S P Lula = [y = v ] P,y [ =0} ]

] 1
—ZP vEFl v]AO—U]]
=P}v”[w] wi, w3l + PP [0 PO {ws, wh, wh, wh)]

H3) 1 Pl * * A(4)r ~1 pe * *
+ B[] P {ws,wi}] + PYVT6] P [{wg, wio)]
where in the third equality we used the fact that under the condition that u; = fu;-“, the distribution
of Lu|a is equal to ]5](\/?) Thus, by (3.4) and (3.5) we have

5(1 . 19 51y - 2D 3 T @ .
Pl we T swls =] = o0 PPl + B L] + 5 PP + o5 PV al,
(3) . o M L@ Laey 1 os@ s
PN+1[w€I‘N+1.w]A =w]= %PN [w]+§PN [w]—l—gPN [w]—i—EPN [w].

For i = 2, let w® and v;-"R be the paths obtained by reflection of w and v} with regard to the
line y = 2/v/3, respectively. Then using vift = v} and UgR = v}, we have

14



P [weTlns wa=d]=P) [ ueUxir: Lula =]
4

2 . " 2 *
:ZP](VL[ Lu|a = @ | uy = v; | P](VJ)FI[ up = vj |

j=1
=S PO Lula = 0™ | uy = v} ] P [ = 03]
j=1
= PP[" PV v eTyola, =03 |+ PP PO v e Ty v|a, =} ]
+ PP ") PV[v ey vla, =vf |+ P[] PV v e Ty vla, =v5 ]

= PV ) PO [{ws, wh,wh, wy}] + PP b)) PO [{w], wi)]

+ PPi] PP [{wg, wiol] + PV a) PO [{ws, wi}].

Therefore,
(2 . 120 19 ~ @) - L ad)yaq o La@.
PO w e Th swls =i ] = S P[] + 35 P (0] + o P[] + < P[]
Similarly, we have
. J 1 53 . O
B[ w € T s wla =] = 3 Pf0) + 55 P 10] + 15 PP o] + 5 Al

We want a probability vector a = (aq, ag, g, ag), i.e., a; =2 0,7 = 1,2, 3,4 with Z?:l a; =1,

that satisfies
WRANEE W
=1

for every w € 'y, N € Z,. This equation can be rewritten in a simple manner as

a=aP,
where
19 5 5 1
1 5 19 1 5
P=317 155 3] (56)
15 7 3 5
and
( - 1 11 3 3
a1, a2,03,04) = 287 28’ 287 28
is the unique choice of the probability vector satisfying the above equation. O

Proposition 10 gives the consistency condition for Kolmogorov’s extension theorem, and we
have the existence of a unique probability measure P on (2, B), such that

Pomyt =Py, (5.7)

(Q, B, P) defines a loop-erased random walk X on Fy: For each w = (wp, w1, ) € Q and
i € Z,, take N such that i < 2V and let

X(w)(@) = wn (@)

15



The right hand side is determined uniquely as long as i < 2N holds, since wy|y—1 = wy_1 for
any N € N. This completes the proof of Theorem 1.

To summarize, we established the following:
Theorem 1 (restatement) On a measurable space (S, B), an infinite length LERW X on the
infinite pre-Sierpinski gasket is constructed such that X stopped at the exit time of AOanby has
the same law as Py for any N € /.

Remark 1

For N € Nand w € Uy, let uy = 2V Qnw and let upy = (Z_MQMU))]AO,M =0,1,---,N—1,
where Q M is defined in the second last paragraph of Section 3 and Ay = AQagby. Note that
up €Tg. Forany M SN —1land any 2, € Tg, k=M, M +1,---, N,

POluy=an | ug =ap, k=M+1,M+2- N =P up =ap | upr1 = a4 - (5.8)

Thus, for each ¢ = 1,2,3,4, PJ(\f), N € N define a backward Markov chains on the state space
Ty = {v],v3,v3,vj} such that

and for M < N — 1,
P](\;)[UM: 5 un = v | = Py,
where Pj; denotes the (k, j)- element of the transition probability matrix, which coincides with
P in (5.6).
o= 2—8(11, 11,3, 3) is the unique invariant probability vector, namely, the unique nonnegative
solution to

a = oP.

Furthermore, for any probability vector a, by the Perron-Frobenius theorem, it holds that

lim aP" = a. (5.9)

n—oo

In terms of the loop-erased walk measures, the above fact can be expressed as

4
PJ(\?ZFK[ wlg € A ] = Z(PN)UPE)[AKL

Jj=1

where for w € I'y1 g, w|x denotes the path w stopped at Tlex’K(w) and Ax C I'k. Thus, for any
probability vector a, we have as N — o0,

4 4
S wlPP, lwlk € Ak |+ Y @i [Ax].
=1 =1

1
In particular, a = 5(0,2,0, 1) represents the ‘standard” LERW studied in [17]. The ‘standard’

LERW and its scaling limit can be described intuitively as follows; we start with two paths
w1 = (0,by) and we = (0, ap,by) on Fy N AOagby, with probability 2/3 and 1/3, respectively.
Then paths wy and wy branch into smaller copies of paths wj, - - -, w}, shown in Fig. 3 (reflection
with regard to y = 2/4/3 implied), which are paths on 27 (Fy N AOayb), according to ]31(2) and
]51(4), respectively. Inductively, for each LERW path occurring on the fine pre-Sierpiriski gasket
27N (Fy N AOapnby), by letting the path segment in each 2~V-triangle (defined similarly to a
2M _triangle, but with edge length 2~) branch into smaller copies of wi, -+, wj, (reflection and

rotation implied), according to the type of the triangle (I:’1(2) for Type 1 and ]51(4) for Type 2), we

16



obtain a LERW on 2_(N+1)(F0 N AOan+1bn+1). In the limit as N — oo, the LERW converges
to a continuous process on the Sierpinski gasket. To see the connection with (5.9), fix K € N
arbitrarily. Suppose we have repeated the branching procedure N times to obtain a LERW on
27N (Fy N AOanby). (5.9) says that if we magnify the LERW with the factor of 2V and look at
the LERW stopped at the first exit time of AOaxbg, then the distribution approaches to that of
Z Kk as N — oo.

6 Proof of Theorem 2

Let X be the loop-erased random walk defined in Section 5 and let

= 11 1 3 (2
oy (r,y) = N (@) + 708 (@), (6.1)

where @S\i]) (x,y), i = 1,2 are defined in Section 4. The Laplace transform of )\_NTf”T’N(X) is
given by

an(t) = B ) = DaW() + 2GR ). (6.2
Define for each n € N,
Dp(X)=min{M 20: |X(i)| <2M, 0<i<n},

and let K = K(n) be the nonnegative integer such that

MNE < < N (6.3)
holds.
Proposition 11 (short-path estimate) There exist positive constants Cg1 and Cgo such that

P[ Dy(X) < K(n) — M | < CgqeCo22

holds for any n, M € N satisfying K(n) > M.

Proof. Take Cgo > 0 arbitrarily. Since Proposition 6 (2) implies that {gn(¢)} is a convergent
sequence for any ¢t € C, we can take Cg1 > 0 such that gn(—Cgs2) < Cg1 for all N € N. By
Chebyshev’s inequality, we have

Py AN (X) 2 MM ] < gn(—Ce2) e~ CoA 0 o=Coad™

This leads to

P[Dy(X)<Kn)—M] < P[TEMX)>n)
= Py TN M(w) > n |
< pK_M[ )\—(K—M)Tlem,K—M(w) > \M ]
< Cppe G,

Proposition 12 (long-path estimate) There exist positive constants Cg 3 and Cs4 such that
P[ Do(X) > K(n) + M | £ CggeCo42"

for any n, M € N.
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Proof. Since P[ Dyp(X) > K(n)+M | =0 for n = 1,2, we may assume n = 3 and hence K(n) € N.
Note that

P[D,(X)>Kn)+M] < P[TEEM(X) <n)

Pt T M (w) < n ]

é PK+M[ Tle:r,KJrM(w) g )\K+1 ]

Fix 0 < § < 1 arbitrarily, then

Prea Ty (w) M) = > Prc ]
WEFK-HVI, f(w)é)\K"'l

o Z Prcsprfw] g7

wGFK+M, Z(w)§)\K+1

15 A (K+1) o)\~ (K+1)
0 O (0 , 6 ),

A

[IA

where we used /(w) = s1(w) + 2s2(w) and the definition of the generating functions.

Let ' = —A"1logé > 0. Since Proposition 6 (3) implies that &)N((S’\i(NH), 52/\7(N+1>) = gn(t)
(is less than 1 and) converges as N — oo to a limit strictly smaller than 1, we can choose 0 < r < 1
such that

@ ) < i1 (6.4
for all N € N. Thus,
(iJKJrM((SA—(K-s-l)7 52)\—(K+1)) < ‘i)M(T, 7“) é TQM _ 6_06'42M,

where we used Proposition 5 and (4.5) in the last inequality and set Cg4 = —logr. Taking
Cg3 = 6~ completes the proof.
O

To obtain the displacement exponent, we use the following inequality that holds for any N-
valued random variable Y and s > 0:

s Cg.5(5) ikHP[ Y2 k]S E[Y] < sikHP[ Y 2k ]+ Cee(s), (6.5)
k=1 k=1

where for 0 < s < 1, Cs5(s) = 1, Cs6(s) = 1, for s > 1, Cg5(s) = 2%, Cs6(s) =0,and Cs5(1) =1,
Css(l) =0.
Let v =1log2/log A.

Proposition 13 For any s > 0, there exists a positive constant C1(s) such that
E[|X(n)] ] 2 Ci(s) n™
for all n € N.

Proof. Fix My € N such that Cﬁ,le*CG-QAMO < 1/2, where Cgs1 and Cg o are as in Proposition 11.
Take n; large enough so that K(n1) > My + 2, where K(n) is as in (6.3). Then for n = ny,

P[|X(n)| L 28"M=21< P D, <K—-My] < =. (6.6)

N | —

1 3
Note that if we write X (n) = (1, x2), then 21 € §Z+ and x9 € \2[Z+’ thus 4| X (n)|? € Z,..
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We give a proof in the case of s > 2. We make use of (6.5) with Y = 4| X (n)|%.
1

E[|X(n)]*] = S E[(4X(n)P*)*?]
1 s/2 R
= 2323//2216/2 1P[Y>k;]
co  4mt2_1
SRR S N ey et
2 m= Ok 4gm+1
S m S m
> WZ(4 +1)/2P[Y>4 +2]
S - m S m
> o 2L W PLX ()] > 27
m=0
S _ _
= W2(KM02 P[[X(n)| > 28072
s Ma—2)s Y
= W2(K Mo=2)s(1 — P | X (n)| £ 25 Mo=2])

> 5o (Most3st2) oKs > Ci(s)n®™, n=ny,

where we used (6.6) and set Ci(s) is a positive constant that does not depend on n. Setting
Ci(s) = Ci(s) Any*", we have the desired inequality for all n € N.
The case of 0 < s < 2 can be proved similarly.

O
Proposition 14 For any s > 0, there exists a positive constant Co(s) such that
E[|1X(n)|* ] = Ca(s) n™
for alln € N.
Proof. First note that
P[IX(n)] 2 2" | £ P[ Do(X) > m—1], (6.7)

In the case of s > 2, making use of (6.5) with Y = 4| X (n)|?, we have

E[ ’X(n”s] é 25+1 Z gm+1 4(m+2)(s/2 1) P[ Y Z 4m+1]
m=0
_ 82332 9sm p )’>2m]
K+1 00
< 3253(2 2" P[|X(n)] 227 ] + Y 27" P[|X(n)] 22m])
m=0 m=K+2
K+1
< 5257 3(2 PAULE Z 25 P D, (X) >m—1]> (use of (6.7))
m=K+2
< e(5)25°5 4 525730 5 28K+ 22488_06'422 (by Proposition 12)
(=1
< Cy(s)n,

where ¢1(s) and Cy(s) are positive constants depending only on s and we used the convergence
of the series above. The case for 0 < s < 2 can be proved similarly. O
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Proposition 14 combined with Proposition 13 gives Theorem 2.

Remark 2
We can show that the growth exponent is equal to 1/v. Define

M(m) :=min{n e N : |X(n)| > m},
then we have the following.

Proposition 15 There exist positive constants Cr and Cg such that for allm € N
Cry mMY < E[M(m)] £ Cs m'/¥
holds.

Proof. Note that ~
EM(2V)] = B[T{"™Y(X)]+ 1 = Ex[T{"Y(X)] + 1,

where Ey denotes expectation with regard to Py. Proposition 6(3) implies that

i ELMEY)]
NE)HOOW

exists and is positive and finite. Then the monotonicity of E[M (m)] in m gives the statement. O

Remark 3
In [6], the ‘standard’ self-avoiding walk, which is defined by the uniform measure on self-
avoiding paths of a given length, is studied. They showed the existence of the exponent in the
form of s
L log B X/ ()]

n—00 logn

= svsaw, s>0 (6.8)

where |X'(n)| denotes the end-to-end distance of an n-step self-avoiding path, and vgaw =
log2/ log(%‘/g). The fact that the exponent v in Theorem 2 is different from vgaw shows that
LERW is in a different universality class from the self-avoiding walk. Note also that self-avoiding
walk cannot be extended to that of infinite length, for the consistency condition is not satisfied
because of culs-de-sac, thus the expectation in (6.8) is taken over the uniform measure on the
n-step self-avoiding paths.

7 Proof of Theorem 3

In this section, we prove the law of the iterated logarithm. First we prove the upper bound:

Proposition 16 There exists a non-random positive constant Cy such that

= X ()

< _
A ) <Cy, P-a.s.,

where ¥(n) = n*(loglogn)' .
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Proof. Let fix be the distribution of A™NTf*"(X) under P. For each z > 1 there is a unique
integer N such that 2V < 2 < 2N+ For k > 0 satisfying 2=Vk > Cy5, Proposition 7 and
Theorem 8 (2) imply that

P X)) > < pPITeN(X) <k
[Orgjagkl WDI>x] = P[T7(X) =k

= Aan([0,\"NE]])
< Cyge Crrlekm /M0

Let v > 1and A > 0. For m € N, let x = Ay(7y™) and k be the largest integer that does not
exceed y™T1. Then for all m large enough, the condition 2Nk > Cj 5 is satisfied, thus we can
apply the above inequality to have

P[ max ‘X(])| > Al/}(Vm) ] é 04.6€fC4A7(xk—u/2)1/(1—u) S 3

0 Sym+1 me’

A\ V(A=)
where o = Cy 7 <2> and c3 is a positive constant independent of m. Thus,

pyV

o oo
> m < . m
Do Pl max XG> Av(™) ] = Y OP[ max (X()| > Av(") ]
m=1 - m=1 ==
=1
< cates )y el
m=1

oo
1
for some constant ¢4 > 0. The sequence Z — converges if we take A large enough so that

m=1
a > 1. The rest is a usual Borel-Cantelli argument and the statement holds with Cy = A. O

Now we show the lower bound:

Proposition 17 There exists a non-random positive constant C3 such that

C3 £ lim M P- a.s.

n—oo 1) (n) ’
holds.

Note that we cannot use the Markov property, which is essential for establishing the lower
bound for simple random walk on Z%. However, ELLF construction allows us to make use of a
‘Markov-like structure’ in the scale direction to obtain the result. Our proof follows closely the
proof of the law of the iterated logarithm for stochastic chains on Z in [5], except that we do not
have the independence of TF""*!(X) — TevM(X), M € Z, .

Lemma 18 If there exists a positive constant ¢ such that

Pl () U {log M)A Mrged(x) < e} ] =1, (7.1)
N=1 M=N
then it holds that X
lim [X(n)] >c ", P-as.
n—oo w(n)
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Proof. The assumption implies that for P—almost all w € 2, there exists an increasing sequence
M| = Mj(w), k=1,2,... such that

M/

(log M) A=/V =M™ (X)) < ¢ (7.2)

It follows that for M = 3
> log fo’M’; (X) —loge %loglog Mj, - log Tlm’M’l“ (X)—logec
k= log A log A = log A ’

and for any € > 0, there exists a kg € N such that
log M}, = (1 — €) loglog sz’M’/“ (X) (7.3)
holds for all k£ = kg. On the other hand, (7.2) implies
ex,M;, ex,M;,

X (T (X)) = 2Me 2 e (log M) (T4 (X)”.

This combined with (7.3) leads to

Z c—u(l o 6)1_V,

ex,M!
| X (T, (X))
ex,M! ex,M; _
(Ty 7 *(X)) (loglog T} "+ (X))~

and X ()]
—_ n
3 ()

Since € is arbitrary, we have proved the statement.

> V(1 — )l

a

In the rest of this section we prove (7.1). To this end, first we establish two inequalities. In
the following we write 7™ for T} oM

By Proposition 6 (2), Gg\z,)(—l) converges to g;(—1) as N — oo for i = 1,2, thus there exists
a positive constant D such that Ggf,)(—l) < D holds for all N € N and 7 = 1,2. This combined
with Chebyshev’s inequality gives

PO TN(w) >t <De™ ", NeN, i=1,2,34

where ]51(\;) is defined in Section 5. In particular, if we set
preciA] .= PYIA], AcTy,
N [A] e PN [A] N
we have ) N
Prar[ TN (w) > t] < De™ L (7.4)

By Proposition 7 and Theorem 8(1), there exist C' > 0 such that for any b > 0 and i = 1,2, 3, 4,

lim ax”/07) log 15](\?)[ T (w) < MWay | 2 -C,
N—oo

with ay = b (log N)*(lfl’)/l’. This implies that for any Cy > C there exists Ny € N such that

PYLTY (w) < 03V (log )~/ ] 2 N-Gob
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holds for any N = Ny. In particular, if we set

PRAl:= min PY[A], AcT
N Al ie{rlrggA} N 4], a
then o )
PR TN (w) < DA (log N) =07/ | 2 N-O0E N 2 N, (7.5)

Inequalities (7.4) and (7.5) are used to prove Lemma 19 and Lemma 20 below.

Now let t,, = 2Cél_y)/y)\”(log n)~1=)/¥ and

o= [ 10;A <1+ 2(1V—u)> (n+41)loglog(n + 1) + (n +1)n

where [a] denotes the largest integer not exceeding a and

1 1 2
logh ° =0/

77 =
Lemma 19

> 1
> PITY 1 (X) > 5 tu, ] < oo

Proof. By the definition of M, we have for n > 2,

1 2(1 —
M, — M,_1 2 (1+ ( V)> loglogn + 7.
log A v

It follows that

(log n)z ) 1-v)/v

A Mty /2 = O T AN =M (log M)~ 2 210g m < log M,

Since M, = O(nloglogn), \™Mn=1t), /2 > 21logn holds for n sufficiently large. This combined
with (7.4) gives

1 . 1 =My _ D
PITM 1 (X) > St 1S P [TVt ) 2 gy, | S D" /2 < pe2lonn — 2,
which implies the desired convergence. O

Lemma 20

S PpEn TV (w) — TVt (w) < <ty | = oo
n=1

Proof. This follows from (7.5). Setting b = C’él_l’)/y in (7.5) and by the definition of M,,, we have
for ng sufficiently large,

00
- 1
tMn] z ij\rgin[ TMn( g 5 Z M_

n=1 n=ng
[e's)

Z BRpin[ T (X) — Tt (X) <

N |

o0

1 1 1
> _ LS, = o,
7]+2+loé/\(1+2171’) n%ﬂnloglogn n%;ﬂnlogn

where ¢ is a positive constant. O
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Now we go on to show that (7.1) holds. We see that for any k, K € N with k < K

P[G{TM%X < b 1) 2 PLUTY 00 - 7900 () £ Ly, 7901 0) <
= X l=k
PLUTY(X) =T (6) > %m} AT (X) > Lt )]
& 1 K 1
>1- ﬂ {TMe(X) —TMe1(X) > gt} - ;P[TM“(X) > St ]

We first show that
K
Pl {TM(X) - T (X) > gt} =0, K — o0

holds.
Note that by definition

K
PLOTY(X) = TV (X) > Star )]

K
— Pare[ ({TMe(w) — TV (w) > %tMé} | (by (5.4) and (5.7))
l=k
K
T (L) = TV (L) > Star} ] (by (52)
_ 1 P(l) P(2) ~ TMe(g, TMe-1(7, 1
= (Pl + MK>[Q{ (Lw) ~ T (L) > Ltag}]
+ %(PM( + P ﬂ{TM‘f Lw) — TMe=1(Lw) > %tM[} ] (by (5.3))

§tMe}]

Now recall the procedure for loop erasure. Note that M < Mg. In the process of erasing
2Mi_gcale loops from the random walk Z My, We obtain Q My Z My (Q M is defined at the end of
Section 3. Recall that for M < N and w € Wy U Vy, QMw is a loopless path on the coarse graph
2M F).) Then we restore the 0r1g1na1 fine structures to each step of Q My, Z My and continue loop
erasure. For each A; in O'Mk(QMk ZMK) if A; is Type 1 with regard to QMk ZMy, the rest of the
procedure is the same as loop erasure for Zy;, (modulo rotation and reflection), and if Type 2,
the same as that for Z), (Zy and Zj, are defined in (2.1) and (2.2)). Conditioned on Q. Zatye s
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path segments in different 2™+ —triangles are independent. Thus
= 1
PAnc L (UM (Lw) = TV (Lw) > St} |
=k

K
1 N
= > P LT (Ew) = TV (Lw) > Stan} | 27 Qg (w) = o]
leF]MK_Mk =k
x P [ 27ME Qg (w) = w' ]

1 )
= Y Pﬁj{[ TMi (L) — TMe=1 (L) > St | 2 M (w) = w' ]

!
w' €l vy — My,

K
< PR () ATV (Lw) = T (L) > Gtar} |27 Qas (w) = w 1P 27 Qg ) = )

)
K
t=k+1

NS 1
=X PRITMw) - T w) > St ]

W El My — My,

K
< PO T () AT (Lw) — TV (L) > Stag} | 27y (1) = ' 1P 275 Qg (1) = w]

l=k+1 1 2
< PR TV (w) = TV (w) > Stag, |
K
1 _ N
x>0 P () AT (w) = TV (Lw) > Stag} | 27 Qumy (w) = o]
’IUIEFJ\/[K,]\/[]C l=k+1

x P [ 27MeQuy, (w) = w' ]

K
. 1 1
< PR T w) = T (w) > Stan ] Pap [ () ATY(Tw) = TV (L) > S,
l=k+1

where P]E;Iz = Pﬁz if the first element of o, (Q mw) is Type 1, and ]5(*2 = Pﬁi if Type 2.
We have similar results for i = 2, 3,4 to have

K
PR L (T () — TV (L) > g}
l=k

K
. 1 1
< PR TV (w) = T (w) > Sta ] PR [ (1) AT (Lw) = T (Lw) > Stag} ]
l=k+1
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Repeating this procedure, we have

K
PLTM(X) = T (X) > 2141} |
=k

2
K
= PRt [ (T (Lw) = TV (Lw) > St} |
l=k
K 1
< [T A1 T (w) = TV (w) > St |
l=k
K o 1
= [Ta - B 77 (w) = T (w) = Stag, ])
l=k
i 1
DIUL M My_
< exp(— Y PR TV (w) = TV (w) £ Star, )

=k
-0 (K — o0),

where we used Lemma 20.

By Lemma 19, we see that the third term in the rightmost side in (7.6) converges to 0, first
taking the limit as K — oo, then k£ — oo.

Thus

PLO U (o M0 aMgeedt () < 00§77y | = P () U™ (X) < tar} |
k=1 M=k k=1¢=k

= lim lim PJ G{TMf(X) <t} =1,
l=k

k—o0 K—o00

which proves (7.1).
Proposition 16 combined with Proposition 17 completes the proof of Theorem 3.

Acknowledgment: The author would like to thank the referees for reading the manuscript
very carefully and giving detailed corrections and valuable suggestions, in particular, pointing out
an incorrect equality in the original proof of Proposition 17.

Funding: This work was supported by JSPS KAKENHI Grant Number 16K05210.

References

[1] Dhar, D., Dhar, A. : Distribution of sizes of erased loops for loop-erased random walks,
Phys. Rev. E 55, R2093-2096 (1997).

[2] Hambly, B. M., Hattori, K., Hattori, T. : Self-repelling walk on the Sierpinski gasket,
Probab. Theory Relat. Fields 124, 1-25 (2002).

[3] Hattori, K., Mizuno, M. : Loop-erased random walk on the Sierpinski gasket, Stoch. Pro-
cess. Appl. 124, 566-585 (2014).

[4] Hattori, K., Ogo, N., Otsuka, T. : A family of self-avoiding random walks interpolating the
loop-erased random walk and a self-avoiding walk on the Sierpinski gasket, Discret. Contin.
Dyn. S. Series S 10, 289-311(2017).

[5] Hattori, T.: Random walks and renormalization group, Kyoritsu Publishing (in Japanese.
English version in preparation).

26



Hattori, T., Kusuoka, S. : The exponent for mean square displacement of self-avoiding
random walk on Sierpinski gasket, Probab. Theory Relat. Fields 93, 273-284 (1992).

Kosugi, N. : Tauberian theorem of exponential type on limits of oscillation, J. Math. Kyoto
Univ. 39, 783-792 (1999).

Kenyon, R. : The asymptotic determinant of the discrete Laplacian, Acta Math. 185,
239-286 (2000).

Kozma, G. : The scaling limit of loop-erased random walk in three dimensions, Acta Math.
199, 29-152 (2007).

Lawler, G. F. : A self-avoiding random walk, Duke Math. J. 47, 655-693 (1980).

Lawler, G. F. : Intersections of random walks, Probability and its Applications. Birkhauser
Boston Inc., Boston , MA, 1991

Lawler, G. F. : The logarithmic correction for loop-erased walk in four dimensions, Pro-
ceedings of the Conference in Honor of Jean-Pierre Kahane (Orsay, 1993), J. Fourier Anal.
Appl. 347-361 (1995).

Lawler, G. F. : The probability that planar loop-erased random walk uses a given edge,
Electron. Commun. Probab. 19, 1-13 (2014).

Lawler, G. F., Schramm, O., Werner, W. : Conformal invariance of planar loop-erased
random walks and uniform spanning trees, Ann. Probab. 32, 939-995 (2004).

Lawler, G. F., Viklund, F. : Convergence of loop-erased random walk in the natural
parametrization, arXiv:1603.05203v2.

Masson, R. : The growth exponent for planar loop-erased random walk, Electron. J. Probab.
14, 1012-1073 (2009).

Shinoda, M., Teufl, E., Wagner, S. : Uniform spanning trees on Sierpinski graphs, Lat.
Am. J. Probab. Math. Stat. 11, 737-780 (2014).

Shiraishi D. : Growth exponent for loop-erased random walk in three dimensions,
arXiv:1310.1682, to appear in Ann. Probab.

27



