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ABSTRACT

We show that the ‘erasing-larger-loops-first’ (ELLF) method, which was first introduced for eras-
ing loops from the simple random walk on the Sierpiriski gasket, does work also for non-Markov
random walks, in particular, self-repelling walks to construct a new family of self-avoiding walks
on the Sierpinski gasket. The one-parameter family constructed in this method continuously
connects the loop-erased random walk and a self-avoiding walk which has the same asymptotic
behavior as the ‘standard’ self-avoiding walk. We prove the existence of the scaling limit and
study some path properties: The exponent v governing the short-time behavior of the scaling
limit varies continuously in w. The limit process is almost surely self-avoiding, while it has path
Hausdorff dimension 1/v, which is strictly greater than 1.
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1 Introduction

The self-avoiding walk (SAW) and the loop-erased random walk (LERW) are two typical examples
of non-Markov random walks on graphs. The self-avoiding walk is defined by the uniform measure
on self-avoiding paths of a given length. In this paper we call this model the ‘standard’ self-
avoiding walk (‘standard’ SAW), for we shall deal with a family of different walks whose paths
are self-avoiding. The loop-erased random walk, introduced by G. Lawler ([I5]), is a random walk
obtained by erasing loops from the simple random walk in chronological order (as soon as each
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loop is made). Although the LERW has self-avoiding paths, it has a different distribution from
that of the ‘standard’ SAW.

Two of the basic questions concerning random walks are:
(1) What is the asymptotic behavior of the walk as the number of steps tends to infinity? To be
more specific, if X (n) denotes the location of the walker starting at the origin after n steps, does
the mean square displacement show a power behavior? In other words, does the following hold in
some sense?

E[IX(n)") ~ n*",

where | X (n)| denotes the Euclidean distance from the starting point and v is a positive constant.
If it is the case, what is the value of the displacement exponent v?

(2) Does the walk have a scaling limit? A scaling limit is the limit as the edge length of the
graph tends to 0. To give some examples, Brownian motions on Z? and the Sierpinski gasket are
obtained as the scaling limit of the simple random walk on the respective graph. The displacement
exponent v governs also the short-time behavior of the scaling limit.

Question (1) originated from the problem of the end-to-end distance of long polymers. Since
no two monomers can occupy the same place, a self-avoiding walk is expected to model polymers.
There have been many works, not only mathematical works, but also computer simulations and
heuristics aimed at answering the question, however, for ‘standard’ self-avoiding walk on Z¢ with
d = 2,3,4, it is not solved rigorously yet. Question (2) for Z¢, d = 2,3,4 has not been given a
rigorous answer yet, either, while for Z¢ with d > 4 the answers are given; the scaling limit is
the d-dimensional Browinan motion and v = 1/2. The difficulties for d = 2, 3,4 lie in the strong
self-avoiding effect in low dimensions. For what is known about ‘standard’ self-avoiding walks on
72, see [18].

The situation is quite different for LERW on Z¢. The existence of the scaling limit has been
proved for all d, and the asymptotic behavior has been studied in terms of the growth exponent
(the reciprocal of the displacement exponent). For d = 2 Schramm-Loewner evolution (SLE) has
played an essential role. To cite just a few about the LERW on Z¢, see [17], [19], [13] and [16].

The Sierpinski gasket provides with a space which is ‘low-dimensional’, but permits rigorous
analysis. For this fractal space, the displacement exponent v of the ‘standard’ SAW is obtained
in [I0]. The scaling limit is studied in [6] and it is proved that the same v governs the short-time
behavior of the limit process Xy, that is, there exist positive constants C; and Cs such that

X _ o,

Ch W =

A

holds for small enough ¢ ([3]). As for the LERW, the scaling limit is obtained by two groups
independently, using different methods ([20], [11]).

SLE mentioned above is a profound theory, which goes far beyond the investigation of the
scaling limit of the LERW on Z2. It is a unified theory of a variety of random curves in R?
that involves a parameter k, and different values of k correspond to different models. x = 2
corresponds to the scaling limit of the LERW and x = 8/3 is conjectured to be the scaling limit
of the SAW. Thus, SLE is expected to connect the SAW and the LERW on R?.

There arises a natural question: Is it possible to construct a model that connects the SAW
and the LERW on the Sierpinski gasket continuously in some parameter? In this case we cannot
use SLE, for which the conformal invariance of models in R? plays an essential role.

In this paper, we construct a one-parameter family of self-avoiding random walks on the
Sierpinski gasket continuously connecting the LERW and a SAW which has the same asymptotic
behavior as the ‘standard’” SAW. We prove the existence of the scaling limit and show some
path properties: The exponent v governing the short-time behavior of the scaling limit varies
continuously in u. The limit process is almost surely self-avoiding, while it has path Hausdorff
dimension 1/v, which is strictly greater than 1.



Main ingredients for the model are the one-parameter family of self-repelling walks on the
Sierpinski gasket studied in [3] and [7], and the ‘erasing-larger-loops-first’ (ELLF) method em-
ployed in the study of the LERW [II]. A self-repelling walk is a walk that is discouraged, if not
prohibited, to return to points it has visited before. There have been a variety of models on Z.
See, for example, the survey paper [12] and the references therein. The model we use here is
unique in the way of discouraging returns; penalties are given for backtracks and sharp turns,
rather than for revisits to same points or same edges.

For the ‘standard” LERW on graphs, the uniform spanning tree proves to be a powerful tool
([20]). By ‘standard’, we mean the loops are erased chronologically as Lawler first introduced.
On the other hand, [II] constructed a LERW on the Sierpinski gasket by ELLF, that is, by
erasing loops in descending order of size of loops and proved that the resulting LERW has the
same distribution as that of the ‘standard” LERW. The uniform spanning tree is powerful in the
sense that it can be used on any graphs, however, this tool is valid only for loop-erasure from
simple random walks. We prove that ELLF does work also for other kinds of random walks on
some fractals, in particular, for self-repelling walks on the Sierpinski gasket, for the method is
based on self-similarity. Thus, our construction is performed by erasing loops from the family of
self-repelling walks by the ELLF method.

In Section 2 we describe the set-up and recall the family of self-repelling walks introduced in
[3] and [7] in a more concise manner. In Section 3] we describe the ELLF method of loop-erasing in
a more organized manner than [I1], and apply it to the self-repelling walks to obtain a new family
of self-avoiding walks interpolating LERW and SAW. In Section [ we study the scaling limit. In
Section [l we prove some properties of the limit process concerning the short-time behaviors. In
Section [6] we give the conclusion and some remarks.

2 Self-repelling walk on the pre-Sierpinski gaskets

Let us first recall the definition of the pre-Sierpinski gaskets, that is, graph approximations of
the Sierpiriski gasket which is a fractal with Hausdorff dimension log3/log2. Let O = (0,0),
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5 3 ), b= (1,0) and define F{ to be the graph that consists of the three vertices and the
three edges of AOab. Define similarity maps f; : R? — R?, i =1,2,3 by
1

fiw) = 3o, @) = 3w+ a), fal@) = 3o +0),

0=

and a recursive sequence of graphs {Fy }3_, by
Fyy1 = [i(FN) U f2(FN) U f3(F)-

Let F be the union of F}, and its reflection with respect to the y-axis, and let Gn and En be
the sets of the vertices and of the edges of Fly, respectively. Fj is shown in Fig. 1.

Let Tas be the set of all upward (closed and filled) triangles which are translations of 2= AOab
and whose vertices are in Gps; an element of Ty is called a 2=M -triangle.

For each N € Z, = {0,1,2,...}, denote the set of finite paths on Fy starting from O and
stopped at the first hit at a by

W](\), ={ w=(w(0),w(d), - ,wn)): w0) =0, wh)=a, wi)eE Gy,

{w(@),w(i+1)} € En, w(i) #a, 0Si<n—-1, neN}
and the set of paths that do not hit any vertices in Gy other than O on the way by

Wy ={ w= (w(0),w(1), -, wn)) € Wy : wi) €Go\{0}, 0i<n—-1, necN}L

For a path w = (w(0),w(1),---,w(n)) € Wy, denote the number of steps by £(w) := n.



Fig 1: F}

If we assign probability (1/4)“®)=1 to each w € Wy, then we have the simple random walk
on Fy starting from O and stopped at the first hit at a conditioned that the walk does not hit
any vertices in Gg \ {O} on the way. (1/4)~! comes from this conditioning.

We shall assign probabilities such that they give random walks whose revisits to same points
are discouraged. First let us start with paths in Wj. The idea is that we give a penalty to w € Wj
every time it makes a sharp turn or a backtrack at Gy \ Gy, or revisits O. We realize it by using
N (w), the total number of sharp turns and backtracks, and M (w), the total number of revisits to
O, and by assigning probability u/V(@)+M (w)xﬁ(w)_l, where u is a parameter taking values in [0, 1]
and x, is a positive constant determined so that the sum of the probabilities over W7 equals to
1. This is a natural way to define a self-repelling walk on Fj: If u = 1, then we have z; = 1/4
and the simple random walk above, and if v = 0, then the probability is supported on a set of
self-avoiding paths. On a general Wy, we define the probability recursively.

To give a precise definition, we shall make some preparations. For a path w € [J3_,; W]% and
A C R?, we define the hitting time of A by

Ty(w) =inf{j 2 0: w(j) € A},

where we set inf() = oco. For w € W](\), and M < N, we shall define a recursive sequence
{TM(w)}m, of hitting times of G as follows: Let T3/ (w) = 0, and for i > 1, let

T (w) = inf{j > Ty (w) : w(j) € Gar \ {w(TY (w))}},

here we take m to be the smallest integer such that T, | (w) = co. Then TM(w) is the time
(steps) taken for the path w to hit vertices in G for the (i 4+ 1)-th time, under the condition
that if w hits the same vertex in GGj; more than once in a row, we count it only ‘once’.

[ee]
For each M € Z,, we define a coarse-graining map Qs : U W](\), — W](\)4 by setting
N=M
(Quw)(i) = w(TM(w)) for i = 0,1,2,...,m, where m is as above. Note that

QroQv=Qk, if K=M

holds and that if w € Wy and M < N, then Qpw € Wyy,.
For w € W1, define the reversing number N(w) and the revisiting number M (w) by

Nw)=#{1<i<l(w) -1 : wi— Dw(E) - wli)wi+1) <0, w(i) ¢ Go }, (2.1)



Mw)=8{1<i<lw) : w(i) =0}, (2.2)
where @ - 7 denotes the inner product of @ and 7 in R2.
For z > 0 and 0 < u < 1, define
O(z,u) = Z uVFM () g bw) (2.3)
weWy
For each u, within the radius of convergence r, > 0 as power series in x, we have the following

explicit form of ® given in [3]:

2?2{14+ (1 +w)x —u(l —u?)z? + 2(1 — u)?u?23}
(14 uz)(l — 2ur) — 4u?2?{1 + 2(1 — u?)z? — 2u(l — u)?23}

O(z,u) =

Proposition 1 (Proposition 2.3 in [3])

(1) For each u € [0,1], there is a unique fized point x,, of the mapping ®(-,u) : (0,7,) — (0,00),
that is, ®(xy,u) = Xy, Ty > 0. As a function in u, x, is continuous and strictly decreasing
on [0,1].

N 0P - -
(2) Let \,, = a—(xu,u) Then Ny, > 2 and Ay is continuous in u.
x
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To define a family of probability measures {Py, u € [0, 1]} on each Wy, we consider decom-
positions of a path based on the self-similarity and the symmetries of the pre-Sierpinski gaskets.
Assume w € Wy and 0 £ M < N and denote @ = Qjyw. Since the pair of adjacent 2~ M-triangles
including w(i — 1), w(i) and w(i 4 1) is similar to Fy_ps, there is a unique decomposition

In the two extreme cases, we know that xy =

(ﬁ);wl,--',wL(@)), w e Wy, wi € Wyop, 1 =1, 4(0) (2.4)

such that the path segment (w(TM, (w)), w(TM, (w) + 1)), -+, w(TM (w))) of w is identified with
w; € Wx_pr by appropriate similarity, rotation, translation and reflection so that w(TZ-J‘_/[1 (w)) is
identified with O and w(TM (w)) with a. We shall use this kind of identification throughout this
paper. We illustrate a simple example of the decomposition in Fig. 2.

First, for each w € W1, let

P (w) = uN @) g1, (25)

and define Py, on Wy recursively by

&

L(w)
Py (w) = Py_1(w) Py (wi), (2.6)

7

Il
—

where (w; w1, - -+, wrp)) is the decomposition of w € Wy with M = N — 1 given in (Z.4]). Denote
the image measure of Py induced by the mapping Qy by Py o QJT/}. Py; is self-similar in the
sense that Py o QX/} = Py;.

(W, {Px }ueo,1)) defines a family of self-repelling walks Z§ on Fiy such that

Zy(w)(i) =w(i), i=0,---,0(w), we Wn. (2.7)

In [3], it is proved that for each u, the sequence {Z% (AN - )}35_, of time-scaled self-repelling
walks converges to a continuous process as N — oo. The one-parameter family of the limit
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Fig 2: w, w,wy, wa, w3

processes {Z%( - ),u € [0,1]} continuously interpolates a self-avoiding process (v = 0) and the
Brownian motion (v = 1) on the Sierpiriski gasket.

In the next section, we erase loops from this family of self-repelling walks to obtain a one-
parameter family of self-avoiding walks. For this purpose, we introduce another family of self-
repelling walks. Let

Vw={weWy : Quw=(0,ba)}.

w € Vy consists of two parts, (w(0),w(1), -, w(TP(w))) and (w(TY(w)), w(TY(w) + 1),---,
w(TY(w))), and they can be identified with some w,w” € Wy, respectively. Define a proba-
bility measure Py on Vi by

Py[w] = Py[w'] - Py[w"],

where Py, is defined in (Z.5)) and Z8). (Vi,{Py }uejo,1)) defines another family of self-repelling
random walks Z3 on Fy such that

Z8w)(i) = w(i),i = 0, -, L(w), we Vy. (2.8)

This is a family of self-repelling walks that hit b once’ in the sense that Qow = (O, b, a).

3 Loop-erasure by erasing-larger-scale-loops-first rule

For (w(0),w(1), -+, w(n)) € WY, if there are ¢ € Gy, i and j, 0 < i < j < n such that
w(i) = w(j) = cand w(k) # c for any i < k < j, we call the path segment [w(i), w(i+1),...,w(j)]
a loop formed at c and define its diameter by d = sup;<j, <j,<;j |lw(k1) — w(k2)|, where | - |
denotes the Euclidean distance. Note that a loop can be a part of another larger loop formed at
some other vertex. Wy U Vi is the set of paths in W](\), that do not have any loops with diameter
greater than or equal to 1. Let I'y be the set of loopless paths on F from O to a:

I {(Ova)’(Ovb’a)}7
'y ={ (w(0),w(l),---,w(n)) e Wy UVy: w(i) #w(j), 0Si<j=<n, neN}

Loop-erasure on Fq
We shall now describe the loop-erasing procedure for paths in Wy U Vi:



(i) Erase all the loops formed at O;
(ii) Progress one step forward along the path, and erase all the loops at the new position;

(iii) Iterate this process, taking another step forward along the path and erasing the loops there,
until reaching a.

To be precise, for w € W7 U Vi, define the recursive sequence {s;}"
so =sup{j : w(j) = O},

si = sup{j : w(j) = wlsi1 + 1)}

If s; > s;—1+1, then [w(s;—1 +1),w(si—1 +2),...,w(s; — 1), w(s;)] forms a loop or multiple loops
at w(s;—1 +1) = w(s;), so we erase this part by removing w(s;—1 + 1), w(s;—1 + 2),...,w(s; — 2),
and w(s; — 1). If w(sy,) = a, then we have obtained a loop-erased path,

Lw = [w(sg),w(s1),...,w(sy)] € T'y,

where L : W7 U V] — I'; is the loop-erasing operator. O

Fig. 3 shows all the possible loopless paths from O to a on Fj. Here only the parts in AQab
are shown, for any path cannot go into the other triangle without making a loop.
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Fig 3: Loopless paths from 0 to a on Fj
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Note that w € W7y implies Lw € W7 NTI'y, but that w € V7 can result in Lw € W7 NIy,
with b being erased together with a loop. So far, our loop-erasing procedure is the same as the
chronological method defined for paths on Z¢ in [15].

For a general N, we erase loops from the largest scale loops down, repeatedly applying the
loop-erasing procedure on Fj.

First step of the induction — erasing largest scale loops
We shall illustrate the first step of loop-erasure. Decompose a path w € Wy U Vy into
(Qrw;wi, -+, WeQuw)), wi € Wno1 UVy_1 i =1,--- £(Qiw) as in 4). Fig. 4(a) shows w €
WxUVy and Fig. 4(b) shows Qw. Erase all the loops in chronological order from Q w € W1 UV,
to obtain LQw as in Fig. 4(c), then restore the original fine structures to the remaining parts
as shown in Fig. 4(d). That is, if we write
LQiw = [w(Ty),w(TL), ..., w(Ti )], n={(LQw),

Sn

for each i, fit the path segment wy,41 = (w(T3.),w(T) 4+ 1),---,w(T.) ,)) between w(T},) and
w(TL ) of LQiw. We call the path obtained at this stage Lw. Notice that in this stage all the

Si4+1
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Fig 4: The loop-erasing procedure: (a) w, (b) Quw, (¢) LQw, (d) Lw

loops with diameter greater than 1/2 have been erased. Let Qlw = LQiw. This completes the
first induction step. O

The idea is to repeat a similar procedure within each 2~ '-triangle to erase all loops with
diameter greater than 1/4, and then within each 4~ !-triangle, and so on, until there remain no
loops. To describe next induction steps more precisely, we make some preparations. For w € W](\],
and M < N, we shall define the sequence (Ay,...,A}) of the 2= M_triangles w “‘passes through’,
and their exit times {Tieac’M(w)}’ll?z:1 as a subsequence of {TM (w)}™, as follows: Let Toem’M(w) = 0.
There is a unique element of Ty, that contains w(Tg¥) and w(T{M), which we denote by A;. For
1 2 1, define

J(i) =min{j 20 : j <m, TM(w) > T (w), w(TM(w)) & A},

if the minimum exists, otherwise J(i) = m. Then define T (w) = TM

J(i)(w), and let A, be
the unique 2~M-triangle that contains both w(fo’M) and w(T}/f(i) +1)- By definition, we see that

A; N Ay is a one-point set {w(fo’M)}, fori=1,...,k — 1. We denote the sequence of these
triangles by oar(w) = (A1, ...,Ay), and call it the 27M-skeleton of w. We call the sequence
{fo’M(w)}i:oJ,m,k exit times from the triangles in the skeleton. For each i, there is an n = n(i)
such that ﬂeiviM(w) = TM(w). If fo’M(w) = TM,, we say that A; € op(w) is Type 1, and
if fo’M(w) =TM,, Type 2. If w € I'y and M < N, then its 2~ -skeleton is a collection of
distinct 2~ M-triangles and each of them is either Type 1 or Type 2. Assume w € Wy U Vi and
M < N. For each A in oy/(w), the path segment of w in A is defined by

wla = [w(n), T (w) < n < TFM. (3.1)



Note that the definition of TZ-M allows a path segment w|a to leak into two neighboring 27
triangles.

If Quw € Ty, then w|a € Wy_pr or wla € Vy_ps, according to the type of A € opr(w),
where the entrance to A is identified with O and the exit with a. This means that each w satisfying
Quw € I'py can be decomposed uniquely to

(O’M(’w); w\Al,---,w\Ak), w\Ai EWnN_pmUVN_p, i=1,-- k. (3.2)

Conversely, given a collection of distinct 2~M-triangles {A,-}le such that O € Ay, a € Ag, A;

and A;1; are neighbors, and w, € Wy_ps UVn_ps, @ = 1,---, k, then we can assemble them to
obtain a unique element w of W U Vy with Qpw € T'yy.
We call a loop [w(i),w(i 4+ 1),---,w(i + ip)] a 2 M-scale loop whenever there exists an

M € Z such that
min{ N’ : w(i) = w(i +ip) € Gy} = M, d 2271,

where d is the diameter of the loop.
Using above as a base step, we shall now describe the induction step of our operation:

Induction step
Let w € Wy UVy. For 1 £ M < N, assume that all of the 27! to 2™ -scale loops have been
erased from w, and denote by w’ € Wy U Vyy the path obtained at this stage. Then Qpyw’ € T'yy.

1) Since Qprw’ € T'py, we have the decomposition of w': (oar(w'); wi,---w)), w, € Wn_pr U
Vn_n as given in (32)).

2) From each w;, erase 2~ 1_scale loops (largest scale loops) according to the base step procedure
above to obtain Lw} € Wy_p U Vy_py and Qw; € T'y.

3) Assemble (ops(w'); L), -- -, Lw)) and (opr(w'); Quuw),-- -, Qiw),) to obtain w” € Wy UVy

and QM+1w € I'pr41, respectively. w” has no 27! to 2= (M+1)_gscale loops.

|

We then continue this operation until we have erased all of the loops to have Lw = Qyw € I'y.
In this way, the loop erasing operator L defined for W7 UV has been extended to L : [ Jy_; (WnU
V) = UNn=; I'v with L(WyUVy) = I'n. Notice that the operation described above is essentially
a repetition of loop-erasing for Wy U V. QM is a map from Jxy_,;(Wn U Vy) to I'ps. In the
induction step, we observe that Q1w = Qpr41w”. Although it may occur that oy (w”) #
oar41(w') because of the erasure of 2~ M+ gcale loops, it holds that oy (w”) = o (w'), which
can be extended to ox(w') = ox(w”) for any K < M. We remark that the procedure implies
that for any w € Wy U Vi,

ok (Quw) = og(Qgw) for any N =2 M = K. (3.3)

In particular, X
orx(Lw) = og(Qrw) for K < N. (3.4)

i.e., in the process of loop-erasing, once loops of 2~ % -scale and greater have been erased, the 27 %-

skeleton does not change any more. However, it should be noted that the types of the triangles
can change from Type 2 to Type 1.

We induce measures Pt = P o L™! and P = Py o L™, which satisfy P%[Ty] = 1 and
If’]’\?[FN] = 1. For wj,---,w}, shown in Fig. 3, denote

P = 131“[102*] = Pllw: Lw=w]], ¢ = P{“[wﬂ = P"w: Lw = w}]. (3.5)



p; and ¢; can be obtained as explicit functions of v and x, by direct, but lengthy calculations,
which are shown in Appendix. In the case that w = 1 (the ordinary loop-erased random walk), we
have 21 = 1/4, p1 = 1/2, p2 = p3 = pr = 2/15, ps = p5s = pe = 1/30, q1 = 1/9, q2 = q3 = 11/90,
g = q5s = q¢ = 2/45, g7 = 8/45, g8 = 2/9 and q9 = q10 = 1/18 as in [I1]. For u = 0, we have
p1 = xg, P7 = azg and p; = 0 otherwise, and ¢; = a:‘ol, Q2 = q3 = azg, qs = m% and ¢; = 0 otherwise,
with zg = (v/5 —1)/2 as in [§].

PK, and ]5]’\1; define two families of walks obtained by erasing loops from Z} and Z}/, respec-

2 . 1.
tively. We remark that that gP]{; + ng\} equals to the ‘standard’ LERW studied in [20].

An important observation is that in the process of erasing loops from 7}, ,, if we stop at the

+1)
point where we have obtained QnZ}; , ;, it is nothing but the procedure for obtaining LZ}; from

Z%,. The same holds also for Z}/ 41- This can be expressed as:
Pl [{v': Qno' = v}] = PR, P [{v': Quo' = v)] = P[], (3.6)

In this stage what is left to do for obtaining LZy ; from Q NZj 1 is a sequence of loop-erasing
from Zj* or Z{*. This combined with ([B.6) leads to a ‘decomposition’ of LERW measures. For
w € I'nyt,

Pi[w] = Z PE {0 L = w}| Qnv' = v | P {0 Qo' = v}
vel'n
k A~ A
= > (I2w]) Pélo],
vel'y =1

where oy (v) = (Ay,---,Ag), w; = v|a, (identification implied), Pj* = PP if A; is Type 1, and
151* v = Pl’“ if A; is Type 2. A similar decomposition holds also for P]’{,‘ t1- This is the key to the
recursion relations of generating functions defined below.

For w € I'y, let us denote the number of 27V~ triangles of Type 1, (the path passes two of
the edges) and those of Type 2 (the path passes all three edges) in on(w) by s1(w) and sa(w),
respectively. Note that £(w) = s (w) + 2s2(w). Define two sequences, {®y}yen and {On}yen,
of generating functions by:

ci)N(xay) - Z P;\L[(w)xsl(w)ySQ(w)’

wel'y

On(z,y) = Z P (w)a W) gy >0,

wel'n
For simplicity, we shall denote <i>1(x,y) and él(x,y) by @(x,y) and @(x,y) and omit writing

u-dependence explicitly. Similar to Proposition 3 in [II], we have

Proposition 2 The above generating functions satisfy the following recursion relations for all
NeN:

A

d(z,y) = p12° + (p2 + p3)zy + pay® + (ps + pe) 2’y + pra’,
O(z,y) = iz’ + (g2 + @)y + uy® + (g5 + ¢6) 2%y + g7 + gy + (g0 + qro)zy?,

(i’N+1($7y) = (I)N((i)(xvy)v é(m,y)),
@N+1($,y) = éN((i)($7y)7é($7y))a

where p; = Pw?] and ¢; = P{*[w}], i = 1,2,---,10.

7



Define the mean matrix by

K
M= | % (3.7)
ox

It is a strictly positive matrix, and the larger eigenvalue A = A(u) is a continuous function of w,
satisfying 2 < A < 3.

Let ZY and ZJY be as in [21) and (Z8). The loop-erasing procedure together with the
structure of the Sierpiniski gasket leads to (Proposition 4 in [I1])

Proposition 3 Let M = N. Conditioned on oy (LZ3;) = (A1,...,Ar) and the type of each
element of the skeleton, the traverse times of the triangles

T (LZY) - T (LZy), i=1.2,.. .k

are independent. Fach of them has the same distribution as either Tfm’N_M(LZ}(,_M) or

fo’N_M(LZ]’(,‘_M), according to whether A; is of Type 1 or Type 2.

4 The scaling limit

In this section, we investigate the limit of the loop-erased self-repelling walks constructed in
Section Bl as the edge length tends to 0. Since it is easier to deal with continuous functions from
the beginning, we regard Fy’s as closed subsets of R? made up of all the points on their edges.
We define the Sierpinski gasket by F' = cl(UJ_yF N, where cl denotes closure. Let

C={wel(0,00) > F) : w(0)=0, limw(t)=a}.

t—o00

C is a complete separable metric space with the metric

d(u,v) = sup |u(t) —v(t)], u,v € C,
te[0,00)

where |z — y|, 2,y € R?, denotes the Euclidean distance. Hereafter, for w € J3_; WY, we define
w(t) =a, t=/Ll(w),
and interpolate the path linearly,
wt) = (i +1—tw@) + (t—Dwi+1), iSt<itl, ieZ,

so that we can regard w as a continuous function on [0,00). We shall regard also Wy, Vy and
'y as subsets of C. Hitting times, {TM (w)}™, are defined for w € C as in the previous sections,
although infimum is taken over continuous time:

Tp'(w) =0, TM(w) =inf{t > T (w) : w(t) € G\ {w(TY(w))}}.

Notice that the condition lim;_, w(t) = @ makes {TM (w)}™, a finite sequence.
For N € Z., we define a coarse-graining map Qy : C — C by (Qnw)(i) = w(TN (w)) for

1=0,1,2,...,m, and by using linear interpolation
(i+1-1) (@Qnw)(@) +(t—1i) (Qnw)(i+1),
(Qrnw)(t) = 1St<i+1,1=0,1,2,...,m—1,

a, t = m.



We define also the 2~M-skeleton, oy;(w) (a sequence of 2~ -triangles w passes through), the
exit times {Tiem’M}i:1 and types of triangles in a similar way to their counterparts in Section [Bl
The loop-erasing operator is regarded as L : Jy_;(Wnx U Vyn) — Un_i In. Qn’s are as in
Section Bl with resulting paths in I'n. Py, Py, PK, and ]5]’\7 are regarded as probability measures
on C.

In order to consider an almost sure limit, we shall couple walks on different pre-Sierpinski
gaskets. Let

Q' ={w= (wo,wr1,wsz, ) : wo=(0,a), wy € Ty, wy_1>wn, N €N},

where wy > w1 means that there exists a v € Wiy U V1 such that Qnv = wy and Lv =
QN+1U = wn+1. Namely, v is a path obtained by adding a finer, 2~ (N+1) _ gcale structure (not
loopless yet) to wy, and erasing 2~ (V41 - scale loops from v gives wy,1. We assumed wy = (O, a)
here, for we can deal with the case wg = (O, b,a) in a similar way.

Define the projection onto the first N + 1 elements by

TNw = (Wo, w1, ... ,WN).
For each u € [0,1], define a probability measure on 7x€' by
Pn[(wo,wi, ... ,wN)] = Pi[v: Qu=w;i=0,...,N],

where Py, is defined in Section 2l Although Py depends on u, we shall not write the u-dependence
explicitly for simplicity. The following consistency condition is a direct consequence of the loop-
erasing procedure:

PN[(wo,wl, . ,OJN)] = Z pN+1[(WQ,wl, . ,wN,w/)], (4.1)

w

where the sum is taken over all possible w’ € WN+1 such that wy >w'.
By virtue of ({]) and Kolmogorov’s extension theorem for a projective limit, there is a prob-
ability measure P on Q= CYN = C x C x --- such that

PIQ =1,
POWle:ISN, N eZy,

where 7y denotes the projection onto the first (N 4 1) elements here, too.

Let Yy : Qo — 'y € C be the projection to the (N + 1)-th component. We regard Yy as
an F-valued process Yy (w,t) on (Qg, B, P), where B is the Borel algebra on €y generated by the
cylinder sets. Then we have P oYy 1= ]5;\‘, For N 2 M and A € Ty, denote the the path
segment of Yy in A by Yy|a as in (BI)).

For w € Jy_; '~ and j = 1,2, denote by SJM(w) the number of 2~ triangles of Type j in
oy (w), and SM(w) = (SM(w), S5 (w)). Note that if w € T'y, then £(w) = S (w) + 25V (w).

Let S = (51,52) and 8" = (57, 5%) be (Zy)?-valued random variables on (Qq, B, P) with the
same distributions as those of (S}, S3) under Pj* and under PJ*, respectively.

Proposition 4 Fiz arbitrarily v € T'pr, and let op(v) = (Ay,...,Ag). For eachi, 1 £ i <k,
under the conditional probability P[ - |Ya = v], {SM*N(Yarin|a,), N =0,1,2,---} is a two-type
supercritical branching process, with the types of children corresponding to the types of triangles.
The offspring distributions born from a Type 1 triangle and from a Type 2 triangle are equal to
those of S and S', respectively. If A; is Type 1, the process initiates in state (1,0), and if A; is
Type 2, in state (0,1).



(1) The generating functions for the offspring distributions are
E[2%1y™ | = d(x,y),
E[ 2%y | = O(z, ),
where E is the expectation with regard to P.

(2) Let M be the mean matriz given by (3.7).

Then
E[ SM™N(YVarinla,) | Yo =v ] =8M(v]a,

OMY.
(3) P[S1+ Sz 22| = P[S]+ 5,2 2] =1 (non-singularity).
(4) E| SilogS; ] < oo, E[S{logS!]< o0, i=1,2.
Proposition M suggests that we should consider the time-scaled processes:
Xn(-)=Yn(\" ), Nez,
where A is the larger eigenvalue of the mean matrix.

Proposition 5 For M < N, the following holds:

O'M(XN) = O'M(XM) = O’M(YM), a.s.

and
Xn(TEM(XN) = X (TEM (Xap)) = Y (T (Yay)),  acs. (4.2)

Note that if op(Xn) = (Aq, -+, Ag), then
o J
T (Xn) = AN ) (ST (Xl A) + 29 (Xn|A)), 1S5Sk

J
i=1

Let u = *(u1,u2) and v = (v1,v2) be the right and left positive eigenvectors associated with
A such that |u| = |v| = 1.

Proposition 6 Fiz arbitrarily v € T'yr, and let op(v) = (Ay,...,Ag). For each i, 1 £ i <k,
under the conditional probability P| - |Ya = v], we have the following:

(1) {IN-MENSMAN (X N, N =0,1,2,...} converges a.s. as N — oo to a R*-valued
random variable S*M:i = (§HM1 GxMy

(2) {S*M:i i =1,--- k} are independent.

(8) There are random variables By and By such that S*Mii s equal in distribution to \™M Byv
if A; is of Type 1, and equal in distribution to \™M Bov if A; is of Type 2.

(4)
P[BZ > 0] =1, E[BZ] =u;, ©=1,2.

By and By have strictly positive probability density functions.



(5) The Laplace transform of By, i = 1,2
gi(t) = Elexp(—tB;)], teC

are entire functions on C and are the solution to

A ~

g1(At) = @(g1(1), 92(1)), 92(At) = O(g1(t), 92(t)), g1(0) = g2(0) = 1.

(1)—(4) in Proposition [@ are the straightforward consequences of general limit theorems for
multi-type superbranching processes (Theorem 1 and Theorem 2 in V.6 of [1]). P[B; > 0] =1 is
a consequence of ® and © having no terms with degree smaller than 2. For the existence of the
Laplace transform on the entire C, we need careful study of the recursions. We omit the details
here, since they are lengthy and similar to the proof of Proposition 4.5 in [9].

Let T;M = S0 (ST 4 253M7), then

lim 77" (Xy) = TM, (4.3)

N—oo

By virtue of Proposition [5l and Proposition [6l we can prove the almost sure uniform convergence
for X. The proof here closely follows the argument of [2].

Theorem 7 Xy converges uniformly int a.s. as N — oo to a continuous process X .

Proof. Choose w € € such that the following holds for all M € Z: A}im fo’M (Xy) =T
—00

exists and 7™ — T > 0 for all 1 <4 < k, where k = kj; denotes the number of triangles in
oy (Yar). Let R = Tj0 + ¢, where ¢ > 0 is arbitrary. It suffices to show that Xy (w,t) converges
uniformly in ¢ € [0, R]. In fact, if t > R, Xn(t) = a for a large enough N.
Fix M € Z, arbitrarily. By expressing the arrival time at a as the sum of traversing times of
2~M_triangles, we have T;x’M(XN) = Tfm’O(XN) a.s.. Letting N — oo, we have T} = 770 as..
The choice of w implies that there exists an N; = Nj(w) € N such that

M * M . « M « M M « M
gegflTx (Xn) = T; \élglgk(Ti -T2, 1T, (XNn) - T <, (4.4)

for N =2 Ny.
Ifost< T,jM, then choose j € {1,---,k} such that T]*i\/{ St < T]?kM. Then (4.4]) implies
that Tjef’zM(XN) <t< @?_fiM(XN), for N = N;. Since Proposition [ shows
Xn(TEM (X)) = Xar (T7M (X)), (4.5)
for all N with N 2 M, we have
[Xn (177 (XN) - Xn(t)] < 3- 27,
Otherwise, if ;M < ¢ < TyM + ¢ = R, then let j = k. Since T,ff’lM(XN) <t,
X (T (X)) = X (0] < 27
Therefore, if N, N = N, then for any t € [0, R],
[ Xn(t) = X (1)
S [Xn (I (XN)) = X ()] + X (T (X)) = X (1)
HXN (T (X)) = X (T (X))

J
6-2~M

[IA

where the third term in the middle part is 0 by ([@3]). Since M is arbitrary, we have the uniform
convergence.
O



Proposition [0l (5) implies that Elexp tB;] < oo for ¢t > 0, which leads to:

Proposition 8
P[There exist tog < t1 such that X (t) = X (to) # a for all t € [to,t1]] = 0.
The proof is similar to that in [6].

Proposition 9 The following holds for all M € Z almost surely:
(1) op(X) = o (X ),
(2) X(T7M) = X (177 (X)),

7

(3) LetaM(XM) (Al,- . AkM)- IfT*M <t< T*M thenX( ) € AZ\GM, fOT’ all 1 é 1 é k-
In particular, TM = T#M(X) = TM(X).

Proof. (1) and (2) are direct consequences of Proposition Bl (£3]) and Theorem [7

To prove (3), let v; = X(T;M), i = 1,---,ky and we first prove that if 7/ < ¢ < TM,
then X (t) & {v;—1,v;}, by showing none of the following events A;, j = 1,2,3,4 has positive
probability.
Aq ¢ There exists t1, T/ < t1 < TM such that X (t) = v; for all t; < t < T/ holds for some
ie{l, - kut.
Ay : There exists t1, T/M < 1 < Ti"M such that X (¢) = v;_1 for all T <t < t; holds for some
ie{l, - kut.
As: There exist t1 and to, T*M <t <ty < T*M such that X (¢;) = v; and X (t2) # v; holds for
some i € {1,---,kp}.
Ay: There exist tl and to, T 1 <t <ty < T*M such that X (¢1) # v;—1 and X (t2) = v;—1 holds
for some i € {1,---,knr}.

Prop081t10nl guarantees that P[A;] = P[A2] = 0. Since X is the uniform limit of a sequences
of self-avoiding walks, we have P[A3] = P[A4] = 0.

Let 0 = (Ay,---,Ag,,) be a sequence such that Plop(X) = o] > 0. Let A; be one of
the triangles in o, and denote the third vertex of A; (neither the exit or entrance) by vf. We
prove that the probability that X hits v} at some T;"M < ¢ < T*M is zero. We can take a

decreasing sequence of triangles {A (K) } %_ s such that A( )= A, A ) e Tk (a 27K _triangle),

AZ(K) 5 AZ(K+1 ﬂK MA(K = {v}}. Denote j = maX{EZ 5pz,2i:5 ¢} < 1, where p; and ¢;
are defined by (BX). For any K, with K = M, (1) implies

PIAY cop(X) ou(X)=0] = P[AY) € ox(Xk) | om(XK) =0 ]

~K—M
s p

Thus it follows that
PIAY) cop(X) forall K 2 M | oy (X) =0 ]=0
and
P| AZ(.K) € og(X) for all K =2 M for some 1 S i < kpy | oy(X)=0]=0,
therefore,
P[ A € o5 (X) for all K = M for some i € {1, ky}] = 0.

This implies that the probability that X hits any ‘third’ vertex of the triangles in its skeleton is
zero. This completes the proof of (3).
O
This proposition further leads to ;



Theorem 10 (1) X is almost surely self-avoiding in the sense that
Pl X(t1) # X(t2), 0= t1 St S T,(X) ] =0,
where T,(X) = inf{t > 0: X(t) = a} = T7°.

(2) The Hausdorff dimension of the path X ([0,T,(X)]) is almost surely equal to log A/ log 2,
which is a continuous function of u.

(1) is a consequence of Proposition [fland Proposition[@ To calculate the Hausdorff dimension,
we use the fact that if a path w is self-avoiding, then it holds that

1(w) D go(w) D az(w) D -+ — w,

in the Hausdorff metric, where &, (w) is the union of all the closed 2~ -triangles in o (w). We
can regard the path as a multi-type random fractal to obtain the Hausdorff dimension, applying
Thoerem 4.3 in [4]. O

5 Path properties of the limit process

In this section we study some more sample path properties of the limit process. We assume
0 < u £ 1, for the case of u = 0 is considered in [7]. We shall not explicitly write u-dependence
as in the previous section.

Let
_ log2

v=uv(u) = Tog A

Recall, from Proposition [b] (5) that
gi(t) = E[ exp(—tB;) ]|, i=1,2
satisfy the functional equations:

g1(\) = ®(g1(t), 92(1)), g2(At) = O(g1(t), g2(t)).

Let
hi(t) = —t~"log gi(t).

The proof of the following proposition uses the explicit forms of $ and @, but it basically
follows those of [2] and [14].

Proposition 11 There exist positive constants C1, Co and ty such that
Co<hi(t)SCp i=1,2

hold for all t = tg.

Proof. We prove the upper bound for i = 1. Combining g3 (At) = ®(gy(t), g2(t)) and the fact that
& (x,y) contains the term pia2, we have g1 (At) = p1gi ()2, which implies hy (At) < GtV ha(t),
where ag = —logp; > 0. By induction, we have hj(A"t) < ast™ + hy(t), for any ¢ > 0 and
n € N. Fix ¢; > 0 arbitrarily. Since h(t) is continuous for ¢ > 0, b1 := maxycy, r,) ha(f)
exists. For ¢ > Atj, there is a positive integer m and s € (t1,At1] such that ¢ = A\™s. Then
hi(t) = hi(N"s) = ags ™" +h(s) < ast;” + by =: C1. Thus we have hy(t) < C; for any t = ¢1. The
proof for i = 2 is similar, with the use of the term g4y? in é)(x,y) Note that g4 > 0 for v > 0.
Take the larger C'.



To show the lower bound, first note that for z, y € [0, 1], max{®(z,y), O(z,y)} < max{z,,y?},
which leads to ®(z,y) +O(z,y) = 2(z + y)2. Let g(t) := g1(t) + ga(t), then g(\t) = 29(t)?.
h(t) := —t""logg(t) satisfies h(\t) = (—(1/2)log2 —logg(t))t™" = —t7(1/2)log 2 + h(t). By

induction, we have h(A\"t) = t7"(—log2 — log g(t)). Since —log g(t) — oo as t — oo, we can take

to > 0 such that —log2 —log g(t) > 1 for all ¢ = to, which implies h(A"t) = ¢t~ for all t = to. In

a similar way to the proof above, we can show that for any ¢ = t2, h(t) 2 (1/2)t;" =: Cy, thus
hi(t) = —t7"log gi(t) = —t " log g(t) = h(t) = Cs holds for both i = 1,2. Let to = max{t;,t2}. O

We now use a Taubelian theorem of exponential type. The following theorem, Corollary A.17
from [5] has a most suitable form for our purpose.

Theorem 12 Assume P is a Borel probability measure supported on [0,00), and denote its Laplace
transform by

g(s) :/ eSS P[dE], s> 0.
0
If there are constants C1 >0, Co >0 and 0 < v < 1 such that

—Cy £ lim s7"logyg(s) = 1;_111 s Vlogg(s) = —Cy,

5—00

then there exist C3 > 0 and Cy > 0 such that
—C3 < lim /07 log P[[0,2]] < Fmoxv/<l—V> log P[[0,z]] £ —C4, z > 0.
T—

z—0

Let W; = (v1+2v9)B;, i = 1,2, where v = (v1, v3) is the positive left eigenvector corresponding
to A introduced just before Proposition [f]in Section @ Then Proposition [[T]l and Theorem [I2]lead
to

Corollary 13 There exist positive constants C5, Cg, and xqg such that
O T < plWSa]<e O T =12

hold for any x < xq.

Proposition 14 There exist positive constants C7,Cs and K such that

AT S PUIX(B] 28] S Pl smp |X()] 28] 7O, =12
Ssst

hold for 6t™" 2 K.

Proof. For an arbitrarily given 0 < § < 1, take N € N such that 27V < § < 27V holds. Recall
that if Aq, the first element of on(X), is of Type 1, Tfm’N(X) has the same distribution as that
of AN, and if of Type 2, the same distribution as that of A\™NW,. For i = 1,2 denote by A;
the event that Aq, is of Type i.

For the upper bound, since supy<,<; | X (s)| = ¢ implies Tfm’N(X) <t,

Pl sup |X(s)] 2]

0<s<t

A

Pl TN (X) < t]

= P[Wi <AVt Pl A |+ P[Wy < ANt] P[ Ay ]
e—cﬁ(ANt)*iz—v

e_cg(ét—u)l/(l—u)

IVANIVAN
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where we assumed that AVt < 2 in the second inequality and set Cg = 2-1/(-v) Cs.
For the lower bound, since 7} N1 ¢ implies | X(¢)| = 6, we can show that there exists a
C7 > 0 such that
PLIX(1)] 28] 2 emCrerve

holds for AN~1¢ < zy. Take K = 2", O

Theorem 15 For any p > 0, there are positive constants Cg and Cig such that

EIIX@®)P] o 0 EIXQ)]

Co < lim =
tpv t—0 tpv

t—0

< Cho

Proof. Proposition [[4] implies that the following holds for large enough t:

1 1
Tpixmp = / LR(X (1)) 2 6] d6 > / PUR|X (1)) 2 6] do
p 0 Kt
1 t—v
> / 5p_le_c7(5tV)l/(ly)ddztp”/ yp_le_cwl/(lﬂ) dy
Kty K
> %tpu/ooyp—le—Cwl/(l”) dy = Cot?”,
K
1 KtY 1
CBIX()P) = / FPIX(W) 2 ds+ [ S RX (1) = 8] do
0 Ktv

A

K -1 % 1 —Ceyl/1=) ! -1
oP=rdS + tP yP~ e V8Y dy 0P = Chpt?”.
0 K Ktv

|

Corollary [[3] and Proposition [[4] lead to a law of the iterated logarithm. Since the argument
is similar to that in [3], we just give the statement below:

Theorem 16 There are positive constants C11 and Cio such that

< A<
Ci1 £ %m% 7/)(75) < Cyo, a.s.,

where (t) = t¥(loglog(1/t))1 7.

6 Conclusion and remarks

We constructed a one-parameter family of self-avoiding walks that interpolates the SAW and the
LERW on the Sierpinski gasket, and proved that the scaling limit exists. The exponent that
governs the short-time behavior and equals to the reciprocal of the path Hausdorff dimension is a
continuous function of the parameter. Our construction has proved that the ELLF method does
work for non-Markov random walks as well as the simple random walk.

Although we restricted ourselves to u € [0,1] above, all the results hold also for u > 1,
that is, for self-attracting walks. By numerical calculations we observe that A\ is a decreasing
function of w and conjecture that as u — oo, * = limy_yeo Ty, p; = limy 00 pi(zy,w) and
qf = limy_y00 Gi (24, w) exist with z* ~ 0.351, p] ~ 0.206 , p5 ~ 0.124, p5 ~ 0.206, p; ~ 0.352,



ps ~ 0.083, pg ~ 0, p7 ~ 0.029, ¢7 ~ 0.345, ¢5 ~ 0.034, ¢35 ~ 0.242, q5 ~ 0.097, ¢5 ~ 0.208,
g7 ~ 0.073 and ¢ ~ 0 otherwise.
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Appendix

Define for i =1,2,---,10

i, u) = Z uN @MW) ) =1 g ) = Z’ uN @MW) plw)=1 >

)

where the sum Y, is taken over all w € W such that Lw = w} and 3} over all w € V; such that
Lw = w}. Substituting z = z,,, we have

pi = pi(Tu,u) = Pl [wil, @ = qi(zu,u) = pllu[wﬂ
Let U; be a set of single loops formed at O on Fi:
Uy ={ w=(w(0),w(l), -, wn)): w0)=wn)=0, wi) e G1\ Gy, 1 =i<n—1,
{w(@),wii+1)}eF, 05i<n—-1, neN }.
and define N(w) by (2I]). Define

E=E(z,u) Zu 2/ g u > 0.
wely
We obtain the explicit form (© in [3]) as follows:
2uz?
(1 + ux)(1 — 2uzx)

E(x,u) = {14 2(1 —u?)z? — 2(1 — u)?uz’}.

We show the explicit forms of p;(z,u) and g;(z,u) below. Each factor in these expressions
represents a particular part of paths. The common factor 1/(1 — 2uZ) comes from the sum
over all the possible loops formed at O. In the lengthy expression of ¢5(x,u), the first term
is related to those paths with loops that are formed at (1/2,0) and include b. The factor

u?x?

2 <1 + ux + 0T w)(1 = 2uz) {2(u® —u+ 1)z + 3}) represents the part from the last hit at

O followed immediately by a step to (1/2,0) then to the first hit of b. The factor 1/(1 — 2uZ)
u?z(1 + 22)

1+ uz)(l - 2x)> corre

sponds t% téle trip ba%k 4from b to (1/2,0) followed immediately by a step to (1/4,+/3/4), and

(1 + ] g 5%2 + a _uux2x2)2 = u(1€+ E)> concerns the loops formed at (1/4,+/3/4). The sec-

ond term is related to paths whose first hit to b occurs in a loop formed at (1/4,+/3/4).

_ 222((1 — w)% + 2)
pi(z,u) = 1—ou= <1 (1 +ux)(1 - 2ux) ) '

2 2 3,2
ux u(l+u)x ux
pa(@; ) 1—2uE < * (1+ux)(l— 2u:13)> < Tz u23:2>

stands for the sum over all the possible loops formed at b. z? <1 +
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gi(z,u), i=1,---,10.
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2 1 1

s (14 0w I
(14 uzx)(l — 2ux) 1—w?2?) 1 —u(l+E2) 1—u?a?

2,2
/ 2,4 u-r 2 1
= 1 2 — 1 3
qs(m,u) {u:n ( +u$+(1+ux)(l—2ux){ (v —u+1)z+ )}> T 9.
X 1+uw+x2(4u2—2u)x+u2—|—2
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1 1- 2
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22(1422) \° 1
, _ oufl 6 (4 uz(
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xqx|l+ u' ! uta? +x+ u'r? U 2
l—ur)1—uXE+2)1—ux 1 — u?z? 1 — u(ux? + E)

(14 W o1 ! W e YT
(14 ux)(1 — 2ux) l—uzr)1—uE+E)1—uzx 1 —u?z?

2

X
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Using MATHEMATICA, we have confirmed that as functions of z and u, the following holds:

10 10
Zp,-(x,u) = &(x,u)/z, Zqi(x,u) = O(x,u)?/2?,
i=1 i=1

as required by the definitions of P* and PJ*, where ®(z,u) is defined in (23).
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